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Abstract

In this paper, a visualization of positive data is made in such a fash-
ion where it presents a smooth, pleasant and eye catching view of the
positive surface to viewer. An attempt has been made in order to ex-
tend a rational cubic function into a rational bi-cubic function for the
preservation of positive data arranged over rectangular grid in the vi-
sion of positive surface. Moreover, rational bi-cubic function has six
free parameters which are arranged in such a manner, two of them are
constrained parameters to preserve the positivity of data and remain-
ing four are left for user choice to refine the positive surface as desired.
The scheme under discussion is C*, simple, local, computationally eco-
nomical and time saving as compared to existing schemes. Numerical
examples are provided to demonstrate that the anticipated scheme is
interactive and smooth.
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1 Introduction

Spline interpolation is very powerful tool in Computer Graphics, Computer
Aided Geometric Design and Engineering as well. Therefore, in these fields,
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it is often needed to generate a positivity preserving interpolating curves and
surfaces according to the given positive data. The aspiration of this paper
is to preserve the hereditary attribute that is the positivity of data. The
most important attribute of interpolation schemes that build good judgment
to study is its positivity. In particular, we have discussed the problems of data
visualizing where most important constrained must be established.

Ordinary spline scheme is also a very authoritative tool in designing. The
rational spline, specifically the rational cubic spline provides significant re-
sults in shape control, design and preserve the data. Graphical representation
of visualization of scientific data provides an understanding and insight into
data. The research in fields of computer graphics, data plots, meteorological
monitoring, maps, image processing, drawing, high computing performance
and many other fields are based on scientific visualization [6]. Positivity is
a very important aspect of shape. The entities only taken are positive val-
ues in many physical situations. For instance, probability distribution and
population graph is always printed in positive values. It is also noticed in the
inspection of gas leakage during process of experiments and amount of rainfall,
area, density and concentration of sugar in blood [8]. Therefore, a responsi-
bility is empowered to positive interpolation to preserve the shape of positive
data.

Many authors have solved the problems of visualization of the positive
data and the references therein. But most of them have solved the problems of
scattered data, only some authors have consider the arrangement of positive
data over a rectangle grid, see for details ([1],4],[7],[8]). The above developed
schemes are discussed in following manner. Brodlie, et al [1] developed suffi-
cient conditions in the term of the first and mixed partial derivatives at the
rectangular grid points to preserve the shape of positive data by using a piece-
wise bi-cubic function arranging the data over rectangular mesh. Butt and
Brodlie [9] developed a piecewise rational cubic interpolant to preserve the
shape of positive data by interval subdivision technique. In [9], the authors
inserted extra knots in the interval where the function lost the positivity. Asim
and Brodlie [3] developed a piecewise rational cubic function to preserve the
positivity of positive data. In [3], the function does not preserve the positivity
in the interval then the authors inserted extra knot to improve this matter.

Goodman, et al [10] constructed non planar shape preserving interpolating
curve scheme. They obtained a curve through an optimization process involv-
ing some fairness criteria, in order to achieve curve by G? piecewise rational
cubic function. Goodman surveyed the shape preserving interpolating algo-
rithms for 2D data [11]. Hussain and Maria [6] constructed a local positivity
preserving scheme for positive data by making constraints on free parameters
in the account of rational bi-cubic partially blended patches. In [6], the au-
thors also developed the constraints on parameters to preserve the shape of
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data that is lying above the plane. The user did not enjoy the liberty to refine
the curves and surface as desired in these schemes.

Srafraz, et al [4] developed a rational cubic function with two free param-
eters to preserve the shape of data. In [4], the authors extended the rational
cubic function into partially blended rational bi-cubic function to preserve the
shape of positive surface data. They derived data dependent constraints on
these parameters to preserve the shape of the positive data. The schemes
did not require the modification of data and no freedom for user to refine the
curves and surfaces. May be, these schemes are unsuitable for interactive de-
sign. Sarfraz and Hussain [5] developed a piecewise rational cubic function
with two free parameters to preserve the positivity of positive data. They
derived data dependent sufficient conditions on these shape parameters which
provide very pleasing curves but have no freedom to user for the refinement
of curves as desire. Hussain and Maria [7] developed a rational bi-cubic spline
to preserve the shape of positive surface data and the surface data that was
lying above a plane. In [7], Simple data depended constraints were derived
on free parameters to preserve the shape of positive surface data and con-
straint surface data. This scheme did not give the flexibility to the user for
the refinement of the surfaces. Hussain and Sarfraz [8] developed a piecewise
rational cubic function with four families of parameters to preserve the shape
of positive data. Further, the authors extended a rational cubic function into
rational bi-cubic function with eight free parameters arranging a date over the
rectangular grid. In [8], simple sufficient conditions were derived on these free
parameters to preserve the shape of positive data. The constrained parameters
are dependent to each other in rational bi-cubic positive surface data scheme.
The scheme seems to be computationally expansive.

