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Differentiation Rules

This section introduces & few males that allow s b dilerembisle o grest vanscty of fusc-
B, By prosing these miles bere, we o shifferentiabe Putnim withoul having o apply
thie delimition of the derivativg cah timne

Fowers, Mulliples, Sums, and Differences
The Fiest rule of i Merentiatoon i hat the derivativg af every constant fim tisen i Fem

RULE 1 Darivative of 4 Comitant Fumetien

IF 7 han the conatant value (1) = ¢, then 186/ 1564

dr
Frial il b=u
EXAMPLE 1
v I f han e constant salee fio] = &, then
¥ . iy |
L AL LL el =0
Siniils by,
b af =y, oS ') 2
i M Y ' ah T} 9 anl wly (\'f'!' a .
FIGURE BB The rule (i [1e] = Bin Proof of Rule 1 We apph the definition of dermatne i fla) = ¢, the function whos
bt wary fo sy thal the valies of wvitputs hane the comatant valoe o (Figuare § 83 At every salue of v, we Tmad thay
wamsiani fisnciione mever Chamge sl thai
e sliope of 8 bareontal liee i rerm a2l Ll = lim !""‘"f"" fim B = [und =@ -
weEry puimi e L] =T ] = )

Copyright © 1004 Pearion Education, inc., publishing s Pasron Addeon-Weile y

160 Chagites 1 DIMesertiation

The aecand mile tells how to defferantiate o* i @ i 3 powitive mbeger

RULE 2 Power Buls for Poitive Integers
IF  in & positive isteger, then

To apply e Power Rube, we subtract | from the orgiral exponent (n) and mwbtaply
the resuli by m.

EXAMPLE 2 Interpreting Rule 2

I 2 s 2! et
I [ ST I PL N T [ ]
Hmomcar By First Progf of Rule 2 The formuls
Rishars Coumnt .
{IRRN-1972) R e e e L i
can be verified by mulnphying oun the nehs-hand wde. Then from the shernarne fem i
the definition of the dervanve,
o Jizh = fix) e
f'l:r'|=‘I.|_r.nl ey =_=|E‘.'.'—1

= lim[=" + 2 b a4 )
a1
S

Second Proof of Rule 2 If f(:) = 5", then fis + &) = {x + B)". Since & is 3 positive
integer, we can expand (1 + §)" by the Besomial Thearemn w got

Fiel = h}[:*l]—j‘l:} lunll-'--l'l — &

—il L —i F
[,- O L Ll | P S ,.] -
=& N
"l = u."—'}! PO LT Y
‘}ﬂ - 5
= gy} -

The thurd rule dova that when 3 differentiable functun s multipled by 8 constent it
derrvative s naultipleed by the same constunt.
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o mill often need o ke e
dhetivtivg ol %o o a = 0

11 Tre Gersention wi 8 Fungtien

=l
N [ 1
A T TE=y R
. fin = ki - fah
(£ ——————
"*.t""! L]
N
L I |
- N
. L los b -1y Wi v b= 10 &
et TR v o4
- 1. L
e BTN N TIENT]
1 =1
= lam - r
=TT I LU I T |

IRAMMLE ?  Dervatior of the Squam Roct Function

Fomd the dernmmg ol v = Ve = 0
Fd the Lamgens Jame b e vy ¢ = V3000

174 / 1564

Boketiom
dnd W wsr e mgunalest form o cakoulew f°

Hzh = fix)

Fia) = b ——

- ke \?_!I

= [vE - WT)(vE e AT

i Thedpe el 2w cune s s = dm
1

. 1
friay T

The tanpont o the ke throwrh the pesat (4. 2) with adope 174 (Finee 3.2

FIGUREL? Theomey = Visdm

taegeni ai {4, 71 The tmpes slope 5

1
r=2I+=izr=4d|
4

1
=1+ 1

4

finanad by evaluanng the dermame @ u = 4

(Exumple 24

We commder the dermstne of v = AT wben 3 = () m Exeenple &
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hetations

There sre ey movs b deseste the dernate of 2 foctem y = fl1), mhere the imlepend-
et varabils son and thy dependos vanabls w v S comsmon aliernatng metatons f
the dernomne mw
. o
----- —ish o= W sl = I fisl

