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Heat transfer through a fluid
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plates.

6-1 - PHYSICAL MECHANISM OF CONVECTION

We mentioned earlier that there are three basic mechanisms of heat transfer:
conduction, convection, and radiation. Conduction and convection are similar
in that both mechanisms require the presence of a material medium. But they
are different in that convection requires the presence of fluid motion.

Heat transfer through a solid is always by conduction, since the molecules
of a solid remain at relatively fixed positions. Heat transfer through a liquid or
gas, however, can be by conduction or convection, depending on the presence
of any bulk fluid motion. Heat transfer through a fluid is by convection in the
presence of bulk fluid motion and by conduction in the absence of it. There-
fore, conduction in a fluid can be viewed as the limiting case of convection,
corresponding to the case of quiescent fluid (Fig. 6-1).

Convection heat transfer is complicated by the fact that it involves fluid mo-
tion as well as heat conduction. The fluid motion enhances heat transfer, since
it brings hotter and cooler chunks of fluid into contact, initiating higher rates
of conduction at a greater number of sites in a fluid. Therefore, the rate of heat
transfer through a fluid is much higher by convection than it is by conduction.
In fact, the higher the fluid velocity, the higher the rate of heat transfer.

To clarify this point further, consider steady heat transfer through a fluid
contained between two parallel plates maintained at different temperatures, as
shown in Figure 6-2. The temperatures of the fluid and the plate will be the
same at the points of contact because of the continuity of temperature. As-
suming no fluid motion, the energy of the hotter fluid molecules near the hot
plate will be transferred to the adjacent cooler fluid molecules. This energy
will then be transferred to the next layer of the cooler fluid molecules. This
energy will then be transferred to the next layer of the cooler fluid, and so on,
until it is finally transferred to the other plate. This is what happens during
conduction through a fluid. Now let us use a syringe to draw some fluid near
the hot plate and inject it near the cold plate repeatedly. You can imagine that
this will speed up the heat transfer process considerably, since some energy is
carried to the other side as a result of fluid motion.

Consider the cooling of a hot iron block with a fan blowing air over its top
surface, as shown in Figure 6-3. We know that heat will be transferred from
the hot block to the surrounding cooler air, and the block will eventually
cool. We also know that the block will cool faster if the fan is switched to a
higher speed. Replacing air by water will enhance the convection heat trans-
fer even more.

Experience shows that convection heat transfer strongly depends on the
fluid properties dynamic viscosity ., thermal conductivity k, density p, and
specific heat C, as well as the fluid velocity V. It also depends on the geome-
try and the roughness of the solid surface, in addition to the type of fluid flow
(such as being streamlined or turbulent). Thus, we expect the convection heat
transfer relations to be rather complex because of the dependence of convec-
tion on so many variables. This is not surprising, since convection is the most
complex mechanism of heat transfer.

Despite the complexity of convection, the rate of convection heat transfer is
observed to be proportional to the temperature difference and is conveniently
expressed by Newton’s law of cooling as



Georv = h(T&' - Tx) (W/mz) (6-1)

or

Ocony = MA(T, — T.) (W) 6-2)

where

h = convection heat transfer coefficient, W/m?2 - °C
A, = heat transfer surface area, m?
T, = temperature of the surface, °C
T., = temperature of the fluid sufficiently far from the surface, °C

Judging from its units, the convection heat transfer coefficient /2 can be de-
fined as the rate of heat transfer between a solid surface and a fluid per unit
surface area per unit temperature difference.

You should not be deceived by the simple appearance of this relation, be-
cause the convection heat transfer coefficient i depends on the several of the
mentioned variables, and thusis difficult to determine.

When afluid is forced to flow over a solid surface that is nonporous (i.e.,
impermeable to the fluid), it is observed that the fluid in motion comes to a
complete stop at the surface and assumes a zero velocity relative to the sur-
face. That is, the fluid layer in direct contact with a solid surface “sticks” to
the surface and thereis no dip. In fluid flow, this phenomenon is known as the
no-slip condition, and it is due to the viscosity of the fluid (Fig. 6-4).

The no-dlip condition is responsible for the development of the velocity pro-
file for flow. Because of the friction between the fluid layers, the layer that
sticks to the wall slows the adjacent fluid layer, which slows the next layer,
and so on. A consequence of the no-dlip condition isthat all velocity profiles
must have zero values at the points of contact between afluid and asolid. The
only exception to the no-slip condition occurs in extremely rarified gases.

A similar phenomenon occurs for the temperature. When two bodies at dif-
ferent temperatures are brought into contact, heat transfer occurs until both
bodies assume the same temperature at the point of contact. Therefore, afluid
and a solid surface will have the same temperature at the point of contact. This
is known as no-temperature-jump condition.

An implication of the no-dip and the no-temperature jump conditionsis that
heat transfer from the solid surface to the fluid layer adjacent to the surfaceis
by pure conduction, sincethe fluid layer is motionless, and can be expressed as

. . aT
Gecorv = dcond = _kfluida_y (W/mz) (6-3)
y=0

where T represents the temperature distribution in the fluid and (07/9y),—q is
the temperature gradient at the surface. This heat isthen convected away from
the surface asaresult of fluid motion. Note that convection heat transfer from
asolid surface to afluid is merely the conduction heat transfer from the solid
surface to the fluid layer adjacent to the surface. Therefore, we can equate
Egs. 6-1 and 6-3 for the heat flux to obtain
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—Kiig(0TI9Y),
= k”T"(mey)“ (W/m2 - °C) (6-4)
for the determination of the convection heat transfer coefficient when the tem-
perature distribution within the fluid is known.

The convection heat transfer coefficient, in general, varies along the flow
(or x-) direction. The average or mean convection heat transfer coefficient for
asurface in such casesis determined by properly averaging the local convec-
tion heat transfer coefficients over the entire surface.

Nusselt Number
In convection studies, it is common practice to nondimensionalize the gov-
erning equations and combine the variables, which group together into di-
mensionless numbersin order to reduce the number of total variables. Itisalso
common practice to nondimensionalize the heat transfer coefficient h with the
Nusselt number, defined as

hL,

Nu = K (6-5)

where k is the thermal conductivity of the fluid and L. is the characteristic
length. The Nusselt number is named after Wilhelm Nusselt, who made sig-
nificant contributions to convective heat transfer in the first half of the twen-
tieth century, and it is viewed as the dimensionless convection heat transfer
coefficient.

