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4. Negative binomial distribution

Let Bernoulli trials are independent and repeated each with probability of success (p) are
performed until a certain number say “k” of success occur. The random variable of
interest is the no. of trials needed to observe the “kth” success i.e. “X” is the trial number
at which the “kth” success is observed them “X” is called negative binomial random
variable. It is also called “Pascal random variable”.

A random variable “X” is said to have negative distribution. If its probability function
can be given as

X-1
P(X)= C Prg*™* Where X=K,K+1,K+2,...... \
K—
Where P=Probability of success
g=Probability of failure\
OR
X+K-1
P(X)= C P*g* Where X=0,1,2,......

Derivation of negative binomial distribution
In order to find the expression of the probability that “x-trials” are made achieve “k-

(4]

successes” with the condition that the last trial must be success in exactly “x
independent trials with the condition that it end with success such that

P(x) = P[S.S...S(k =) times|Pf .f.f....f (x — k) times|P(S)

P(x) =[P(S)P(S)....P(S)(k — Dtimes|P[P(£).P(f)P(])...P(f)(x —k)times]|P(S)
P(x)= [PPP....P(k - l)times]P[qqq....q(x —k) times]P

P(x)=P"'g""pP

P(x)=P‘q*™"

Since therefore the last trial must be a success therefore the total number of mutually
exclusive ways in which (k-1) success and (x-k) failure preceding the last success can

X-1
occurs in any order is given by KCI then the formula for the probability of the kth success
occurs of the xth trial given as
X-1
P(X) — Kcvl quX—k

Show that total probability of negative binomial distribution is one
Proof: Let by definition

Total Probability = Z P(X)
X=k

As
X-1
P(X)=C P‘¢*™
K-1
. SN
Total Probability = XZ;{ quP q
K-1 K+1-1 K+2-1
Total Probability= C P*q** + C P*¢""*+ C P ¢ " +..
K-l K-1 K-1
K K+1
Total Probability = P* + KClPqu + KCIPKqZ +...

|
prgl o EHD pe s
(k=1)! (k=112
D

Total Probability = P* +

Total Probability = P* +kP*q' +

Total Probability = PK(1+kq1 +@q2 +j

Total Probability = PK(1+ (=k)(—¢") +qu + j

Total Probability = PX(1—¢)™ Therefore 1+ (-k)(—¢") + qu +.=(1-g)"

Total Probability = P*P™* =1 Hence proved
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Derive m.g.f of negative binomial distribution and use it to find mean and variance
Solution: Let by definition

My(t) = Ee") = 3 " P(X)

As
X-1
P(X) =KClquX-k

o X-1

Mo(t) — E(etX) — zetx Kc11quX—k
X=k

o X! kK X—k

M) =E@")=3 C(e') P'q"

X=k

> X-1
Mo(t) — E(eI‘X) — Pk ch_l(et)X—k-%-qu—k
X=k

M, (1) =E(e") = P (e') ilél(er)x—kqx—k
M,y(0)= E@) = (Pe ) Y C ()™
M, (t)=E(")= (Pe’)k[1+ k(e'q)' +@(e’q)2 -+ j

M,(t)=E(e")= (Pe')k(l+ (—k)(—qle')+#(q.e')2 +j

Therefore (1—ge' )" = (1+ (—k)(—=q'e") +W(qe’)z + j

M, ()= (Pe') (1-ge' ) *
M, (1) =(P) () () * (e —q)
M, (t)=P" (e" —q)_k

-k

Hence the required result
For mean and variance

E(X) = Mean = 11| = {%M O(t)lo
E(X)=Mean= i = [di P (e —q)" l_o
E(X)=Mean= = P*| (" —q)k}
E(X)=Mean= = P*| (k) (e —q) " %(6’ - Q)L
E(X)=Mean = = P*| (=) (e™ —q)

’ k —t —k-1
E(X)=Mean=u, =P k(e —q) e }

E(X)=Mean =y = P* k(eo —q)ikil eo}

E(X)=Mean =y = P* k(l—q)’k’l}
E(X)=Mean =y, = Pt [kp"“l]

E(X)=Mean=pu = [kp’l]