This paper is related to shape preserving positive surface data by using the
rational bi-cubic functions. In this scheme we extend the rational cubic func-
tion with three free parameters [2] into rational bi-cubic function with six free
parameters to preserve the shape of positive surface data arranged over the
rectangular grid. Out of these six parameters, two are constrained parameters
to preserve the shape of positive surface data and the remaining four are left
for user choice for the refinement of surfaces as desired. Simple data depen-
dent sufficient constraints are derived on these parameters which guarantee to
preserve the shape of data and the result is pleasant and smooth. Our scheme
has a number of attributes over the existing schemes. It is C'* surface scheme.
There is no need of extra knots to insert in the interval where positivity is not
preserved. The constrained parameters are not dependent on each other un-
like [8] because the scheme has only one constrained parameter. This scheme
is local, simple, computationally economical and time saving as compared to
existing schemes ([4], [5], [7]). Our method looks like to a proposed method
in [8] but have short summary of constraints on single shape parameter and
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allow to the user to refine surfaces as desired.

The rest of this paper is completed in such a away. A rational cubic
function is rewritten in section (2) . In section (3), the rational cubic func-
tion is extended into a rational bi-cubic function with six free parameters.
Shape preserving 3D positive data rational bi-cubic interpolation is constructed
in section (4) which generates the pleasant and attractive positive surface.
Derivative Approximation method is discussed in section (5). Some Numerical
Demonstration of 3D positive data for surface are given in section (6). Finally,
the conclusion of this work is discussed in section (7).

2 Review of rational cubic function

Let {(z;, f;),1=0,1,2,...,n} be the give set of data points defined over the
arbitrary interval [a, b], where a = zy < 1 < 23 < ... < , = b. The piecewise
rational cubic function [2] with three shape parameters in each subinterval
I = [z, xi11],i=0,1,2,....,n — 1 is defined as:

Sio(1—= 070" A
(1 — 6)3161 -+ 9(1 — G)wl + 03%’

S(x) = Si(x) = (1)

where 0 = =50 € [0,1],h; = 2341 — ; and w;, v;, w; are the positive free

7

parameters. The following interpolatory conditions are bestow for the C*
continuity of the piecewise rational cubic function (1),

Si(zi) = fi, Si(zis1) = fix1, Si(x;) = d;, Si(xiy1) =disn (2)

where S!(z) denotes the derivative with respect to x and d; denotes the deriva-
tive values are estimated at knots. The C"! continuity conditions defined in (2)
claims the following values of unknowns A;, + =0,1,2,3

Ao = uifi, Av = wifi + wihidi, As = w; fi1 — vihidipa, As = vi fiya (3)
The C" piecewise rational cubic function (1) is reformulated after using(3) as:

- o) (@)

with,
pz(Q) = ulfl(1—9)3—1—(wlfl—l—uzhldz)9(1—9)2+(wlfz+1 _Uz’hidi-H)92(1_9)+Uifi+103,

When we set the values of free parameters as v, = 1, v; = 1 &w; = 3,
then it is very interesting to note that the C! piecewise rational cubic function
reduces to standard cubic Hermite spline.

Abbas, et al [2] developed the following result as:
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Theorem 2.1. The C' piecewise rational cubic function (4) to preserve the
positivity of positive data, if in each subinterval I; = [x;, x;41],4 = 0,1,2,....,n.,
the constrained parameter w; satisfy the following sufficient conditions.