To understand the physical significance of the Nusselt number, consider a
fluid layer of thickness L and temperature difference AT = T, — T,, asshown
in Fig. 6-5. Heat transfer through the fluid layer will be by convection when
the fluid involves some mation and by conduction when the fluid layer is mo-
tionless. Heat flux (therate of heat transfer per unit time per unit surface area)
in either case will be

Oeonv = AT (6-6)
and
qoond = kATT (6-7)

Taking their ratio gives

Geonv _ bhAT _ & _
Qo KATIL Kk Nu (6-8)

which isthe Nusselt number. Therefore, the Nusselt number representsthe en-
hancement of heat transfer through a fluid layer as aresult of convection rel-
ative to conduction across the same fluid layer. The larger the Nusselt number,
the more effective the convection. A Nusselt number of Nu = 1 for a fluid
layer represents heat transfer across the layer by pure conduction.

We use forced convection in daily life more often than you might think
(Fig. 6-6). We resort to forced convection whenever we want to increase the



rate of heat transfer from a hot object. For example, we turn on the fan on hot
summer daysto help our body cool more effectively. The higher the fan speed,
the better we feel. We stir our soup and blow on a hot slice of pizzato make
them cool faster. The air on windy winter days feels much colder than it actu-
ally is. The simplest solution to heating problems in electronics packaging is
to use alarge enough fan.

6-2 = CLASSIFICATION OF FLUID FLOWS

Convection heat transfer is closely tied with fluid mechanics, which isthe sci-
ence that deals with the behavior of fluids at rest or in motion, and the inter-
action of fluids with solids or other fluids at the boundaries. There are awide
variety of fluid flow problems encountered in practice, and it is usually con-
venient to classify them on the basis of some common characteristics to make
it feasible to study them in groups. There are many ways to classify the fluid
flow problems, and below we present some general categories.

Viscous versus Inviscid Flow

When two fluid layers move relative to each other, afriction force develops
between them and the slower layer triesto slow down the faster layer. Thisin-
ternal resistance to flow is called the viscosity, which is a measure of internal
stickiness of the fluid. Viscosity is caused by cohesive forces between the
molecules in liquids, and by the molecular collisions in gases. There is no
fluid with zero viscosity, and thus all fluid flows involve viscous effects to
some degree. Flows in which the effects of viscosity are significant are called
viscous flows. The effects of viscosity are very small in some flows, and ne-
glecting those effects greatly simplifies the analysis without much lossin ac-
curacy. Such idealized flows of zero-viscosity fluids are called frictionless or
inviscid flows.

Internal versus External Flow

Afluid flow is classified as being internal and external, depending on whether
thefluid isforced to flow in aconfined channel or over asurface. The flow of
an unbounded fluid over a surface such as a plate, awire, or a pipe is exter-
nal flow. Theflow in apipe or duct isinternal flow if the fluid is completely
bounded by solid surfaces. Water flow in a pipe, for example, isinternal flow,
and air flow over an exposed pipe during a windy day is external flow
(Fig. 6-7). The flow of liquids in a pipe is called open-channel flow if the
pipeis partialy filled with the liquid and there is a free surface. The flow of
water in rivers and irrigation ditches are examples of such flows.

Compressible versus Incompressible Flow

A fluid flow is classified as being compressible or incompressible, depending
on the density variation of the fluid during flow. The densities of liquids are
essentialy constant, and thus the flow of liquidsis typically incompressible.
Therefore, liquids are usually classified asincompressible substances. A pres-
sure of 210 atm, for example, will cause the density of liquid water at 1 atm to
change by just 1 percent. Gases, on the other hand, are highly compressible. A
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pressure change of just 0.01 atm, for example, will cause a change of 1 per-
cent in the density of atmospheric air. However, gas flows can be treated as
incompressible if the density changes are under about 5 percent, which is usu-
ally the case when the flow velocity is less than 30 percent of the velocity of
sound in that gas (i.e., the Mach number of flow is less than 0.3). The veloc-
ity of sound in air at room temperature is 346 m/s. Therefore, the compress-
ibility effects of air can be neglected at speeds under 100 m/s. Note that the
flow of agasis not necessarily a compressible flow.

Laminar versus Turbulent Flow

Some flows are smooth and orderly while others are rather chaotic. The highly
ordered fluid motion characterized by smooth streamlines is called laminar.
The flow of high-viscosity fluids such as oils at low velocities is typically
laminar. The highly disordered fluid motion that typically occurs at high ve-
locities characterized by velocity fluctuationsis called turbulent. The flow of
low-viscosity fluids such as air at high velocities is typically turbulent. The
flow regime greatly influences the heat transfer rates and the required power
for pumping.

Natural (or Unforced) versus Forced Flow

A fluid flow is said to be natural or forced, depending on how the fluid motion
isinitiated. In forced flow, afluid isforced to flow over asurface or in a pipe
by external means such as apump or afan. In natural flows, any fluid motion
is due to a natural means such as the buoyancy effect, which manifests itself
as the rise of the warmer (and thus lighter) fluid and the fall of cooler (and
thus denser) fluid. This thermosiphoning effect is commonly used to replace
pumps in solar water heating systems by placing the water tank sufficiently
above the solar collectors (Fig. 6-8).

Steady versus Unsteady (Transient) Flow

The terms steady and uniform are used frequently in engineering, and thus it
is important to have a clear understanding of their meanings. The term
steady implies no change with time. The opposite of steady is unsteady, or
transient. The term uniform, however, implies no change with location over
a specified region.

Many devices such as turbines, compressors, boilers, condensers, and heat
exchangers operate for long periods of time under the same conditions, and
they are classified as steady-flow devices. During steady flow, the fluid prop-
erties can change from point to point within a device, but at any fixed point
they remain constant.

One-, Two-, and Three-Dimensional Flows

A flow field is best characterized by the velocity distribution, and thus a flow
is said to be one-, two-, or three-dimensional if the flow velocity V" variesin
one, two, or three primary dimensions, respectively. A typical fluid flow in-
volves athree-dimensional geometry and the velocity may vary in al three di-
mensions rendering the flow three-dimensional [¥'(X, Yy, 2) in rectangular
or V(r, 0, 2) in cylindrical coordinates]. However, the variation of velocity in



certain direction can be small relative to the variation in other directions, and
can be ignored with negligible error. In such cases, the flow can be modeled
conveniently as being one- or two-dimensional, which is easier to analyze.