E(X):[k+kq(p)“}=§

Now for variance
Var(X) = pt, = EX*) = [EQO] = i —[u]T
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2) d’ _4d|4
E(X)=p {d o<)l_o—dt[dtMo<t)}

t=0

, d . —k-1
E(Xz):,uzza[pkk(e —q) e }

t=0

, d » -k-1
E(Xz)zﬂzzkpka[(e —q) e }

t=0

E(X?) =, =kp" (e_’—q)_klst "+e” %(e —q)_k_l}
=0

E(X?) =} = kp*

e )_ e'(-D+e' (k- 1)(e —q)“l;lt(e —q)}

t=0

EX) =, =kp*| (e =q) " e (=D +e (=k=D)(e" —¢) " e"(—l)}

t=0

E(X?) =, =kp*| (¢ —q) _eo(—1)+e°(k+1)(e°—q)_k_zeo}
E(X) =4 =kp*| (1=¢)" " D+ k+D)(1-¢) 7 |
E(X?) =t = kp* [ P+ k+)p™ ]

E(X*) =, =kp*[—p™ p” +(k+Dp~p™ ]

E(X?)= g, =kp* p™ [-p +(k+1)p~ ]

E(X*) =, =k|-p +(k+1)p~ |

EX)=i,=~kp” +k’p” +kp~

(
(
E(X?)= 4] = kp* (e g) e e k(e —g) e—’l_o
(
(

Var(X)=p, = EX*) = [ECOT = 1 = [u}
1,72 -2 -2 -172

Var(X)=—kp~ +k"p~ +kp —[kp }

Var(X)=—kp ' +k*p? +kp? =k’ p~*

Var(X)=—kp™ +kp~

Var(X)=kp? —kp™'

Var(X) = k(i2 —l)
P p

Var(X) = k%
p

Prove that in negative binomial distribution
r+l q p2 r=1 dp r

Also find first four moments about mean use it to find moments ratios.
Solution:
Let we consider

M, = E(X —mean)”
M, = Z(X —mean) P(X)

As X — NB(P)

X-1
k  X-—-k
P(X)= K(; 1 P q Where X=K K+1.K+2.......
k
E(X)=Mean=—
p

ko X e xe
Z(X—;) CPyq

X=k
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S k., %'k X—k
4= (X==) € PH1-p)
;{ p K-1
Differentiate with respect to “P”

d d
Ly =L (X——) C PH-p)" }
dp dpsz

4 =3 P-pyt Y (X——)’+iXC1
dp ' X=k K-l X =k K-l

x =Ky @ de+iXCI(X— Ky pr - pyrs
p dp K-l dp

d o k X-k r-1 o X! X—k k-1
—M, =2, CP (=-p)  r(X- ) (—2)+ C(X——) (1-p)**kP
a™ XZ:;JH PR zKl
£ 2 CO =y P k= p

1 > X-1 k
X-k pk
Pt —

d Dk X—k r-1
Ly =3 CPa-p x5 (—2)+ C(X——) (1-p*
ap” P pp z'“

- ! k., -k —1
- C(X-=)" P (x—k)d-p)*
X=k p

d N koo Xk x—k, k N k., * X—k pk Kk
— U, =r) (X-——)" CP (A-p)" (FH)+ 2 (X-—) Cd-p)" " P —
dp XZi p K P’ XZ:‘Z p K p

N ko X o X—k -1
—Z<X-;>’KC_1P (1=p)*(x=k)q

X=k
4 = r_lz Z(X —mean) ™" P(X) + Z(X —mean)” P(X)E - Z(X —mean)” P(X)(x—k)q™
d, X=k X=k P x=k
d [k (x—k)
— MU, =— ) (X —mean)"” "P(X)+ > (X —mean)" P(X)| — — }
q, P’ Z ;; Lp q
d il kq—(x—k)p}
— U, =— ) (X —mean)’” P(X)+ ) (X —mean)" P(X) ————
dp p’ Z xzk i pq
iﬂr :r—zi(X —mean) " P(X) + i(X —mean)” P(X) k(l—p)—xp+kp}
d, P x=« X =k L pq
4, - Cy (X - mean)’lP(X)+Z(X mean)’ P(X) k_kp_p“pk}
q, J L pq
d i [k — px
—u, =— ) (X —mean)’" P(X)+ ) (X —mean)" P(X) }
4, P’ Z ; L pq
k
d e
—MU, = (X —mean) " P(X)+ Y (X —mean)” P(X)(-p)| ——
dp p’ Z xzk pq
i,ur =— Z(X mean) " P(X) — Z(X mean)” P(X)[m}
d p X=k q
d
—u, =— Y (X —mean)" "' P(X)——>» (X —mean)™' P(X)
dp P’ Z qxz‘z
d rk 1
d_ﬂr :?ﬂrfl _;ﬂrﬂ
1 Tk d
_lllrJrl _?ﬂrfl _Eﬂr
k d
My =d| 5, ——— A, (A)
p dp