The svebods of dv sl [ ebogiy te oporatem of dflormusisn amd we called
diflervaiisfion spersisrs Ve sl & d1 oo e dernostoe of v wilh respect o 1" and
of s el il ) FLi ) e the dermatig of [ ow ot eespact b 8 T Ther Tpuiimes™ mitations "
l 7 o B St e e Nt seed b desstngs The J o st st sis e sl
Rat o g e B Lbonay Thie wnmsbual o oy abmrudld st b rogardod as & et fant] we
s B ades of "difommmals” m Sectem 10

B carvfal mat o combons the netation [ /) a0 swanssy By domasn of the faton |
mond of the dermatng famism | The dostoo tem shemld b chom v Bee comlent

Moo monab e e s ol i atine i i el ool musbhey 1 = &, we wse the nilalon

-
&,

. ah
Flap = — .

4
- = fial
ah R e a .

o evitamce o sl 2h we could write

j'll--f;\?l S I | S

lems 2V ma 304

T wnabiasty am aapramem, wy ot s o e Fighe bt | m place of the vertual b |

1
i

Craphing the Derivative

Vg cam oflem meaky & irasmably phd of B dovmatng of v = [1o) by eotumatiing U adojees
on e praph of | Thel m we phof the possia (e, P iol ) e s-plose s donned them
wiih s perve, whech epresess ¢ = JUin)

[AMFLE Grapk irg a Devivative

Uirrph the dernateog of the fuscteom v = fin] m Figuee 1 1a

Sedation Vg ahotch the tesgeste o e pragh of [ o Bogecst miervals snd e then

g b gotmmty fhe vahaes of i) o0 e peints Yoy plot the conesponding (r vl
i i et thess with 5 ek parve @ ibesbed = Figas 106 L]

Wkt cam e lewrn froes e praphoof ¢ = U0 " ALs plasce wy can e

L where ihe rate of shange of | n psine. eopsine or som,
L e pah s o the gromth rats o v o snd e iare o0 eclatess b the sire ol flal
X whery the ratg of changs g lf 10 screscny sv decraaseng

Hara s sttt commpis

XAMPLE &  Congemtratior of Blzod Sogar

On Apnil 2V, (90 the bumes powcird seplos Dandafur few 8 oond-becakang 119 km
o Ut e B palasd of Srtorins m th Acgran s sethrant of masnlend Ciooor. Dar-
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Vossatota2

i Zi

L i
-4 i i N

FIGURE 5.10 The curve
po=at = 0T e 2 and e bl
tangents | Fosmple 8§

isenlialan Ralss AW2

Step 2 i to slers that of the statemsent i e fo any pusitive inleger 5 = L, where
b= omg =2 themitvasleotrue frw = 0+ 1 Sa suppase that

o iy iy
d.Il-.'lr:' ""l-d-'T' S [§3]
Them
i’f'l Al Il o T RN |
Call Sy P ot Al e
il el e s sallh = ke Vi
o .
-zl-a1'11+---vu.1+—£" Ma dtie 2 s o w0
dir afaz adhe ity
.‘_L.,.;L_- .o.i_.'*..r.'._ Il
Wil these sbepn veriliod e snathematical mduction prisciple sow puarinices tee
S Mule fon every wleper w = 2 -
EXAMFLE 8 Finding Morirontal Tangents

Dhosgs the comrve v = 1% — 2%+ 2 hove ey horzontal tangents® 1F so, whene?

Sslation  The howusontal tangents of sy, oceur where e dope o /e s 2ern. We have,
& 4 :

i | STl b R TUE T

h
h‘nuﬂnﬂuqum;-nfur:.

L'-h=q0
i = 1) =0
s=0.40. =1

The curve ¢ = 8* = 2% + 2 has horzontal tangeris mov = 0,1, mnd = |, The corme
spemadeng promts oon e ciarve e (00 2001, Thand [0, 1] See Figure 100 ™1

Predutts and Quetients
Whike the dermvative of the s of tea functions is the s of tee dervatives, the dermas
e of thet procadiact of teo funcimms (s aef the product ol e dervatnes. Far natsnce,

==l =1

iq.-n 'Ji."!' =% whil %m-%m

The denvatrne of 3 prodiat of teo fuinctuons ks Bie s af fao prodicts, 2s we sow explas.