When the entrance effects are disregarded, fluid flow in acircular pipeis
one-dimensional since the velocity variesin the radial r direction but not in
the angular 6- or axial z-directions (Fig. 6-9). That is, the velocity profileis
the same at any axial z-location, and it is symmetric about the axis of the pipe.
Note that even in this simplest flow, the velocity cannot be uniform across the
cross section of the pipe because of the no-slip condition. However, for con-
venience in calculations, the velocity can be assumed to be constant and thus
uniform at a cross section. Fluid flow in a pipe usually approximated as one-
dimensional uniform flow.

6-3 - VELOCITY BOUNDARY LAYER

Consider the parallel flow of afluid over aflat plate, as shown in Fig. 6-10.
Surfaces that are slightly contoured such as turbine blades can also be ap-
proximated as flat plates with reasonable accuracy. The x-coordinate is mea-
sured along the plate surface from the leading edge of the plate in the
direction of the flow, and y is measured from the surface in the normal direc-
tion. The fluid approaches the plate in the x-direction with a uniform upstream
velocity of V', which is practically identical to the free-stream velocity u., over
the plate away from the surface (this would not be the case for cross flow over
blunt bodies such as a cylinder).

For the sake of discussion, we can consider the fluid to consist of adjacent
layers piled on top of each other. The velocity of the particlesin the first fluid
layer adjacent to the plate becomes zero because of the no-dlip condition. This
motionless layer slows down the particles of the neighboring fluid layer as a
result of friction between the particles of these two adjoining fluid layers at
different velocities. Thisfluid layer then slows down the molecul es of the next
layer, and so on. Thus, the presence of the plate isfelt up to some normal dis-
tance & from the plate beyond which the free-stream velocity u., remains es-
sentially unchanged. As aresult, the x-component of the fluid velocity, u, will
vary fromQOaty = Otonearly u,, aty = 8 (Fig. 6-11).
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The region of the flow above the plate bounded by & in which the effects
of the viscous shearing forces caused by fluid viscosity are felt is called the
velocity boundary layer. The boundary layer thickness, 8, is typically de-
fined as the distance y from the surface at which u = 0.99u...

The hypothetical line of u = 0.99u,, divides the flow over a plate into two
regions. the boundary layer region, in which the viscous effects and the ve-
locity changes are significant, and the inviscid flow region, in which the fric-
tional effects are negligible and the velocity remains essentially constant.

Surface Shear Stress

Consider the flow of afluid over the surface of aplate. Thefluid layer in con-
tact with the surface will try to drag the plate along viafriction, exerting afric-
tion force on it. Likewise, a faster fluid layer will try to drag the adjacent
slower layer and exert afriction force because of the friction between the two
layers. Friction force per unit areais called shear stress, and is denoted by .
Experimental studies indicate that the shear stress for most fluids is propor-
tional to the velocity gradient, and the shear stress at the wall surfaceis as

S g—)‘j o () (6-9)
where the constant of proportionality . is called the dynamic viscosity of
the fluid, whose unit is kg/m - s (or equivaently, N - m?, or Pa- s, or poise
=0.1Pa-y9).

The fluids that that obey the linear relationship above are called Newtonian
fluids, after Sir Isaac Newton who expressed it first in 1687. Most common
fluids such as water, air, gasoline, and oils are Newtonian fluids. Blood and
liquid plastics are examples of non-Newtonian fluids. In thistext we will con-
sider Newtonian fluids only.

Influid flow and heat transfer studies, theratio of dynamic viscosity to den-
sity appears frequently. For convenience, this ratio is given the name kine-
matic viscosity v and is expressed as v = p/p. Two common units of
kinematic viscosity are m?/s and stoke (1 stoke = 1 cm?/s = 0.0001 m?/s).

The viscosity of afluid is a measure of its resistance to flow, and it is a
strong function of temperature. The viscosities of liquids decrease with tem-
perature, whereas the viscosities of gases increase with temperature (Fig.
6-12). The viscosities of somefluidsat 20°C arelisted in Table 6-1. Note that
the viscosities of different fluids differ by several orders of magnitude.

The determination of the surface shear stress , from Eq. 6-9 is not practical
since it requires aknowledge of the flow velocity profile. A more practical ap-
proach in external flow isto relate 7, to the upstream velocity V" as

pV2
Tg = CfT (N/m?) (6-10)

where C; isthe dimensionless friction coefficient, whose value in most cases
is determined experimentally, and p is the density of the fluid. Note that the
friction coefficient, in general, will vary with location along the surface. Once
the average friction coefficient over a given surface is available, the friction
force over the entire surface is determined from



FFQ&% (N) (6-11)

where A, is the surface area.

The friction coefficient is an important parameter in heat transfer studies
since it is directly related to the heat transfer coefficient and the power re-
quirements of the pump or fan.

6-4 - THERMAL BOUNDARY LAYER

We have seen that avelocity boundary layer devel ops when afluid flows over
asurface asaresult of the fluid layer adjacent to the surface assuming the sur-
face velocity (i.e., zero velocity relative to the surface). Also, we defined the
velocity boundary layer as the region in which the fluid velocity varies from
zero to 0.99u... Likewise, athermal boundary layer develops when a fluid at
a specified temperature flows over asurface that is at a different temperature,
asshownin Fig. 6-13.

Consider the flow of afluid at a uniform temperature of T.. over an isother-
mal flat plate at temperature T,. The fluid particlesin the layer adjacent to the
surface will reach thermal equilibrium with the plate and assume the surface
temperature T,. These fluid particles will then exchange energy with the par-
ticlesin the adjoining-fluid layer, and so on. As aresult, atemperature profile
will develop in the flow field that ranges from T, at the surface to T, suffi-
ciently far from the surface. The flow region over the surface in which the
temperature variation in the direction normal to the surfaceis significant isthe
thermal boundary layer. The thickness of the thermal boundary layer 3, at
any location along the surface is defined as the distance from the surface at
which the temperature difference T — T, equals 0.99(T.. — TJ). Note that for
the special case of T, = 0, we have T = 0.99T,, at the outer edge of the ther-
mal boundary layer, which isanalogousto u = 0.99u,, for the velocity bound-
ary layer.

