CHAPTER 7 Inner Product Spaces, Orthogonality —@

7.6 Orthogonal Sets and Bases

Consider a set S = {u;,u,, .. .,u,} of nonzero vectors in an inner product space V. S is called orthogonal
if each pair of vectors in S are orthogonal, and S is called orthonormal if S is orthogonal and each vector
in S has unit length. That is,

(i) Orthogonal: (u;,u;) =0 for i #j
0 foris#j

(ii) Orthonormal: (u;,u;) = { I for i—j

Normalizing an orthogonal set S refers to the process of multiplying each vector in S by the reciprocal of
its length in order to transform S into an orthonormal set of vectors.
The following theorems apply.

THEOREM 7.5:  Suppose S is an orthogonal set of nonzero vectors. Then S is linearly independent.

THEOREM 7.6:  (Pythagoras) Suppose {u;,u,,...,u,.} is an orthogonal set of vectors. Then

2 2 2 2
llur + 1+ - A I = [l 7+ oo+ -+ + [l |

These theorems are proved in Problems 7.15 and 7.16, respectively. Here we prove the Pythagorean
theorem in the special and familiar case for two vectors. Specifically, suppose (u, v) = 0. Then

lu+v))* = (w4 v, u+ o) = (u,u) +20u,v) + (v,v) = (w,u) + (v,v) = |[ul* + ||v||*

which gives our result.

EXAMPLE 7.9
(@) Let E={e|,e5,e;} = {(1,0,0), (0,1,0), (0,0,1)} be the usual basis of Euclidean space R>. It is clear that
(e1,€,) = (e1,e3) = (e3,e3) =0 and (e1,€1) = (e2,€5) = (e3,€3) =1

Namely, E is an orthonormal basis of R?. More generally, the usual basis of R” is orthonormal for every n.

(b) Let ¥V = C[—m, n] be the vector space of continuous functions on the interval —n < ¢ < m with inner product
defined by (f,g) = J“fnf (t)g(t) dt. Then the following is a classical example of an orthogonal set in V:

{1,cost,cos2t,cos3t,...,sint, sin2¢,sin 3¢, ...}

This orthogonal set plays a fundamental role in the theory of Fourier series.

Orthogonal Basis and Linear Combinations, Fourier Coefficients
Let S consist of the following three vectors in R*:
Uy :(1,2a1)a u2:(2713_4)7 U3:<3,—2,1)

The reader can verify that the vectors are orthogonal; hence, they are linearly independent. Thus, S is an
orthogonal basis of R>.

Suppose we want to write v = (7,1,9) as a linear combination of u,, u,, u;. First we set v as a linear
combination of u,,u,, u; using unknowns x,, x,,x; as follows:

U:xlu1+X2u2 +X3U3 or (7,1,9):x1(1,2,1)+x2(2,1,—4)+X3(3,—2,1) (*)
We can proceed in two ways.
METHOD 1: Expand (*) (as in Chapter 3) to obtain the system
X1+2)C2+3X3:7, 2xl+X2—2X3:1, x1—4x2+x3:7

Solve the system by Gaussian elimination to obtain x; =3, x, = —1, x3 = 2. Thus,
v =3u; —u, + 2u;.
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METHOD 2: (This method uses the fact that the basis vectors are orthogonal, and the arithmetic is
much simpler.) If we take the inner product of each side of (*) with respect to u;, we get

<U7 ui>

(v, ;) = Qeyuty + X1y + X305, u;) or (v, ;) = x;{uy, u;) or X; =
(u;, u;)

Here two terms drop out, because u,, u,, u; are orthogonal. Accordingly,

(vyu;y  T74+2+9 18 3 (vyuy) 144+1-36 =21
X1 = = = — = Xy = = =
) 144410 60 7 2T (upuy) 4+1416 0 21
(vu)  21—-2+9 28

(us,u3)  9+4+1 14

=1

X3 =

Thus, again, we get v = 3u; — uy + 2u5.

The procedure in Method 2 is true in general. Namely, we have the following theorem (proved in
Problem 7.17).

THEOREM 7.7:  Let {u;,u,,...,u,} be an orthogonal basis of V. Then, for any v € V,

_ <Uvul> u <’Ua”2> u <’U,un>
Ty a2 T T )
<”a“i>

Remark: The scalar k; = is called the Fourier coefficient of v with respect to u;, because it

<ui7ui>
is analogous to a coefficient in the Fourier series of a function. This scalar also has a geometric
interpretation, which is discussed below.