BULE S Dervativs Predict Rule
I = wsd v e defforentiable af o, then s s thesr prosdust we, sl

af o e shi
x(-u] s * v
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| Firturing the Frodur Rule
IF wta) amml i) ars poactree amd
it w hat s o s, anald of b 2> @

e b
P —

™ it ™
ey

v H

.
s

e

] ™
-

=

iiben the tal shaded area @ the puctae
.

win = hiwds = by = wlaledil

=uin + Bl Jv o+ win = b}

As - Jede

Uhvviding Bandy saide s iof ihan epeanion by
b grevs

wie = higds = B) = whabviad

[]
Aw As

W IIT W ”T

Av
hi

Anh =0,
du-dE g g

leaveng

e

[
— - 4 =
i - L

d di

The dermative of the prodict s o L the desnvative of v plus o toses the dervas
e of w, ln prome medarie. (uv)” = wv’ * e’ In functi sstation,

ﬁlnmluu = fiulgtel + glodfind,

EXAMFLE 7 Using the Product Rule
Fiml the demvainve of

Solutien Wi apph the Product Bule withs = Lsamde = o7« (1/3):

2] 22 (23D

"3':_.' -% Basngle | domnan 17
- - "
)
Proof of Rule 8
_{{"1 - hmﬂt + hhels + B — wishodc]
s g h

To changs thes franon o an equivalent one thay conons difference quonients for the de-
mvatves of w aad v, we suleract and sbl wis + & ledc) in the Bumeraior,

sl = Rivde = k] — pils = kledn) + uls = dlefn] — wlabeda)

f
w= s

[
viz = k| = w1 wlo + hl = ulv]
—Edl - & T d oad ) r
wn = Al = wlal wl + k)= wlvl

+ idile lw
bl

= limnde = ks lam "
- -

A b approsches sora, i s+ KD approaches e v ) because w, bieing diffcrentuable ot v, i con-
Birmsus g . The Py Tractions sppovech the values o Jfv /ool v and dw/dy 88 1. Inshor,

A,
i =
In the Tk ing evstple, we have only numencal values with which o work.

DAMPLE 8 Derivative from Numerical Values
Let y = s be the proctict of the functions w and v Fied {2047

wll] =3 il = =4 Wl =1, il vi2) =2

From the Product Rule, i e furm

Saluties
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i b
L = W 2(2) e el 2120
=AU +I-d =8 —d4=2

ERAMFLE ®  Differentiating a Product in Two Wy
Find the dernatie ol v = [x¥ « 1ix' + 1)

Skt v
18} From the Product Rulg withir = 15 + 1and e = 2" = 3§ e fond
A GRRORE ] BT VT YRR RN
E3 UL LIS ML

E- DR P

i) This particular proskict con be dilferemtisted 39 well iperbups bemor by mubtiphymg
out the ergmal expresson for v and & Terendsating the resalting pobmomial:

PR LR F TR IR AL I P |
L 4 i
- IR T T

Thas 1 = agreement with our N calowdanon,

Just sa the derneatne of the prodhict of two dulferer

e T e ey 192 / 1564

RULE & Derivative OGuatient Rule

eatiskle o & shd

Ielr

Bl
—_
=
-~
W

T
] 1
.

I e and v are EiTcentiable at v sl ofwds) = 0, thes the quastient ' b differ-

In funcnos motation,
d [ﬂ ] _ HE ) — flaleia)
idr | pix) il i
EXAMPLE 10 Lking the Quobient Rule
Fund the dernative of

Copyright © 2005 Pearson Educaton, inc., publishing 53 Pearsan Addiscn-Wesiey

“‘ Chagpter §: Differenilation

Salistsen
W apphy thet Quassticint Rude with i = ' = Laldw = ' + 1,
L e L e I L TP
ey A\’ .
M Dn - X'+ 2
sl
[T ¥
- At
ot