The thickness of the thermal boundary layer increasesin the flow direction,
since the effects of heat transfer are felt at greater distances from the surface
further down stream.

The convection heat transfer rate anywhere along the surfaceis directly re-
lated to the temperature gradient at that location. Therefore, the shape of the
temperature profile in the thermal boundary layer dictates the convection heat
transfer between a solid surface and the fluid flowing over it. In flow over a
heated (or cooled) surface, both velocity and thermal boundary layers will de-
velop simultaneously. Noting that the fluid velocity will have a strong influ-
ence on the temperature profile, the development of the velocity boundary
layer relative to the thermal boundary layer will have a strong effect on the
convection heat transfer.

Prandtl Number

The relative thickness of the velocity and the thermal boundary layers is best
described by the dimensionless parameter Prandtl number, defined as

br Molecular diffusivity of momentum ,, nC,
= 7 Molecular diffusivity of heat &k _

(6-12)

7
TABLE 6-1

Dynamic viscosities of some fluids
at 1 atm and 20°C (unless otherwise
stated)

Dynamic viscosity

Fluid W, kg/m -'s
Glycerin:
-20°C 134.0
0°C 12.1
20°C 1.49
40°C 0.27
Engine oil:
SAE 10W 0.10
SAE 10W30 0.17
SAE 30 0.29
SAE 50 0.86
Mercury 0.0015
Ethyl alcohol 0.0012
Water:
0o°C 0.0018
20°C 0.0010
100°C (liquid) 0.0003
100°C (vapor) 0.000013
Blood, 37°C 0.0004
Gasoline 0.00029
Ammonia 0.00022
Air 0.000018
Hydrogen, 0°C 0.000009
T, Free-stream T.
T, u

Thermal
boundary
— 8 T, layer
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I
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FIGURE 6-13

Thermal boundary layer on aflat plate
(the fluid is hotter than the plate
surface).
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TABLE 6-2

Typical ranges of Prandtl numbers
for common fluids

Fluid Pr
Liquid metals 0.004-0.030
Gases 0.7-1.0

Water 1.7-13.7

Light organic fluids 5-50

Oils 50-100,000
Glycerin 2000-100,000
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FIGURE 6-14
Laminar and turbulent flow regimes of
cigarette smoke.
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FIGURE 6-15

The behavior of colored fluid injected
into the flow in laminar and turbulent
flowsin atube.

It is named after Ludwig Prandtl, who introduced the concept of boundary
layer in 1904 and made significant contributions to boundary layer theory.
The Prandtl numbers of fluids range from less than 0.01 for liquid metals to
more than 100,000 for heavy oils (Table 6-2). Note that the Prandtl number is
in the order of 10 for weter.

The Prandtl numbers of gases are about 1, which indicates that both momen-
tum and heat dissipate through the fluid at about the same rate. Heat diffuses
very quickly inliquid metals (Pr < 1) and very slowly in oils (Pr > 1) relative
to momentum. Conseguently the thermal boundary layer is much thicker for
liquid metals and much thinner for oils relative to the velocity boundary layer.

6-5 = LAMINAR AND TURBULENT FLOWS

If you have been around smokers, you probably noticed that the cigarette
smoke rises in a smooth plume for the first few centimeters and then starts
fluctuating randomly in all directions as it continues its journey toward the
lungs of others (Fig. 6-14). Likewise, acareful inspection of flow in apipere-
veals that the fluid flow is streamlined at low velocities but turns chaotic as
the velocity isincreased above a critical value, as shown in Figure 6-15. The
flow regime in the first case is said to be laminar, characterized by smooth
streamlines and highly-ordered motion, and turbulent in the second case,
where it is characterized by velocity fluctuations and highly-disordered mo-
tion. The transition from laminar to turbulent flow does not occur suddenly;
rather, it occurs over some region in which the flow fluctuates between lami-
nar and turbulent flows before it becomes fully turbulent.

We can verify the existence of these laminar, transition, and turbulent flow
regimes by injecting some dye streak into the flow in a glass tube, as the
British scientist Osborn Reynolds (1842-1912) did over a century ago. We
will observe that the dye streak will form a straight and smooth line at low ve-
locities when the flow is laminar (we may see some blurring because of mol-
ecular diffusion), will have bursts of fluctuationsin the transition regime, and
will zigzag rapidly and randomly when the flow becomes fully turbulent.
These zigzags and the dispersion of the dye are indicative of the fluctuations
in the main flow and the rapid mixing of fluid particles from adjacent layers.

Typical velocity profilesin laminar and turbulent flow are aso givenin Fig-
ure 6-10. Note that the velocity profile is approximately parabolic in laminar
flow and becomes flatter in turbulent flow, with a sharp drop near the surface.
The turbulent boundary layer can be considered to consist of three layers. The
very thin layer next to the wall where the viscous effects are dominant is
the laminar sublayer. The velocity profile in this layer is nearly linear, and
the flow is streamlined. Next to the laminar sublayer is the buffer layer, in
which the turbulent effects are significant but not dominant of the diffusion
effects, and next to it is the turbulent layer, in which the turbulent effects
dominate.

The intense mixing of the fluid in turbulent flow as a result of rapid fluctu-
ations enhances heat and momentum transfer between fluid particles, which
increases the friction force on the surface and the convection heat transfer
rate. It also causes the boundary layer to enlarge. Both the friction and heat
transfer coefficients reach maximum values when the flow becomes fully tur-
bulent. So it will come as no surprisethat aspecia effort is made in the design



of heat transfer coefficients associated with turbulent flow. The enhancement
in heat transfer in turbulent flow does not come for free, however. It may be
necessary to use alarger pump to overcome the larger friction forces accom-
panying the higher heat transfer rate.

Reynolds Number

The transition from laminar to turbulent flow depends on the surface geome-
try, surface roughness, free-stream velocity, surface temperature, and type of
fluid, among other things. After exhaustive experiments in the 1880s, Osborn
Reynolds discovered that the flow regime depends mainly on the ratio of the
inertia forces to viscous forces in the fluid. Thisratio is called the Reynolds
number, which isadimensionless quantity, and is expressed for external flow
as (Fig. 6-16)

_Inertiaforces VL. pVL.