{ 3u; fi — uihid; 3v;fiv1 + vihidi
w; > mazx s 0, ,
fi fita
The above constrained can be rearranged as:
3u; fi — uihid; 3v; fiv1 + vihidi
fi ’ fit1

Example 2.2. A positive data set taken in Table (1) is browed from [4].
Figure (1) is generated by Cubic Hermite Spline scheme, it is to be noted that
does not preserve the shape of positive data. To improve this flaw, Abbas, et al
[2] developed a rational cubic function with three free parameters to preserve
the positivity of positive data which looks pleasant and smooth as shown in

Figure (2) with free parameters u; = 0.1 & v; = 0.1 and Figure (3) with free
parameters u; = 0.5 & v; = 0.5.

};Ui>07Ui > 0.

wi:n+max{0, },T¢>0,Ui>0,vi>0-

Table 1: Positive Data set
) 1 2 3 4 5 6 7

z; |0 2 4 10 28 30 | 32
fi 120888 |42 [05 |39 [6.2]96

0 5 10 15 20 25 30 35

Figure 1: Cubic Hermite Spline
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Figure 2: Rational cubic function with free parameters u; = 0.1 & v; = 0.1.

25

y-axis

35

Figure 3: Rational cubic function with free parameters u; = 0.5 & v; = 0.5.

3 Rational bi-cubic spline function

A C' piecewise rational cubic function (4) extended into rational bi-cubic
function S(z,y) over the rectangular Domain Q = [zg,Zm] X [yo,yn]. Let
T:a=1x9 < <Ty<..<xy,=>be the partition of arbitrary interval [a, b]
&ET:ic=y <y <Y < ..<y,=d be the partition of arbitrary interval
[c,d]. The rational bi-cubic function in each rectangular patch [z;, x;41] X
Y, Yj+1],9=0,1,2,...,m—1;7=0,1,2,...,n — 1 is defined as:

S(z,y) = Si;(z,y) = B:(0)F (i, )BT (), (5)
where . ”
Fi;  Fijn Fz;” F;j,j+1
.o Fz‘-i—l‘Fz'+1‘+1 F'l'F'l'l
F 1,7)= x 7 T 7 Zﬂﬂ+ " l;_ s ) 6
(i-9) F; Flia F”y Fi,]erl (©6)

x T Ty Yy
F1i+1,j E+1,j+1 F;+1,j Fi+1,j+1

Bi(0) = [bo(6) bi(0) b2(0) bs(0)], (7)
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Bj(w) = |bo(p) bi(p) balw) bs(ew)|, (8)
with,
b0<9) _ (1 — 9)3’&7;,]' + 9(1 — 0)2’1112'7]‘
%(0) ’
bl (0) _ ngi’j + ‘92 (1 — H)wi,j
:(0) ’
0(1 —0)%h;u; ;
by(0) = L
—92(1 — 0)h;v; 4
bs(0) = L
80«0) _ (1 - Q0>3ai,j + 90(1 - ¢>2wi,j
() ’
Bl( ) _ spgﬁi,j + 302(1 - QO)’(Z}ZJ
qy'(SO) ’
; e (1 —@)*h;t,
b = >
2() ()
2 T A
7 — (1 —p)h;vi
b — )
2 e
qZ(Q) = U@j(l — 9)33—|— wi,jé(l — 9) + UZ'J'QS, ,
qi(p) = ;;(1 — 0)” + ;i ;0(1 — ) + 0550,
T — T Y—Yj 7
0 = P iLjj,hi=$i+1—f€z’,hj=yj+1—yj~

The F}, Ey] are the partial derivative with respect to x and y respectively
and F}/ be the mixed partial derivative with respect to zy.

Substituting the Equations (6)-(8) into (5), then the rational bi-cubic func-
tion (5) can be represented as:

Pi;(0,9)

S = 0,0 ¥

with,
Pij(0,¢) = (1= 0)%0i; + 0 (1 = 0)*n; 5 + 0°(1 — O)r j + 0% X 5,
Qi (0) = (1 = 0)%u;; + 0(1 — O)wi; + vy
where,
5. — ol = 0)" M A
! q;(®)
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with,

Ao = Ui jui ;i Fij, .
Al = UZJ(F UAJZ'J + F;y] hjﬁ@j),
Ay = wj(Fyjti; — FY hyty ),
Az = uij0ij Fjia,

4;(9) = i ;(1 — ¢)® + i jo(1 — @) + 05 ;0°.