Proof of Rule &
aly * & dad

i{:) e ada + R winl
AL [y h
= e wially ¢ b} = wialvie » A}
[ hiaw ¢ biwtw)

oo whampe the Last fraction imt s gcpurvislen ong that contams the & Merence guonints for
e dermatives of o sl vowe subesnt sl aud oo o) i e manerates We then get

.i(!.)_ }lmﬂ'“' bl = wlalninl » eliind - winide + k)

s pun-1 Fidn # Kiwda )
fs * k| = i -
ﬂl|-. ’: Wl —-th.. - wiil
. all—T- I

Takamg the limit in the samerator and denminator nrw grves the Quotent Rale 1]
Negative Integer Fowers of &
The Power Rude for negative integers i Dhe same 20 e rule for postive isfepon.

RULET Pewer Rule for Megative Integers

If a6 8 mgatrve it and & = 0, then

il:'l ="t

EXAMPLE 11
{a) %(})‘%h_'] ={-la?= —% Aimsen v sl 3 Seoan 27

Y [0 IO (R PP TR 4
d,bl_b(_',) I‘Ilu J= 43" pr [ ]
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A2 Dienwntiation Ruley 187

Proal af Ruls 7 The proal wses the Quotient Rule 1f w s 8 negainve iieger, thin
mo= =, wheeg o e g positivg migger, Heme, 0% = 0 = = | W®

$1- 4 (4)

N LI
] ¥
- _’_‘* () "" ) Kmsiont Huse ot o = | sl
(L0
T T et B
- _—_ i o -
- ™!
-m! Ry - = < &
EXAMFLE 17 Tangent to a Curve "
Fosl wt enquatainns for th tangent b e curve 'd
V=g @ i
T

ai the pownd {1, Vi iFigure 1 1)

PIGUNT 100 The tengess o the guro

yo=oae (2wl e Eaaenpie 12 Sslation  The wlope of the curve s
Tha curvee hi & therd-quaidrant postion

o
ot b here W see bum o graph .‘_'..ﬁm.;ﬁ".(’;)-| + 3

i
The dopes s = 1 194 / 1564

Tni b lika thhia oo im Chapeer 4

o
Tt Do thomighid 1, 3) woith adispe i = =1 i

v=b=0=lllxr=- 1) [ S P p——
y==g+|+)
b=y d

The chascr of whah rules bouse sl o diTeeentiation prklem can make 2 i

ferereid i borw mroch work you hune o do. Here is an evample

EXAMPLE 13 Choosing Which Bule to Use
Rather than weng the Chactient Rale & Gnd the derivative of
[T 1|
¥ - —

2t

expibiel e numerator sl divede by of

r_l--lmln"—.-l_.'—1:"-2._“__,,1,,_..l '
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Then use the Sum and Power Bules:

Lo 2 T | - i
- ' H=2" + =3

.
i
=
1>

Second- and Higher-Order Derfvatives

U = Fiodin s abflerentiable funstion, Bwn i dorreativg in] s alia @ fancton. 17 f° w
aler dilffereniiable. ten we con differentiate 7t get o mew Tanction of & denated by f°.
Sa f* = 1 The fmcton §* 10 callod the second derivathe of f hecause it o the deme-
stive of the Ciest derivating, Notationalhy,

' .
) -}l—:- j’-{%) - eyt = U = D )

Tha wyrmbed 1 meatin thi operition of iferentation i performed thice
Iy o= a* then o = 61" and we huve

e
yomog- j’:{ll'l - M

This (2] = Wn*
I y* 1n differentiable, o dormatig, v= = v = d'y/de ' e the thind derivative

| Worw tw Beud the Bymbola fur of ¢ with rewpect 1o 1, The nanses continise 28 you g, sith
Darbraltived »
Y L g il men R
¥ " demabl priwie” T '.u"""
¥ "
o o wpaired i i jinied” demsting the wth derlvatbor of ¢ with fespect e s for smy posdive ntegei o
[ p— Wo can sterpred the second dermvative as the rate of change of ihe slope of the Lingent
T e T the graph of v = Fiad st each poont, Vs will soe o e newt clhapter that the seconsd de-
i oo the i by ol i i tivativg ivvicals mbuthr e graph bends upwand of drenwand from the tangent |ing ss e
LA 2 il mave 0l the powt of Lagency. In the et secton, we wterpret boch the seconsd and therd
0 “thwibe ™ denvatives i derme of motion along 8 siraight line
'. EXAMPLE 14 Finding Higher Derivatives
4 Vi Mt e dervatnes of 5 = o' = 3a¥ + 2are
Video
Furst derivative ¥o= i -