R~ Nisos v B (€19

where V" isthe upstream velocity (equivalent to the free-stream velocity u., for
aflat plate), L isthe characteristic length of the geometry, and v = w/p isthe
kinematic viscosity of the fluid. For aflat plate, the characteristic length isthe
distance x from the leading edge. Note that kinematic viscosity has the unit
m?/s, which isidentical to the unit of thermal diffusivity, and can be viewed as
viscous diffusivity or diffusivity for momentum.

At large Reynolds numbers, the inertiaforces, which are proportional to the
density and the velocity of the fluid, are large relative to the viscous forces,
and thus the viscous forces cannot prevent the random and rapid fluctuations
of thefluid. At small Reynolds numbers, however, the viscous forces are large
enough to overcome the inertiaforces and to keep the fluid “in line.” Thusthe
flow isturbulent in the first case and laminar in the second.

The Reynolds number at which the flow becomes turbulent is called the
critical Reynolds number. The value of the critical Reynolds number is dif-
ferent for different geometries. For flow over aflat plate, the generally ac-
cepted value of the critical Reynolds number is Re, = VXx,/v = U X, /v =
5 X 10°, where X, is the distance from the leading edge of the plate at which
transition from laminar to turbulent flow occurs. The value of Re, may
change substantially, however, depending on the level of turbulencein the free
stream.

6-6 = HEAT AND MOMENTUM TRANSFER IN
TURBULENT FLOW

Most flows encountered in engineering practice are turbulent, and thusit is
important to understand how turbulence affects wall shear stress and heat
transfer. Turbulent flow is characterized by random and rapid fluctuations of
groups of fluid particles, called eddies, throughout the boundary layer. These
fluctuations provide an additional mechanism for momentum and heat trans-
fer. In laminar flow, fluid particles flow in an orderly manner along stream-
lines, and both momentum and heat are transferred across streamlines by
molecular diffusion. In turbulent flow, the transverse motion of eddies trans-
port momentum and heat to other regions of flow before they mix with the rest
of the fluid and lose their identity, greatly enhancing momentum and heat

- 343
CHAPTER 6

_ Inertiaforces

Viscous forces
_ pTAL
5oL e
pVL

- u

-
Y

FIGURE 6-16

The Reynolds number can be viewed
astheratio of theinertiaforcesto
viscous forces acting on afluid
volume element.
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(a) Before (b) After
turbulence turbulence
FIGURE 6-17

Theintense mixing in turbulent flow
brings fluid particles at different
temperatures into close contact, and
thus enhances heat transfer.
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FIGURE 6-18

Fluctuations of the velocity
component u with time at a specified
location in turbulent flow.
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transfer. As aresult, turbulent flow is associated with much higher values of
friction and heat transfer coefficients (Fig. 6-17).

Even when the mean flow is steady, the eddying motion in turbulent flow
causes significant fluctuations in the values of velocity, temperature, pressure,
and even density (in compressible flow). Figure 6-18 shows the variation of
the instantaneous velocity component u with time at a specified location, as
can be measured with a hot-wire anemometer probe or other sensitive device.
We observe that the instantaneous values of the velocity fluctuate about a
mean val ue, which suggests that the velocity can be expressed as the sum of a
mean value T and a fluctuating component u’,

u=u+u (6-14)

Thisis also the case for other properties such as the velocity component v in
they direction, andthusv=v+ Vv ,P=P + P,and T= T + T'. Themean
value of aproperty at some location is determined by averaging it over atime
interval that is sufficiently large so that the net effect of fluctuations is zero.
Therefore, the time average of fluctuating componentsis zero, e.g., 0’ = 0.
The magnitude of u’ is usually just afew percent of T, but the high frequen-
cies of eddies (in the order of athousand per second) makes them very effec-
tive for the transport of momentum and thermal energy. In steady turbulent
flow, the mean values of properties (indicated by an overbar) are independent
of time.

Consider the upward eddy motion of afluid during flow over a surface. The
mass flow rate of fluid per unit areanormal to flow ispv’. Noting that h = C,T
represents the energy of the fluid and T’ isthe eddy temperature relative to the
mean value, the rate of thermal energy transport by turbulent eddies is
& = pCyv'T'. By asimilar argument on momentum transfer, the turbulent shear
stress can be shown to be r, = —pu’v’. Note that u'v’ # 0 even though u’ = 0
and v = 0, and experimental results show that u'v’ is a negative quantity.
Terms such as —pu'v’ are called Reynolds stresses.

The random eddy motion of groups of particles resembles the random mo-
tion of moleculesin agas—colliding with each other after traveling a certain
distance and exchanging momentum and heat in the process. Therefore, mo-
mentum and heat transport by eddies in turbulent boundary layers is analo-
gous to the molecular momentum and heat diffusion. Then turbulent wall
shear stress and turbulent heat transfer can be expressed in an analogous
manner as

T=puV =gy ad  G= pCV'T = —k{%—; 6-15)
where ; is called the turbulent viscosity, which accounts for momentum
transport by turbulent eddies, and k; is called the turbulent thermal conduc-
tivity, which accounts for thermal energy transport by turbulent eddies. Then
the total shear stress and total heat flux can be expressed conveniently as

o ou
Tiota = (M ) Y p(v + &n) ay (6-16)

and

. T oT
Grota = —(K+ K)a—y = —pCpla + &p) EY (6-17)



where gy, = w/p isthe eddy diffusivity of momentum and e, = k/pC, isthe
eddy diffusivity of heat.

Eddy motion and thus eddy diffusivities are much larger than their molecu-
lar counterpartsin the core region of aturbulent boundary layer. The eddy mo-
tion losesitsintensity close to the wall, and diminishes at the wall because of
the no-dlip condition. Therefore, the velocity and temperature profiles are
nearly uniform in the core region of aturbulent boundary layer, but very steep
in the thin layer adjacent to the wall, resulting in large velocity and tempera-
ture gradients at the wall surface. So it is no surprise that the wall shear stress
and wall heat flux are much larger in turbulent flow than they are in laminar
flow (Fig. 6-19).

Note that molecular diffusivitiesv and « (aswell as . and k) are fluid prop-
erties, and their values can be found listed in fluid handbooks. Eddy diffusiv-
itiesey and e (aswell as ., and k), however are not fluid properties and their
values depend on flow conditions. Eddy diffusivities &, and &, decrease to-
wards the wall, becoming zero at the wall.

6-7 = DERIVATION OF DIFFERENTIAL
CONVECTION EQUATIONS*

In this section we derive the governing equations of fluid flow in the bound-
ary layers. To keep the analysis at a manageable level, we assume the flow to
be steady and two-dimensional, and the fluid to be Newtonian with constant
properties (density, viscosity, thermal conductivity, etc.).