Projections

Let V' be an inner product space. Suppose w is a given nonzero vector in ¥, and suppose v is another
vector. We seek the “‘projection of v along w,”” which, as indicated in Fig. 7-3(a), will be the multiple cw
of w such that v = v — cw is orthogonal to w. This means

(v—cw, w)=0 or (v,w) — c{w,w) =0 or c=

p
a
/ v — proj (v, W)

/ proj (v, W) T
w

(b

Figure 7-3

Accordingly, the projection of v along w is denoted and defined by
(v, w)
(w, w)

proj(v,w) = cw =

Such a scalar c¢ is unique, and it is called the Fourier coefficient of v with respect to w or the component of
v along w.

The above notion is generalized as follows (see Problem 7.25).
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THEOREM 7.8:  Suppose wy, w,, ..., w, form an orthogonal set of nonzero vectors in V. Let v be any
vector in V. Define

/
V=v—(cow; +cwy + -+ cw,)

where
e <’U, W1> cy = <U7 W2> c. — <Ua Wr>
(wi,wy)’ (wy, wy)” ’ T(ww)
Then «' is orthogonal to wy, w,, ..., w,.

Note that each ¢; in the above theorem is the component (Fourier coefficient) of v along the given w;.

Remark: The notion of the projection of a vector v € V' along a subspace W of V' is defined as
follows. By Theorem 7.4, V = W @ W+=. Hence, v may be expressed uniquely in the form

v=w+Ww, where weW and wewt

We define w to be the projection of v along W, and denote it by proj(v, W), as pictured in Fig. 7-2(b). In
particular, if W = span(w,, w,, ..., w,), where the w; form an orthogonal set, then

proj(v, W) = cyw; + cow, + - -+ ¢c,w,

Here ¢; is the component of v along w;, as above.

7.7 Gram-Schmidt Orthogonalization Process

Suppose {v;, vy,...,v,} is a basis of an inner product space V. One can use this basis to construct an
orthogonal basis {w;,w,,...,w,} of V as follows. Set
Wl - 'Ul
_ (v, wy)
Wy = U — Wy
(wy, wy)
Uy, W Uy, W
W3—U3—<37 1>W1 <37 2> )
<W17W1> <W2?W2>
<’Unﬂwl> <’Un,W2> <vnvwn71>
w, =19 - Wy — - — Wn—1
<W17W1> <W27W2> <Wn—17Wn—1>
In other words, for £k = 2,3,...,n, we define
Wi = U = CaWi = CpoWp — =+ = Cp 1 Wi—1

where ¢;; = (v, w;)/(w;, w;) is the component of v, along w;. By Theorem 7.8, each w;, is orthogonal to
the preceeding w’s. Thus, w;, w,, ..., w, form an orthogonal basis for J as claimed. Normalizing each w;
will then yield an orthonormal basis for V.

The above construction is known as the Gram—Schmidt orthogonalization process. The following
remarks are in order.

Remark 1: Each vector w;, is a linear combination of v, and the preceding w’s. Hence, one can
easily show, by induction, that each w; is a linear combination of v, v, ..., u,.

Remark 2: Because taking multiples of vectors does not affect orthogonality, it may be simpler in
hand calculations to clear fractions in any new w;, by multiplying w, by an appropriate scalar, before
obtaining the next wy_ .
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Remark 3: Suppose u,,u,,...,u, are linearly independent, and so they form a basis for
U = span(u;). Applying the Gram—Schmidt orthogonalization process to the u’s yields an orthogonal
basis for U.
The following theorems (proved in Problems 7.26 and 7.27) use the above algorithm and remarks.

THEOREM 7.9:  Let {v;,v,,...,v,} be any basis of an inner product space V. Then there exists an
orthonormal basis {u,,u,,...,u,} of V such that the change-of-basis matrix from
{v;} to {w;} is triangular; that is, for k = 1,...,n,

U = ap1 U +ak2'U2 +- 4 A Uy

THEOREM 7.10:  Suppose S = {w;,w,,...,w,} is an orthogonal basis for a subspace W of a vector
space V. Then one may extend S to an orthogonal basis for V; that is, one may find
vectors W, y,...,w, such that {w;,w,,...,w,} is an orthogonal basis for V.