Socomil dornatng 3" = b -~ &
Thardd dhernvative ¥k
Fourth dermatinve. ' = 0

The Munction has derrvatmes of all ordeors, the firth sl Ler denvatnoes all being e
[ ]
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| EXERCISES 3.2 |

1.} Differentistion Bales 169

Derivative Caleulations

In Fnercines |- 12 Fmad v ot mnad seconnd sarmatrves

Ly=v'enei

ow=2" -1 e 287
1 3

y=- .T + = +

L5

Lw=1?-L La=-u'sd

: ¢
Lyt - -t My --at
i 5 13 4 i
or=o- = Mr=g-sex

[1oh tp mnaliphing g de s wn i s & s ol snpler tesme
dallzeuntiate

o= = " = e 1) M= -
’ 1 i i 1
W=l s s sog]myp=losg]lo-gei
¥imed vhe derrvatvwrs of tha func b i Exercoses 17 28
3y e 4 LR |
1141-1{_—.. Il-!-h

W - [ |

(TR ]|

2]
&

i fi1) = opt———
! rep-1
Ihow = (2= Th e S

Mh‘"‘“l

gt = 57
o= i) = oll =" "

-1
i) = —

il Ina
| 4 a0 =-dye i
I, p = — ll,r-!{—cc \.l:|
Ve
i Ui # IMa # 20
T, - — ) -
B I P TRl e T T

Vil v i stmun oof @l sotidern ial thia P tiona im | asisisen 29 miid
o

.
I y= g L
]

- jlll"m

Wiiiah T Cignd wimed sy vns] dhovivadings ol Wi Rims fomn i | s ivars
LIRS

-

1 1]
TR "_,_!_:_'l.
LES LR ¥ L .
u'_l Ill- 1] Jtn-h ¢nn. o )
- L]

Moo=z Lz = 16 4 0]

o= P._I.:LI)'_”

a =1 "-[') 1'-]
». | — Rl -
r iy }{ ¥ P - Watgs b

Using Mumerical Values

M. Suppess & ad v are ol & thar are. sip=1
sl (et

fied (>

wo) =8 (0= -3 wil}= -1 wi0i=2
Fomad e values of the fidlowing desraimes s ¢ = 0

v Liw uf{%\‘] :.f[f] a2
M, Saippe w and v are i Tercniinable hotona of o e
wll=2 Will=08 wii=9% #ill=-I
Fnad ia wluarn ol tha fiodlirm g derre o ot 0 = |

N L ﬁ{ﬂ . %[{-] a o=

Slopes and Tangents
Al o Sermal i s rweve Foid an egquaien b the bne perpeadiculae
il bangred W the gurve v = 8 - e 6 0 i poant 12, 1) |
b Smalet dope  Whal i the smalles ibope on the curve” AL
whiat pond om (he curve s The gurve have shes slepe®
Tamgewts b ing specilied alupe  Fomd ogusi e lor e
namgens W e curve 0l the points w hete the skipw ol the
ey b
A4l a Nerusssal wengennn  Find sjemens bt hensisal e
e s the curve p o= ! = L - 2 A P pgquations fo
b besen that ate perfemdsiilan b thea Lmprnts ol the poants
al Laspray
B Smalloat slope  What ia the smalles abope oo the cisve® A1
i et o Vhe O v s Bha gy B e alogpe” Find
a0 ppesmen Jor the Lig that e perpeed sl b e vuve’s
tamgerd a8 i pinl
AN, Wit g s Natv v b e ppmtensr § pragbond beee | al the o
g sl it a1, 23

™
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| ; !ul-mdlhuq!uum Wi B of Aginenn | praprhard Beeve i he poanti
[+]]

