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The solution st is the open interval | =1/7, oo Figure 1. 1b)

(e} The incgquality /(v = 1) 2= 3 can hald oaly il 1 > |, because otheraine &/(0 = 1)
is undefined or negative. Therefore, (v = 1) is positive and the incquality will be pre-
served iF we multiply both sides by (v = 1), and we have

h=r=3 Mgl Wb sidas Wy 03 = )

=% Ald e bty sl 6
15!0}' i, R I—:
The solution st in the half-open intersal (1, 11/ (Figure 1. 1c) ]

Absolute Value
The abanlute value of @ number v, denoted by 1], 1 defined by the formula

' =0
I.I-{—I_ < 0

EXAMPLE 2 Finding Absolute Values
(=3 |0=0, |-8 =-{-5)=8 |-|a|=|= [ ]

CGeometrically, the absolute value of v 1 the distance from v 1o 0 on the real nismber
ling. Since distances are abways poaitive of 0, we sce that [1] = 0 for every real sumber 1,
and || = 04 andd only if v = 0 Also,

8] - e | Yo [ = ¥ = the distance between v and v
-3 L] 1 on the real line |Figure 1.2).
= ][] =] o Since the symbol Vo abways demtes the mommegunive square root of a, an ahornate
L . defmbon of 1|18

i 4 =
il = Vit
FIGURE 1.2 Absulbite values give
listances between polis on the number
lime.

It is important to remember that \."’u-f= a|. Do pot write '\IF= o unless you already
kearw that o = 0,

The absolute value has the following properties. {You are asked to prove these proper-
ties in the exerases. )
Absalute Value Properties
L |-a|=|al A number and its additive mverse or negatne have
the same absolute value
L |abl =|ua| b The absolute value of a product is the product of
the absolute values.
1, ‘g _Ll_l'J The atwolute value of a guotent is the quotient
T of the absolute values
4 |a+ ﬁ| =|al + |.F| The triangle inequality. The absolute value of the
sum of hwo numbers 1 less than or equal lo the
sum of thewr absalute values
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(] Chagter 1: Pretiminaries
Note that | —w| @ ~|a| For example, [-3] = ¥, whercan <[} = =X, Il w0 and b
differ in wign, then (@ + b] w less than [+ [h . In all other casex, |a + b equals
[at] + | ] Absalite value bars in expressions ke | =3 + 3] work Lke parentheses We da
the arithmetie innide hefore taking the absolute value
p——a b r—f EXAMPLE 3 lllustrating the Triangle Inequality
— i
o ’ [=3 48/ =|2=2i=3|+|8 =8
345 =¥ =|3+|5
FIGURE 1.3 |&| = o meons 5 lies |=3 =8 =|=%|=% =|=3|+|=-3% ™

between = anal .
The inequality | v] == o savs that the distance from ¥ to 0 is less than the postive num-
bera. This means that ¥ must hie between —a and a, 33 we can soe from Figure 1.3
The fulliwing statements are all consequences of the definitmn of absolute value and
are often helpful when sulving equatime of inegualitics imwolving abwlite values,

Alvsmlute % alues ard Intervals

I ar in amy possiive mumber, then

5 [a=n fandonly if » = 2o

b (1 <u Wand only if —a < 8 < a

T lal>a andonlyif & > o or ¢ < =a
L |i=a fandonlyif —-a=s1=a

2 |lxl=a andonlyifl v =g or s = -a

The symbol = i often used by mathematicians 1o denote the =il and ondy 1™ logical
relationship. It also means ~mmphies and s imphed by™
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] Chagter 1: Praliminaries

Note that | —a| ® ~|a| For example, |=3| = 3, whereas = (3| = =3 If @ and b
duffer in sign, then o + b| is bess than [0 + [h . In all other cases, |2 = b| equals
lu| + [ B]. Absolute value bars in expressions ke | =3 = 5] work like parcmtheses: Wi di

the anthmetc mude hefre tahmg the absoluie value

I | | EXAMPLE 3 [llustrating the Triangle Inequality
o ‘,__T “ |-1+ 8 m|2m2c|=)+|8ns
Tow 8 = M| =|1]+]|%
FIGURE 1.3 [o] < @ mcans & lies [=3 =8 = |=B|= @ =|=)+|-3

hetween —a and @

The ineguality| x| = @ says that the distance from ¥ w 0w
ber . This means that x must he between - o aml i, as we can

The fillirwing statenents are all

consequences of the defin.

Absalute Y aloey and Interval

1f u is amy positive number, then

5. v =a Wand onbyif x = 2o

h (v < Wandonlyifl =a < gy <a

T la >a ifandonlyil & > o orx < —a
B (v =a ifandonlyifl -da=v=4g

9 v =a  fandonlyifl 2= g ora = -g

8 /1564

are ofien helpful when solving equations or inequalities iy olving Btmeme e

The symbal e 15 often used by mathematicians to denote the ~if and only 1™ logical
relationship. It also means “umplies and is implied by™

EXAMPLE &4  Solving an Equation with Absolute Values
Solve the equation 2x — 3| = 7.

Solution By Property 3, 2r — 3 = 27, so there are two possibilities:
Lo aparsms
M -3=7 B = =Y e s
=10 2x=—4 Scbw s weal
=5 =2
Thesolutions ol 2x — 3| = Tare v = S andx = -2 1
EXAMPLE 5  Solving an Inequality Invelving Absolute Values

< 1.