EXAMPLE 7.10 Apply the Gram—Schmidt orthogonalization process to find an orthogonal basis and
then an orthonormal basis for the subspace U of R* spanned by

v =(1,1,1,1), v, = (1,2,4,5), vy =(1,-3,—4,-2)
(1) First set w, = v; = (1,1,1,1).
(2) Compute
(3, wy) 12
(wi, wy) TRy

w; = (-2,—-1,1,2)

Set w, = (—2,—1,1,2).
(3) Compute

(wom) - s (=8, (7
B o)™ D)2 T T2 M g = 6 )

Clear fractions to obtain w; = (—6,—17, 13, 14).

Thus, w;,w,,w; form an orthogonal basis for U. Normalize these vectors to obtain an orthonormal basis
{uy,uy,u3} of U. We have |[w,||> =4, [[w,|* = 10, [|jws]|* = 910, so

1 1 1
u =~ (1,1,1,1), ", = —— —
1= 50 ) 27 /10 V910

2
EXAMPLE | 711 Let V be the vector space of polynomials f(¢#) with inner product
(f.g) = [, f(t)g(r) dr. Apply the Gram—Schmidt orthogonalization process to {1,7,#,#} to find an
orthogonal basis { fy,11,/,/3} with integer coefficients for P5(7).
Here we use the fact that, for » + s = n,

(=2,-1,1,2), Uy = (16,—17,—13,14)

tn+1

: _J2/(n+1) when niseven
n+1], |0 when n is odd

1
(¢, ¢) = J " dt =
-1

(1) First set f, = 1.
(1)
(1,1)

(2) Compute t = ()=t—0=1¢ Setf, =t
(3) Compute

1)
(1,1)

Multiply by 3 to obtain f, = 3¢> = 1.

—~

-
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(4) Compute

(e, 1)
Y

=£ -0(1)—

(£, 32 —1)
(32 —1, 32 —-1)

(1) - (1) - (32— 1)

2 _ 3 _3
(6) =03t —1)=1 —xt
Multiply by 5 to obtain f; = 5 — 3¢.
Thus, {1, ¢, 32 —1, 5 — 3¢} is the required orthogonal basis.

Remark: Normalizing the polynomials in Example 7.11 so that p(1) = 1 yields the polynomials
1, 1, 132 —1), 1(5¢ - 31)

These are the first four Legendre polynomials, which appear in the study of differential equations.

7.8 Orthogonal and Positive Definite Matrices

This section discusses two types of matrices that are closely related to real inner product spaces V. Here
vectors in R” will be represented by column vectors. Thus, (u,v) = u’ v denotes the inner product in
Euclidean space R”".

Orthogonal Matrices

A real matrix P is orthogonal if P is nonsingular and P~! = P”, or, in other words, if PPT = PTP =I.
First we recall (Theorem 2.6) an important characterization of such matrices.

THEOREM 7.11:  Let P be a real matrix. Then the following are equivalent: (a) P is orthogonal; (b)
the rows of P form an orthonormal set; (c) the columns of P form an orthonormal
set.

(This theorem is true only using the usual inner product on R”. It is not true if R" is given any other
inner product.)

EXAMPLE 7.12

V3 V313
(a) LetP= 0 1/ V2 1 /\/Z . The rows of P are orthogonal to each other and are unit vectors. Thus

2/v6 —1/v6 —1/V6

P is an orthogonal matrix.
(b) Let P be a 2 x 2 orthogonal matrix. Then, for some real number 0, we have

P—{ cos 0 smH] or p_ [cos@ sm@}

—sinf cosf sin0 —cosl

The following two theorems (proved in Problems 7.37 and 7.38) show important relationships
between orthogonal matrices and orthonormal bases of a real inner product space V.

THEOREM 7.12:  Suppose E = {e;} and E' = {¢}} are orthonormal bases of V. Let P be the change-
of-basis matrix from the basis E to the basis £’. Then P is orthogonal.

THEOREM 7.13:  Let {e},...,e,} be an orthonormal basis of an inner product space V. Let P = [a;]
be an orthogonal matrix. Then the following n vectors form an orthonormal basis
for V:

/ .
e = ajey + ayey + -+ ayey, i=12....n