- _ Shno(l = 9)* kB,
Y ¢(9) ’

(11)

with,
Bo—u”( i+ h umFg”)
By = ; j(w; F,J—i—hu”F )+hu”(w”F —|—hu”F"""y)
By = w”( Fijra +hy uszgH) + b Uu(qung + h; “z,nyJyﬂ)
By = Uw (wwﬂ,ﬂ-l + hi usz,J—H)
qj(9) = i j(1 — ¢)° + i jo(1 — @) + B; ;0.

S (1= 9 Rk,

Iiz‘7 - ) (12)
! q;(9)
with,
Co = Uy j(Fiy1jwij — hiviFl ),
Cy =ty j(Frar jwiy — hiviFey ) + by il g (B jwig — havi B ),
Co = Wi j(Firjriwiy — hivilTy ) + hy Uz,J(Fz+1,g+1wiJ hiviF7 Jt1);
Cs = Ui,j(Fz‘H,ijz‘,j - hi”iﬂ%,jﬂ)a )
4;(¢) = (1 — ¢)® 4+ i jo(1 — @) + 05 ;¢°.
$)3* ok D
)\ij — Zk‘ 0( ) ¢ k, (13)
()
with,
Dy = ﬁi,jvi,ij,j, )

Dy = Ui7j(E+1,j+1wZ,J Fy ; hj@i:j)v

i+1,5+1
D3 = v j0; jFit1,541,

4(¢) = Ui (1 — ¢)® + Wi (1 — @) + 0;;¢°.
4 Shape preserving positive surface data ra-
tional bi-cubic spline interpolation

In section (3), the rational bi-cubic function does not permit to preserve the
positivity of positive data over the rectangular grid D = [z, T, X [Yo, Yn)
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without any mathematical treatment. For this purpose, we are required some
mathematically actions on the free parameters w; ; and w;; which guarantee
to preserve the positivity. They are explained in the following way.

Theorem 4.1. The rational bi-cubic functions (5) declare the surfaces which
preserve the positivity, if in each rectangular patch [x;, x;41] X [y, yj41],1 =
0,1,2,...,m—1; j=0,1,2,...,n—1, the free parameters u; ; > 0,v; ; > 0,u; ; >
0,vi; and w; ;, w;; satisfy the following sufficient conditions.

—FY hitis s FY Bt s
Fiyjh’]ulv] F‘i,j+1h']vzv.7

0,

) )
w; > Max Fi Fija
_ Y A Y Ay
Fi+1,j hJuZJ Fz‘+1,j+1hﬂvw
)
Fi+1,j Fz’+1,j+1

\

( x ry x
hiviFs 5 haviFil ;o havibit
) ) Y ) )
Fi+1,j Fi-&-Lj Fi+1,j+1
. Y —hoay.  FZT. _h.ay. Y
hiviFily 1 —hiwi By —hiug 5 F5
w; > Max 7 ) 7 , 7 )
i+1,5+1 A ij
xX
—haui g B9 —hiug Fi 5
) y

The above results can be rearranged as:

Y b FY B
Fi,jhjuw Fi,jﬂhjvm

0,
F. . R ’
. +1
wi—k:ij+max %d BT ;kij>0'
’ _Y A Y . ’
Fz‘+1,jh7uw Fz‘+1,j+1hﬂvw
)
Fii1; Fii140

( T . FTY . T )
hivi F% 4 thzFiH,j hiviFy 4
) ) Y ) )
Fit1, Fi; Fit1m
Y Y
hiv; it1,j41 —hiwi B _hium‘Fi,j
w; = M, ; +max jal ) 2 , 7 y g,y > 0.
i+1,j+1 A ij
_hiui,jFi,j-i-l _hluldﬂ,j-‘,—l
- ’ 4
\ Em—&-l Fz‘,j+1 )

Proof. Let {(x;,y;, F;;),1=0,1,2,3,...m;5 = 0,1,2,3,...,n} is positive data
defined over the rectangular grid I = [z, ;41] X [y;,Yj+1], ¢ = 0,1,2,...,m —
1;7=20,1,2,...,n — 1 such that F;; > 0V%,j. The intention is to construct
a piecewise rational bi-cubic function S(x,y) on D = [z, Zm] X [Yo, Yn], such
that

