Chapter

Four-Vectors

e

The theoty of special relativity can be developed in a very concise and yet elegant way by using the so
~ - t-1

called concept of four-vectors. It is a conceptual extension of ordinary three-dimensional vectors to four-

dimcnsional vectors.

SPACE-TIME CONTINUUM (MINKOWSKI SPACE)

7 Transtormation (L.T.) and its conscquences suggest that the space coordinates (x. y, z) and time
d uniformly in the theory of relativity. Minkowski suggested that the ordinary three-
lus the time be considered as four-dimensional continuum or Minkowski space.

ry three dimensional space can be labelled by three coordinates x, v and =3 it is
ace-time lubelled by the four coordinates x, y, = and £, For

8.1

Lorent
(1) should be treate
dimensional space p

Just as the ordina
convenient to think of a four dimensional sp

Jimensional uniformity, the fourth coordinate may be taken as ¢ or preferably as ict (i = J -1) to remind

us that space and time are not quite the same or equivalent.

. . ~ « . i . . R T , ., e - — ~4 2 i
Instead of variables x. v, z and £1n frame S. we now introduce the variables 1, (1 1,2, 3,4) given by

Ny =x X=Xy = o and .\ = ict .. (1a)
The corresponding guantitics in frame S are X, (u =1, 2.3, 4); thatis X
- ’ ’ ’ ’ ’ — iy .. {Ib)
X =xt Xy =), X{ =z and X, = ic (
From L.T.: since x” = [(x = v) . . . €l
vX iv - (2)
— —— = X +'—"X )
X/ = F(Xl c F( IR
.- (3)
X 2, == /\’2: /Y; = )(}
' , vx
Also since ¢ = I‘[r —T)
c
R 91)
it =T1ic p
ey
"\’/Y‘
=
' /Y‘; = r X4 ¢
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o . . . . . o " . Thus
The inverse relations are casily written down by changing the sign of
. RV, ¢ (5
X =T X —-—2 - (59)
c
Ny = X =AY ~ (5b)
X, <
And X, =Ty + —! ) e (50
c

Note that the above equations are just Lorentz transformations tor A, X, V5, g Just as equations (6)

and (7) of chapter 2 are L.T. for coordinates x. ). = and 1.

8.2 FOUR-VECTORS

A four-vector Ay is a set of four quantities (.1,. A5, A5, Ay) which transform unde
in the same way as the X,..\5, .\3, A} coordinates of a point in the four dimensional sp
Thus

r a Lorentz Transformation
ace-time continuum.

l.\".‘t; )
/fl, =T /!l + —"C_ N ."2’ e .":: .‘I; = .’l;
| - (6)
l o v, )
IR Py - -
4 4 e

/

The first three components (. .15 .1;) are the components of an ordinary three-dimensional vector 4

-

. . . - -3
just as x, v, = arc the components of r iv+ jy+ k=

The sum of two four-vectors 1s also a four-vector so that (f'“ =t B, =t B“.
Thus Cy= (A, 10 B, Co= Ay # By) Cy = (A ) By, Cy = (dy 1V BY)

o - . — = . .

The scalar product of two four-vectors 1s defined by extending the scalar product (A - B) of two ordinary
- ) . .
vectors A and 8. Thus scalar product of two four-vectors .1 and B

= ‘_"“ ,I!lli“ = By v ALBy By B

The square of the “length” of a four-vector 1s defined as the scalar product of the four-vector with itself.

Yy g2 Sy Ny B
Thus (length)® = X,y =7 + 45 + 47 + A4

, o\
S o, vy T I AU
- r‘ ‘.‘l — — + 4" 1- + 44 3. + r- A.‘ _————
¢ - c

-

Ve

=1.

= A ’13 + 4 ’23 + A '33 + A 'f =X 4 :f because I"'?| 1 - -
c?

We now sce that the length of a four-vector is unchanged by a L.T. Tt is an invariant. An invariant s

a quantity whose value does not change ina L.T. For example, the dot product of two four-vectors (%,.1,8,) 3
is an invariant. *Leneth’ of a four-veetor is a special case of dot product or scalar product of two vectors,
[t all the components of a four-vector are multiplied by a scalar (¢) an invariant, then we get a new four-

veetor of length o times the original length.
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