Solve the ncquality |5 - %
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Salution  We have

b -fa

SAP—
. {_ - 1
el Bl T .

"}':l':{.‘ Taka revpoen ade

Notice how the vanous rules for incqualities were used here Multsphang by 2 negative
number reverses the meguality, So does laking reciprocals i an meguality in which both
siden are postine. The original imequality holds of and oaly of (1/3) < & < (1/2).
The solution set s the open interval (173, 1/2) ]

EXAMPLE 6 Solve the incquality and show the solution set oa the real line:

(a) [2e=3 = ) [2x=3 =1

|} 1
[ {3) |22 =3 =1
. -lsk-31x=1 [ —
[] 2 1= =4 Al §
i I=x=2 vl b 2
FIGURE 1.4 The wlution seta lal[1. 2] The slution set is the closed interval [1. 2] (Figure 1 4a)
anad (b=, 1JU[L o) in Example 6.
(b) [ Zr=3 =1
r-12=1 or -1s =] Prry-r =
l—%-‘_% or l—%S—% Dhewacde by I
=2 or 1=1 u.';
The solution st is( —oo, 1] U2, o) (Figure 1.4b) ]
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| EXERCISES 1.1 |

1.1 Eeal Numbery and the Beal Ling 7

Decimal Representations
1. Espeess | W as 8 repeating decimal, using o ba o iudicate the re-
peating digits. What are the devimal reprowntatiens of 209 14
LI T b
L Fapewss 1711 a0 o repeating decimal womg & bae to imdicate e
repeating digits. What are the decimal representations of 27117
voersaeransnr

Sl

Inequalities

LYy < s, whchol the fidlmmg saiements sbunt y ane -
evaanily wug, snd mhuch arg ol mocoveanty twu”
& D<wsd bho<a-2<d

¢Ir.i--:! l.{-ﬁ-}c.i
e1<f<) Lis—-4 <2
g ~he =y« h =4 —p==2
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B Chaptar 1: Preliminaries

d -1 =< y— 5% < |, which of the lollimng daaements about v
are mevessandy e, and which are oot necessandy true?

d<y<h h —6<yp=< —4
[ | d. vy < &
0y —d42 £21<s<}
| 1 1
‘.;*fri: h [¥= 3 =<1
I Fagrevees § 12, sadve the meoualines and shiss the sdutun sets on
thie real line.
8. x> 4 b B —Ir=5
g, T H-31=27-1a B W2 —a)>23 + 1)
|.h—-£k?s+°1 m.-"’-";-’—-ﬁ-’a%i
LI 1, _x+ 5 12 + Ix
Il.jl'l ‘I{j{r. &) IL s
Absolute Value
Solve the equanions i Excresses 1315,
L |¢|=13 M y=3=7 18, |2r+ 3| = 4
| s I
16 [ —r =1 l'!,|l-h-i n —1-—I|-|

Sobve the mequalises i Bsercises |94 evpresung ihe slution sets
f inrcrvals of w0 intervale. Also, shos exch solaton st on the

real line

19 5| = 2 . 4| =2 W —1]=3

r=2=<1 Wy =T =4 Wi+ 5=

:s.[-;r-n-n u.%:—l|s: :1.1—}|c.';
¥

!I.[f—l <3 (N =4 .\n..¢|.|.-.-§.

LTI B AR R T R 1 § %1|;-|
ir

M T—Ilbg—

Quadratic Inequalities

Sobve the inequalioes m Excroises 3542 Eaxpress the sdution scty
wmmervals pr unions of mmervals and shoss them oo the read bee . U the
reseht Va® = [a 3 spproprise.

3 7 3 4= Md<ca <% ] ]

_u.%-:.*-:% M= IF<d b jo+3F=<2

nai=-a=<n & v=-1=-1=0

Theory and Examples

43 Do oot Bl mio e gap [—a = a. For what resl perbers o s
this aypustion e For whbat real nosders s i false?

4. Solve the eguines (3 — 1| = 1 — a.

45, A prool of the riangle Inequaliry  Cive the resson pustfyng
esch of the Bombered acpe i the followmy proofl of the trangle
etiusliny

a v b= fa v by (n
-t e 2k s Bt
=al=2a b+ 8 i)
=a|® = 2al|b] + | b m
= lla| + |4IF

a+vb|=|a ~|b [4)

46 Prove that[ab = |a | B|far sy nsanbrs @ and b

AT, Wn| = Jamd o > —]/2, what can you ey abosdt 17

8. Cwaph the mequalary (o] = (v = 1

P Lat fieh = 20+ 1 ket & > 0 b sny positive sssher Prove
Bt v = 1) < & wmplies [fia) — M1 < 23 Hoe the mots-
e ) e the value of the cypresann 2o + | whimy = o
Thus fums fown mesianuem @ eaflisncd m Soctan | 3

5 Let fin) =20+ Joamad kit 0 > 0 b sy pumiting ssembar. Prose

that [flad — fi0)] < ¢ whemever o - 0] < & Here the m-
tatwon fia) msesma the value of B eapresin 2n o+ ) when
1= (5o St | 1)

SN For any mamber o, prose il —a] = |a|

S2 Lot i be aavy pussitsve namber. Prove that o] > @ of smd only of
7o T —d

SX o 10D iw sy momseno resl numbes, prove that | 14| = 1|6

| |
b Praethat [+ = il fiw amy maserdaers o g & # 0

T
&4, Using mathemestical webictems (s Apponba |6 prone that
[a%] = [a]" for any sumbet u and poutive wieger o
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