Consider the paralel flow of afluid over a surface. We take the flow direc-
tion along the surface to be x and the direction normal to the surface to bey,
and we choose a differential volume element of length dx, height dy, and unit
depth in the zdirection (normal to the paper) for analysis (Fig. 6-20). The
fluid flows over the surface with a uniform free-stream vel ocity u.., but the ve-
locity within boundary layer is two-dimensional: the x-component of the ve-
locity is u, and the y-component is v. Note that u = u(x, y) and v = v(X, y) in
steady two-dimensional flow.

Next we apply three fundamental laws to this fluid element: Conservation of
mass, conservation of momentum, and conservation of energy to obtain the con-
tinuity, momentum, and energy equations for laminar flow in boundary layers.

Conservation of Mass Equation

The conservation of mass principle is simply a statement that mass cannot be
created or destroyed, and all the mass must be accounted for during an analy-
sis. In steady flow, the amount of mass within the control volume remains
constant, and thus the conservation of mass can be expressed as

( Rate of mass flow )_ (6-18)

_ Rate of mass flow
into the control volume

out of the control volume

*This and the upcoming sections of this chapter deal with theoretical aspects of convection,
and can be skipped and be used as a reference if desired without a loss in continuity.
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The velocity and temperature gradients
at thewall, and thus the wall shear stress
and heat transfer rate, are much larger
for turbulent flow than they are for
laminar flow (T isshown relativeto Ty).
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Differential control volume used in the
derivation of mass balance in velocity
boundary layer in two-dimensional
flow over a surface.
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Noting that mass flow rate is equal to the product of density, mean velocity,
and cross-sectional areanormal to flow, the rate at which fluid enters the con-
trol volume from the left surface is pu(dy - 1). The rate at which the fluid
leaves the control volume from the right surface can be expressed as

Ju
p(U + 5 dx) (dy- 1) (6-19)

Repeating thisfor the y direction and substituting the resultsinto Eq. 6-18, we
obtain

pu(dy - 1) + pv(dx - 1) = p(U + o dx)(dy- 1)+ p(v + g—‘; dy)(dx~ 1) (6-20)

Simplifying and dividing by dx - dy - 1 gives

ou | av _

ax + a/ =0 (6-21)
Thisisthe conservation of mass relation, also known as the continuity equa-
tion, or mass balance for steady two-dimensional flow of afluid with con-
stant density.

Conservation of Momentum Equations

The differential forms of the equations of motion in the velocity boundary
layer are obtained by applying Newton’s second law of motion to a differen-
tial control volume element in the boundary layer. Newton’s second law isan
expression for the conservation of momentum, and can be stated as the net
force acting on the control volumeis equal to the mass times the acceleration
of the fluid element within the control volume, which is also equal to the net
rate of momentum outflow from the control volume.

The forces acting on the control volume consist of body forces that act
throughout the entire body of the control volume (such as gravity, electric, and
magnetic forces) and are proportional to the volume of the body, and surface
forces that act on the control surface (such as the pressure forces due to hy-
drostatic pressure and shear stresses due to viscous effects) and are propor-
tional to the surface area. The surface forces appear as the control volume is
isolated from its surroundings for analysis, and the effect of the detached body
isreplaced by aforce at that location. Note that pressure represents the com-
pressive force applied on the fluid element by the surrounding fluid, and is a-
ways directed to the surface.

We express Newton’s second law of motion for the control volume as

Acceleration ) _ (Net force (body and surface)

(M ass)(in agpecified direction acting in that direction ) (6-22)

or
om- a, = Fsurface,x + I:body,x (6-23)

where the mass of the fluid element within the control volumeis

dm = p(dx-dy- 1) (6-24)



Noting that flow is steady and two-dimensional and thusu = u(x, y), the total
differential of uis

du=Yax+ Yay

= ax @ (6-25)
Then the acceleration of the fluid e ement in the x direction becomes
_du_oud oudy _ ou o 20
W axdt

aydt Yox " Vay

You may be tempted to think that acceleration is zero in steady flow since
acceleration is the rate of change of velocity with time, and in steady flow
there is no change with time. Well, a garden hose nozzle will tell us that this
understanding is not correct. Even in steady flow and thus constant mass flow
rate, water will accelerate through the nozzle (Fig. 6-21). Steady simply
means no change with time at a specified location (and thus ou/ot = 0), but
the value of a quantity may change from one location to another (and thus
aulax and du/dy may be different from zero). In the case of a nozzle, the ve-
locity of water remains constant at a specified point, but it changes from inlet
to the exit (water accelerates along the nozzle, which is the reason for attach-
ing anozzle to the garden hose in the first place).

The forces acting on a surface are due to pressure and viscous effects. In
two-dimensional flow, the viscous stress at any point on an imaginary surface
within the fluid can be resolved into two perpendicular components. one nor-
mal to the surface called normal stress (which should not be confused with
pressure) and another along the surface called shear stress. The normal stress
isrelated to the velocity gradients ou/ox and av/dy, that are much smaller than
au/ay, to which shear stressisrelated. Neglecting the normal stressesfor sim-
plicity, the surface forces acting on the control volume in the x-direction will
be as shown in Fig. 6-22. Then the net surface force acting in the x-direction
becomes

Ftoonx = (g—; dy)(dx 1) - (g—'; dx)(dy« 1) = (ﬂ - %’)(dx “dy-1)

:( ’

since T = w(9u/ay). Substituting Egs. 6-21, 6-23, and 6-24 into Eq. 6-20 and
dividing by dx - dy - 1 gives

92u  oP
— — &>(dx'dy- 1)

6-27
o (6-27)

(6-28)

Thisisthereation for the conservation of momentum in the x-direction, and
is known as the x-momentum equation. Note that we would obtain the same
result if we used momentum flow rates for the left-hand side of this equation
instead of mass times acceleration. If there is a body force acting in the
x-direction, it can be added to the right side of the equation provided that it is
expressed per unit volume of the fluid.