S(aiy;) = Fiy>0,i=0,1,2,....m; j=0,1,2,...n,
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The rational bi-cubic function (5) preserve the positivity if S(z,y) > 0,
So S(z,y) > 0.if both P;;(0,¢) > 0 and Q;;(f) > 0 . such that,

Pii(0,0) = (1 —0)%6;; +0(1 — 0)*n;; + 0*(1 — O)ki; + 03N j > 0. (14)

QZ](H) = (1 — G)SUZ'J‘ + 9(1 — G)wm + (931}1'7]' > 0. (15)
U5 > O,UZ'J‘ > 0 and Wi 5 > 0. (16)
lAI,Z'J' > 0,{]2',]' >0 and UAJZ'J' > 0. (17)

Equations (16) and (17) are sufficient for @);;(#) > 0. Now, the cubic polyno-
mial in (14) will be positive if

(57;7]' > 0,7]7;’]' > 0, Kij > 0and )\i,j > 0. (18)

d; > 0,if A; > 0,4 = 0,1,2,3 and ¢;(¢) > 0. Equation (17) is sufficient
g;(¢) > 0, it is obvious that Ay > 0, A3 > 0 and A; > 0, Ay > 0, if,

(19)

—FY hitiss FY Rt s
. g WG L Vi
wm->Maa:{ = s

)
Fi; Fijw

Now A, ; > 0,if D; > 0,i=0,1,2,3 and ¢;(¢) > 0. It is obvious that Dy > 0,
D3 >0 and Dy >0, Dy > 0, if,

it1,j+1

(20)

9

—FY it FY b
Y bty F hﬂ’w}

Fiii

ni; > 0,if B; > 0,1 = 0,1,2,3 and ¢;(¢) > 0. Equation (17) is sufficient
¢;(¢) > 0, it is obvious that By > 0, B3 > 0 and By > 0, By > 0 if,

Ry F —hgus jFY —hgug jFT . —hou FE
NS ili 'y, Wi L 511 i gL' 511
wi’j>Max{ b Ll Ukhs UXhs (21)

’ Yy ) ) Yy
Fi,j F, Fi,j+1 Fz’,j+1

0]

ki > 0,if C; > 0,4 =0,1,2,3 and ¢;(¢) > 0. Equation (17) is sufficient for
q;(¢) > 0, clearly Cy > 0,C3 > 0 and Cy > 0,Cy > 0, if,

(22)

x Y x Ty
hivi By 5 hevi 0 havid Ty 5y haoi 50 500
w;; > Max

. . ) y ’ . - ’ y
FZ+1,J Fi+1,j Fz+1,y+1 Fi+1,j+1

Equations (17), (19) and (20) can be summarized as:

it1,] i+1,5+1

w; ;> Max {0, —2 Lt (23)
,] ) Ja ; F ; F ) Ja
i i.j+1 i1, i+1,4+1
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Equations (16), (21) and (22) can be expressed as:

(

\

301

x zy x
hiviFiyy hivilidy haviFf i
) ) Y ) )
Fi+1,j Fi-&-l,j Fi+1,j+1
. Y —hoay. EFT _h.ay.  FTY
thze‘H,jJrl hiui F” hz“z,JFz‘,j
w; > Max 7 , - , f (24)
i+1,5+1 4,J y i,j
X
_hiui,jFi,jH _hiui,jFi,jH
) Y
O

5 Derivative approximation

Mostly the derivatives values at the knots are not given.These values are esti-
mated by some approximation methods. In this paper, these values are calcu-
lated by following method in such a way that the smoothness of the interpolant
(5) is maintained.

5.1 Arithmetic mean method for 3D data

(A — Ag )l

FxA = A + ’
b H (hl + hz)
(A1 = Apgj)hm
FQ? .= Ami _|_ 2 3 ,
Nij+Ailj) ,
Efj:( ,J+2 17])’@:2,3,..-7m—1,j:1727...’n’
A Az - Ai il
}?i@,jl = A1+ ( 1 A’2> 1,
(h1 + ho)

FY = A, 1+ (Ai,n—l — A1}71—2)}}71—1
. ’ (hp—1+ hn_2)
(Aij +Aij1)

Yo '_ -
E,j_ 9 72_172a"'7maj_2737"'7n_17
1 FYy . —F, . F* ,—F~
im‘/:_{ i+1,5 i—1,5 J—1 ’J+1},i:1,2,---,m—l;j:1,2,---,n—l
7 2 h/ifl + hl hjfl + h]'
where A, ; = % and A, ; = =72~ The above method is com-

J
putationally easy on the pocket as well as provide suitable choice for visual-
ization of positive data.
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6 Demonstrations

In this section, a numerical demonstration of positivity preserving scheme given
in section (4) is presented.