4% Quadratic tamgrai bt identiy famciss The cmve § =
an® 4 by & ¢ passes through the point § 1, ) st sz o the
Iine v = 50 ther onpen Foril a, b, amal ¢
46 Quadrstis hmvimg & comman apmt The coves v =
' b an e Band ¢ o= - of hve 8 commes empeai bne
the paumt i1, i1 Fusd @ & and @
47, m Find 2 equian for the Jine thal s besges bo the purve
vt o ot | - 16

0 b Cleaph she cmrvr s largriie |iiie wgether The sagent
e et thes i vr @l mntlicr et Ue Fowww sl Tise b0
eubimatn e e s gomsnslinialin

R o Uisliom yosa ossmates ool dha sossilimaten of B soo ol

i A o o By ks Al gsiiai i B i carve wiad
tangent sty (Sl bey)

A m Fital o equasinen (o Whie litie thal s Lesgos & the ouive

po= ' = e Sa gt the ungin
(1N Uraph the curve sl angent logether The tsgpes miersecis
I curve af mmmsiber i Lse Zocen e Trace o esiumake
e puiznt's comwshnaies

n € Confirm veur estzmsies of the comdinaes af g second
e rserimm poum by mishvny ihe equations. e the curve and
tangen sl e aly (Solver bey)

Theory and Examples
A%, The pemeral pebvasemal of degrec 4 bus the farms

Plel = ae® +a, 0% e R TEY

whare d, # 0 Fund Pia)
S Tha Biviby s twas boom Vw meiliing The Frsctuom ol the fusdy b &
hing aifl s e msivart e B e isiesd By o eguation) ol

n-u’(&-'-%).

where £ m 8 posstneor ponstan| ansl A o e smoss of medeing
ahprbsnl i Bowsd 17 fhe roscisom s o changs o o] pres:
wire, K o memserrd w milleneiees ol mercery 17 the rescism w s
change m temp L] i m e -
Finad 8 0 Thas dermutive, on @ fumation sf 8 o callod the
sctiasizvity of e body o the medivine In Sextion 4 5, we will se

hwm by o e gatiniirnl of i e b whuch the oy et
aEuing

81, Supposs tha e Function o m ibe Predact Rule ks 2 constamt
walue ¢ Whait does the Pruct Rule then o™ What does this sy
shout e Constant Muliple Rule®

51 The Revigreesl Rule
w The Booperwal Rali sy that @ sy posst whre the fancsm

v b m dsfrrrmtaahle sl diffrrent fomm mom.

Arly__Lde
AT =
Sl tht the Reciprocal Mule s o specosd cose of the
Ousewrmy Rule
b S the the Reciprocal Rule snd the Product Rule wpether
gy vha Cusoiem Rule
5, Crmeralimag the Produc) Rule The Probos Bule proes the
Formls

o e e
g lei) = wg= s wo=

e e &
e the dermasme af the proshact sv of ree & Soraeahle funs o
als
a What wiha snalogos fnmuda o ks dematnr el the
proskact mew of (Aree diTerentiabie o wms of o
b What wotha Brmala Dor tha dermaarn of e prochict o @, 9 =,
o e diffrrenniahle funcimms of o *
€ Whad mithe Bwmidla for e dernodie of o prochaci

wezen mg ol 8 finsie sumber o of &fforrabiable futions
wls®

5L e Pesrn

s F-lih':!ll!-nlmc "% an 0ot md wang the Product
Bube Eipesss your snawer 2o § ritem ol sessbes gamss 3
Emmmal puwer wf ¢+ Wik parts h sl ic) be 8 sl
e hald

Rt
RO

[ i—liln"l

Wkl i dei orih wow (s e dsmemorn i juasie a), | B, il
111" Ratsonal peswrs s one ol Uha wepsin o Soction 14
55, Cylinder pressury 1 gan o cyhissbor s msantamed o o oo
wiant weprtwnary T, the piisaiars 5 mlesed o the volime Vb @
Fwmsla od the form

i whack o b ow, sl B ouw constint, Fead JF J1 S scomps.
nymy fige §
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