In a boundary layer, the velocity component in the flow direction is much
larger than that in the normal direction, and thusu > v, and 9v/ox and dv/dy are

347

- 3
CHAPTER 6

Garden hose
nozzle

—_—

—

B — e

Water — >

FIGURE 6-21

During steady flow, afluid may not
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- 38 ]
HEAT TRANSFER

1) Velocity components:
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2) Velocity grandients:
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3) Temperature gradients:
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FIGURE 6-23
Boundary layer approximations.

negligible. Also, u varies greatly with y in the normal direction from zero at the
wall surface to nearly the free-stream value across the rel atively thin boundary
layer, while the variation of u with x along the flow is typically small. There-
fore, ou/oy > au/ox. Similarly, if the fluid and the wall are at different temper-
atures and the fluid is heated or cooled during flow, heat conduction will occur
primarily in the direction normal to the surface, and thus o T/ay > 9 T/ox. That
is, the velocity and temperature gradients normal to the surface are much
greater than those aong the surface. These simplifications are known as the
boundary layer approximations. These approximations greatly smplify the
analysisusually with little loss in accuracy, and make it possible to obtain ana-
Iytical solutions for certain types of flow problems (Fig. 6-23).

When gravity effects and other body forces are negligible and the boundary
layer approximations are valid, applying Newton’s second law of motion on
the volume element in the y-direction gives the y-momentum equation to be

P
G_y =0 (6-29)
That is, the variation of pressurein the direction normal to the surfaceis neg-
ligible, and thus P = P(x) and dP/ox = dP/dx. Then it follows that for agiven
X, the pressurein the boundary layer is equal to the pressure in the free stream,
and the pressure determined by a separate analysis of fluid flow in the free
stream (which is typically easier because of the absence of viscous effects)
can readily be used in the boundary layer analysis.

The velocity components in the free stream region of aflat plateareu = u,,
= constant and v = 0. Substituting these into the x-momentum eguations
(Eq. 6-28) gives dP/ax = 0. Therefore, for flow over aflat plate, the pres-
sure remains constant over the entire plate (both inside and outside the bound-

ary layer).

Conservation of Energy Equation
The energy balance for any system undergoing any process is expressed as
Ein — Eow = AEggem: Which states that the change in the energy content of a
system during a process is equal to the difference between the energy input
and the energy output. During a steady-flow process, the total energy content
of acontrol volume remains constant (and thus AEy 4., = 0), and the amount
of energy entering a control volumein all forms must be equal to the amount
of energy leaving it. Then the rate form of the general energy equation reduces
for a steady-flow processto E;,, — E, = 0.

Noting that energy can be transferred by heat, work, and mass only, the en-
ergy balance for a steady-flow control volume can be written explicitly as

(Ein - E.out)by heat T (Ein - E.out)bywork + (Ein - E‘out)by mass — 0 (6-30)

Thetotal energy of aflowing fluid stream per unit massis ey,em, = h + ke +
pe where h is the enthalpy (which is the sum of internal energy and flow en-
ergy), pe = gz is the potential energy, and ke = V22 = (U? + v?)/2 is the
kinetic energy of thefluid per unit mass. Thekinetic and potential energiesare
usualy very small relative to enthal py, and therefore it is common practice to
neglect them (besides, it can be shown that if kinetic energy isincluded in the
analysis below, all the terms due to this inclusion cancel each other). We



assume the density p, specific heat C,,, viscosity ., and the thermal conductiv-
ity k of the fluid to be constant. Then the energy of the fluid per unit mass can
be expressed as €yreqn = h = C,T.

Energy isascalar quantity, and thus energy interactionsin all directions can
be combined in one equation. Noting that mass flow rate of the fluid entering
the control volume from the left is pu(dy - 1), the rate of energy transfer to the
control volume by massin the x-direction is, from Fig. 6-24,

. . a(n
(Ein — Eout)by mass, X (Megream)x — [( Meyream)x + T ox

d[pu(dy - D)C,T]
= &= —PC(

Repeating thisfor the y-direction and adding the results, the net rate of energy
transfer to the control volume by mass is determined to be

: : T oT
(Ein — Eowby mass = —pC (u— +T aX)dxdy - pC (v— +T ay)dxdy

ay
= —pCju ( a7 + v%)dxdy

)dxdy (6-31)

(6-32)

since gu/ox + avidy = O from the continuity equation.
The net rate of heat conduction to the volume element in the x-direction is

Qx>

— 9 kav- DT ) ax = kT
= 6X< k(dy - 1) ax)dx_kaXZ dxdy

(Ein - Eout)by heat, x — Qx <Qx
(6-33)

Repeating thisfor the y-direction and adding the results, the net rate of energy
transfer to the control volume by heat conduction becomes

(Ein — Eout) by heat = kL ax2 dxdy + dexdy k(@ + 7>dxdy (6-34)
Another mechanism of energy transfer to and from the fluid in the control
volume is the work done by the body and surface forces. The work done by a
body force is determined by multiplying this force by the velocity in the di-
rection of the force and the volume of the fluid element, and this work needs
to be considered only in the presence of significant gravitational, electric, or
magnetic effects. The surface forces consist of the forces due to fluid pressure
and the viscous shear stresses. The work done by pressure (the flow work) is
already accounted for in the analysis above by using enthalpy for the micro-
scopic energy of the fluid instead of internal energy. The shear stresses that re-
sult from viscous effects are usually very small, and can be neglected in many
cases. Thisis especially the case for applications that involve low or moderate
velocities.
Then the energy equation for the steady two-dimensional flow of a fluid
with constant properties and negligible shear stressesis obtained by substitut-
ing Egs. 6-32 and 6-34 into 6-30 to be

aT aT) (aZT aZT)

pC (U — +Vv (,)y R + Tyz (6-35)
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FIGURE 6-25
Schematic for Example 6-1.

which states that the net energy convected by the fluid out of the control vol-
ume is equal to the net energy transferred into the control volume by heat
conduction.
When the viscous shear stresses are not negligible, their effect is accounted
for by expressing the energy equation as
aT aT) _ I((azT i

pCp(U X + Va—y ﬁ + a—y2> + pd (6-36)

where the viscous dissipation function @ is obtained after a lengthy analysis
(see an advanced book such as the one by Schlichting (Ref. 9) for details) to be

o[ (aule . (avy] o (au avy _
CD_Z[(GX) +<ay)]+<ay+ax) (6-37)

Viscous dissipation may play adominant role in high-speed flows, especially
when the viscosity of the fluid ishigh (like the flow of cil injournal bearings).
This manifestsitself as a significant rise in fluid temperature due to the con-
version of the kinetic energy of the fluid to thermal energy. Viscous dissipa-
tion isalso significant for high-speed flights of aircraft.