Example 6.1. The data set up to 4 decimal places taken in Table (2) is
generated by the following function [8].

Fi(z,y)=4/((z*+y*)* —1), =3<z,y<3, 2,y #0

Figure (4) is generated by Bi-cubic Hermite Spline. Figure (5) is presented
the xz view of Figure (4). It is to be noted that the Figures (4) and (5) do
not preserve the shape of positive data. We have developed a rational bi-cubic
function in section (4) for the improvement of above blemish. Figure (6) is
produced by the scheme developed in section (4) with the free parameters u; ; =
0.05,v;; = 0.05,%;; = 0.05,and v;; = 0.05 to preserve the shape of same
positive data. In this scheme, we have four free parameters for the user to
refine the surface as desired. Figure (7) present the xz-view of Figure (6) also
preserved the positivity of positive data.

Table 2: Positive surface Data set
y/x | -3 -2 -1 1 2 3
-3 0.0124 | 0.0238 | 0.0404 | 0.0404 | 0.0238 | 0.0124
-2 0.0238 | 0.0635 | 0.1667 | 0.1667 | 0.0635 | 0.0238
-1 0.0404 | 0.1667 | 1.3333 | 1.3333 | 0.1667 | 0.0404
1 0.0404 | 0.1667 | 1.333 1.3333 | 0.1667 | 0.0404
2 0.0238 | 0.0635 | 0.1667 | 0.1667 | 0.0635 | 0.0238
3 0.0124 | 0.0238 | 0.0404 | 0.0404 | 0.0238 | 0.0124

Figure 4: Bi-cubic Hermite Spline
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z-axis

- -4 -
y-axis 4 x-axis

Figure 7: Rational bi-cubic function in xz-view of Figure (6)

Example 6.2. The data set taken in Table (3) is produced by the following
function [4].
Fy(w,y) = (2" —y*)* +1,-3 < z,y <3
The Bi-cubic Hermite Spline scheme losses the positivity of positive data as
shown in Figure (8). Figure (9) present the xz-view of Figure (8) which shows
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very clearly that the scheme does not preserve the positivity of positive data.
We have developed a rational bi-cubic function in section (4) to improve the
above flaw. Figure (10) is produced by the scheme developed in section (4)
with the free parameters u; ; = 0.05,v;; = 0.05,4;; = 0.05,and v;; = 0.05
to preserve the shape of same positive data. Figure (11) present the xz-view of
Figure (10) also preserved the positivity of positive data.

Table 3: Positive surface Data set
y/x | -3 -2 -1 0 1 2 3
-3 1 26 65 82 65 26 1
-2 26 1 10 17 10 1 26
-1 65 10 1 2 1 10 65
82 17 2 1 2 17 82
65 10 1 2 1 10 65
26 1 10 17 10 1 26
1 26 65 82 65 26 1

WIN| = O

Figure 8: Bi-cubic Hermite Spline
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Figure 10: Rational bi-cubic function with u; ; = v; ; = 4, ; = 0; ; = 0.05
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Figure 11: Rational bi-cubic function in xz-view of Figure (10)

7 Conclusion

In this paper, we have extended the rational cubic function [2] into rational
bi-cubic function with six free parameters in each rectangular patch to preserve
the shape of positive 3D data over the rectangular grid in the view of positive
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surface. In this developed scheme, the free parameters are arranged in such a
way that two of them are constrained parameters ( not depend on the other pa-
rameter like [8]) to preserve the shape of 3D positive data while the remaining
are left free for user s choice to refine the surface as desired. The developed sur-
face scheme has been demonstrated through different numerical examples and
observed that the scheme is not only local and computationally economical but
also visually pleasant. Also the scheme in section (4) is more flexible and suit-
able for interactive CAD system. Our method of manipulation is so vigorous.
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