Hence proved
Now we find first four moments about mean
Put “r=1"1neq (A)
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rk d
Mo =49 —F M ——— H
14

dp
U, = q{r—lz,uo —i,ul} Therefore ¢, =0 and p, =1
p dp
k
H, = q_z
p

Put “r=2"1ineq (A)

2k d
My =4 ?ﬂz—l ——H,

dp
2k d k
Uy =q|— 1, _5ﬂ2:| Therefore ¢, =0 and p, =1 and u, :%
» d d
- p-—(U=-p)=-0=p)—p
4 =g _iﬁ}:_q[ﬂl—mk}:_q,{ dp " |__ K[p%—l)—(l—p)zp}
’ | dp p’ dp p’ (p*)? (p?)?

—p>—2p+2p° ) ) ) 2-
ﬂ3:_ql{ . (1!721;2 ; }:_QK[I) r S|k pp4 - pp3 e p3p

Put “r=3"1ineq (A)

3k d
Hi =9 Fﬂm —— M

dp
U, =q 3—’2;12 —i%} Therefore p, =q—]§ and p, =qK[2_3p}
P dp P P
3k gk d qk(2—p)} {36118 d .
U, =q———— =q —k—A-p)2-p)p
Yprpt dp p? p' dp
[3gk? ] L d L d d
Hy=q q4 —kgl Q-p)p” —A-p)+A-p)p”° —Q2-p)+A-p)2-p)—p~
L P dp dp dp
_3qk2_ [ 3 3 74]
M, =q " —kq|2-p)p~D+A-p)p " D+A-p)2-p)(-3)p
[3gk” ] . . )
“y=q Z4 +kgl@=-p)p +(-p)p~ +30-p)2-p)p~*]
[3gk? ] N . Y
My =q Z4 tkqlp? = p P p = p 2 =3-3p2p~ - p)
[3gk? ] ) . . ) ) _
U, =q Z4 +kq[3p3—2p2—6p4+3p3+6p3—3p 2]
[3gk” ] _ . ) ) ) _
U, =q Z4 +kq[3p3—2p2—6p4+3p3+6p3—3p2]
gk )

i =?(3kq—6p+6+p2)

If K — o then negative binomial distribution tends to Poisson distribution

Proof: As we know the probability function of negative binomial distribution
X+k-1

P(X)= C Pt g* X=0,1,2,3,...

As we know mean of NBD is Mean = qu

Mean of passion distribution Mean = A
Then we get
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A=Ag+kqg=q(A+k)

_ A
1 A+k
X+k-1
P(X)= C (1-¢)"q"
P(X) = (X +k—-1)! - A ¥ ( A .
XX +k-1-X)! A+k” A+k
X+k-D!' A+k—-A, A
P(X)=
X) X!(k—l)!( A+k )(/l+k)
P(X):(X+k—1)(X+k—2)(X+k—3)..(X+k—1+1—X)(X+k—1—X)! S
XX +k—-1-X)! A+k) (A+k)*
k(1+ X _l)k(1+ X _2)k(1+ X _3)...k P X
k k A
PX)= X! A A
' k (;+1)k k’X(;+l)X
k(1+ X _l)k(1+ X _z)k(1+X—_3)...k X
k k 1 A
PX)= X! A A
' (;+1)k k’X(;+l)X
k’X[(l+ Xoha X, X _3)...1} .
k k k 1 A
PX)= X! p) 2
' C +D" k’X(;+l)X
{(1+ X har X230 X _3)...1} Jr
P(X)= k k 1
X!

(ZH)’C (Z+1>X

Now applying limit &k — oo

X-1_. X-2__ X-3
{(l+ e (e )...1}

1 A*

X! A v A X
A N s |

(k ) (k )

P(X) =limi,

X |:(1+X_1)(1+ X—Z)(1+X_3)1:|
.. k k A
P(X)=Fhmlk_m 7l 7
. 4+ +pF
(k ) (k )
X
P(X)= ﬂ—'limik_m [a+ /(1))(1 +0)(1+0)...1]
* C +D O+
X
P(X)Zﬂ—limik m;
XU A
—+
k
X X Y
P(x) =2 1 A1 2
X A £ xtl]t xt
liml'k_m(f_kl)/l
k
X -1
PX)= & ; ! Hence Proved
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