For the special case of astationary fluid, u = v = 0 and the energy equation
reduces, as expected, to the steady two-dimensional heat conduction equation,

9%T | 07T

=0 6-38
X2 ay? (6-38)

: EXAMPLE 6-1 Temperature Rise of Oil in a Journal Bearing

® The flow of oil in a journal bearing can be approximated as parallel flow be-
m tween two large plates with one plate moving and the other stationary. Such
m flows are known as Couette flow.
m Consider two large isothermal plates separated by 2-mm-thick oil film. The
B upper plates moves at a constant velocity of 12 m/s, while the lower plate is sta-
B tionary. Both plates are maintained at 20°C. (a) Obtain relations for the velocity
: and temperature distributions in the oil. (b) Determine the maximum tempera-
@ ture in the oil and the heat flux from the oil to each plate (Fig. 6-25).
[
SOLUTION Parallel flow of oil between two plates is considered. The velocity
and temperature distributions, the maximum temperature, and the total heat
transfer rate are to be determined.
Assumptions 1 Steady operating conditions exist. 2 Qil is an incompressible
substance with constant properties. 3 Body forces such as gravity are negligible.
4 The plates are large so that there is no variation in the z direction.
Properties The properties of oil at 20°C are (Table A-10):

k=0.145W/m-K and p = 0.800kg/m-s= 0.800N - sm?

Analysis (a) We take the x-axis to be the flow direction, and y to be the normal
direction. This is parallel flow between two plates, and thus v = O. Then the
continuity equation (Eq. 6-21) reduces to

u v _

Continuity: =4

ou .
Ix ay—0—>5(—0 —>u=u(y)




Therefore, the x-component of velocity does not change in the flow direction
(i.e., the velocity profile remains unchanged). Noting that u = u(y), v= 0, and
dPlox = O (flow is maintained by the motion of the upper plate rather than the
pressure gradient), the x-momentum equation (Eq. 6-28) reduces to

au au> 92u 0P d2u

X-momentum: p<u —~*tv 3y W X - dy =0

This is a second-order ordinary differential equation, and integrating it twice gives
uly) = Cy + G,

The fluid velocities at the plate surfaces must be equal to the velocities of the
plates because of the no-slip condition. Therefore, the boundary conditions are
u(0) = 0 and u(L) = ¥, and applying them gives the velocity distribution to be

uy) =¢

Frictional heating due to viscous dissipation in this case is significant be-
cause of the high viscosity of oil and the large plate velocity. The plates are
isothermal and there is no change in the flow direction, and thus the tempera-
ture depends on yonly, T = T(y). Also, u = u(y) and v = 0. Then the energy
equation with dissipation (Egs. 6-36 and 6-37) reduce to

: 27T (9u)2 aor_ (T
Energy: 0=k Y. 4F p(ay) - kC|y2 = M( L)
since du/dy = V/L. Dividing both sides by k and integrating twice give

oy, \2
T(y) = 2k< °V) +Cy+C,

Applying the boundary conditions T(0) = T, and T(L) = T gives the tempera-
ture distribution to be

T =To+ e (2~ 2)

(b) The temperature gradient is determined by differentiating T(y) with re-

spect to y,
dr _ pV? y
dy 2L (1 2)

The location of maximum temperature is determined by setting d7/dy = O and
solving for y,

dar _ p¥? y L

ay -2 (1720)=0 2 ¥Y=3

Therefore, maximum temperature will occur at mid plane, which is not surpris-
ing since both plates are maintained at the same temperature. The maximum
temperature is the value of temperature at y = L/2,

2 2 2
Tmax—T(L) T, + W(LF (L/2)> T, + p2

2k L2 8k
(0.8N - m2)(12m/92 [ 1w
8(0.145W/m-°C) \1N-m/

=20+ s) = 119°C
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Boundary conditions for flow
over aflat plate.

Heat flux at the plates is determined from the definition of heat flux,

1 o W
b= Kaylyo ™ a9 =0
_ (08N-Im)(12m/9)2( 1w \ 2
- 2(0.002 m) IN. 7S] = 28800 W/m
dT w2 V2
&= ~Kgylyr = KZC @~ =Z = ~% = 28800W/m?

Therefore, heat fluxes at the two plates are equal in magnitude but opposite
in sign.

Discussion A temperature rise of 99°C confirms our suspicion that viscous dis-
sipation is very significant. Also, the heat flux is equivalent to the rate of me-
chanical energy dissipation. Therefore, mechanical energy is being converted to
thermal energy at a rate of 57.2 kW/m? of plate area to overcome friction in the
oil. Finally, calculations are done using oil properties at 20°C, but the oil tem-
perature turned out to be much higher. Therefore, knowing the strong depen-
dence of viscosity on temperature, calculations should be repeated using
properties at the average temperature of 70°C to improve accuracy.

6-8 = SOLUTIONS OF CONVECTION EQUATIONS FOR
A FLAT PLATE

Consider laminar flow of afluid over aflat plate, as shown in Fig. 6-19. Sur-
faces that are slightly contoured such as turbine blades can aso be approxi-
mated as flat plates with reasonable accuracy. The x-coordinate is measured
along the plate surface from the leading edge of the plate in the direction of
the flow, and y is measured from the surface in the normal direction. The fluid
approaches the plate in the x-direction with a uniform upstream velocity,
which is equivalent to the free stream velocity u..

When viscous dissipation is negligible, the continuity, momentum, and en-
ergy equations (Egs. 6-21, 6-28, and 6-35) reduce for steady, incompressible,
laminar flow of afluid with constant properties over aflat plateto

— au v _ i
Continuity: X + ay 0 (6-39)
. au,u_ 0%

Momentum: uss +v ay = Y ay? (6-40)
: v, T _ T

Energy: uzs +vV y a Py (6-41)

with the boundary conditions (Fig. 6-26)

Atx=0: uGy)=u., TOvYy) =T,

Aty =0: ux,0) =0, v(x,0) = 0, T(x,0) = T (6-42)

Asy — oo ux,©) = u,, T(X») =T,

When fluid properties are assumed to be constant and thus independent of tem-
perature, the first two equations can be solved separately for the velocity com-
ponents u and v. Once the velocity distribution is available, we can determine



