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S. Geometric probability distribution

An experiment is said to be geometric experiment if and only if it satisfied the following
properties i.e.

1)The outcome of each trial may be divided into two categories success or failure.

ii) Probability of success “P”’ remain same for all trials.

iii) The successive trials are independent.

iv) The experiment is repeated until the first success is obtained.

P(X =x)= qu_1 X=1,2,3,...
P(X =x)=Pq”" X=0,1,2,3,...
Or

If a random variable “X” is denotes the number of failures faced to set the first success
(X=0,1,2,...). Then “X” is called geometric random variable with probability function
P(X =x)=Pq” X=0,1,2,3,...

Or

If a random variable “X” denotes the number of trials to set first success (X=1,2,3,...),
then “X” is called geometric random variable with probability function is given as

P(X =x)= qu_1 X=1,2,3,...
Properties of Geometric distribution

Show that total probability of geometric probability distribution is one
Proof: Let by definition

Total Probability =) P(X)

As X — Geometric dist(P)
P(X =x)= qu_1 X=1,2,3,...

Total Probability = Z Pg*™
Total Probability = P) g™

Total Probability = P(q° +q' +q* +q° +...)

It is infinite geometric series (¢°+¢' +¢° +¢° +...)

—
I—-r
Where
1
a=Ist value = q° =1 and r = ratiob/ wtwo successive values = 61_0 =q
q
1 1

Total Probability = P( 4 )= P( )=P(—)=1 Hence prove

I-r 1-¢g p

Derive moment generating function of geometric distribution

Solution:

Proof: Let by definition
my(t) = E(e") =Y e"P(X)

As X — Geometric dist(P)
P(X =x)= qu_1 X=1,2,3,...

my(t) = E(e*) =Y e"Pg*"
mo(0) = ") = pY. """
my(0) = E@) = pY. (e q""

mo(0) = (") = pY. (e (')
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mo(t) — E(etx) — peti(et)x—qu—l

my(5) = E(e") = pe' Y (¢'q)™

my(t) = E(e") = Pe'|(e'q)’ +(e'q)' +(e'q)> +(e'q)* +...]
my (1) = Pe' [l +(e'q) +(e'q)* +(e'q)* +..]
It is infinite geometric series (1+ (e'q)" +(e'q)*> +(e'q)’ +...)

5 =9
1-r
Where
t 1
a=Ist value = (e'q)’ =1 and r = ratiob/wtwo successive values = (erqio =(e'q)
t a t 1 t t -1
m,(t) = Pe' ( )= Pe'( —)=Pe (1-¢'q)
l-r l-e'q
Pe' » _
my(t)=————=P(e” —¢)"
e (e —q)

Hence required result
Now we used it to find mean and variance

E(X)=Mean =y = [%MO (I)}

E(X) = Mean = Iul, = |:%P(e—f _q)—l:|

E(X)=Mean= = ple” —q)e™']

d -t N i t — nl— -t N2/t
O—p[E(e q) +dtel_o p[ le" —q) " (—e )Lo

t=

E(X)=Mean = = ple® — )2 e")]= pltt - 9)*]= p[<P2]=;,

E(X)=Mean=,ul'=11J

Now for variance
Var(X)=pt, = EX*)-[ECOJ = w5 - [u[]

2 ’ dz d d
E(X")=u, :|:EMO(I):| :E[EMOO)}

E(X*)=p, = Pq%[e_' (€ =), = p[(e” -9~ %e‘f t+e %(e_’ = q)-ZL
EX) =t =ple” =g e (Dt (20 —g) e )], = plree —g) e v2e (e —e) 7,
EX*)=u, = P[‘ e’ —q)7e” +2e7V¢g(e’ —q)‘3]: p[— (1-¢)> +2(1—q)_3]= p[— P +2p_3]

E(X*) =} =pl-p? +2p7]= p[;—;z}: p{zf_’f}:{z;f}
Var(X) = t, = EX) = [ECOF = g - [T

2-P 1 _2-P-1_1-P ¢

2= ( ) =C5)=—3

4 4 4
Derive the general expression of rth mean moments of geometric distribution and
find first four moments about mean.
Let we consider

M, = E(X —mean)’
#, = (X —mean)" P(X)

As X ->GP)
P(X)=pg*" Where X=1.23.......

Var(X)=u, =

E(X) :Meomzl
P

> | R
f, =D (X ——)"Pg*"
X=1 p
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- 1., _
H=2 (X =) P(1-p)*"
X=1 p
Differentiate with respect to “P”

d d|g 1, xa
d—u,—d;a—;) P(-p) }

d

g ZP(I pt e . >

xa d 1, d X-1
(X——) + (X——) (I-p)"" —P+) (X-—)'P—(1-p)
dp Z dp le p dp P

d X-1 _l r—1 __ _ N1 X-1 S _l r _ _ X-2,
Eﬂ,—zp(l—m r(X p) ( 2)( 1)+Z(X p) (1-p) +;(X p) P(x=DA=p)" (=1

X=1

i :_ZP(I X l(X rl+Z(X__ r X_l_Z(X_l)rP(x_l)qX_z
dp X=1 D
o= S Xy P S Xy g S X ) PG
dp p PX D = p
d 1
Ly =S x-H e+ Y (x -1y qx{——(x—l)q‘l}
d Z P z D p
d r . a1 =)
— U, =— Z(X mear) P(x)+Z(X——) —-
dp’ P& P q
d r Lo, xalqg—(x=Dp
Sl =+ (X =) pg™ —}
dp pr XZ p . pg
d r - 1., Jl1=-p—px+p
Sl =+ (X =) pg™ —}
dp pr XZ p . pg
d r - 1 a1 1= px
=l + ) (X =) pg*T }
dp pr XZ p | pq
d r = 1 1 X
= ey + ) (X =) pg*” ———}
dp pr XZ p Pq q
d r -1 1 1
M, =l +— ) (X ——)’pq“{X ——}
dp pr q ; p p
d r 1 r+1
_Il’[r :_ﬂr— (X
dp pr Z p
d r 1,4
— U, =l =) (X ——)" p(x)
"’ pt ‘]XZ p
Ay =L —li(X—Mean)’“p(x)
dp”" p*tT o9&
dp r p2 r—1 q r+l
q r+l p2 r—1 dp r
r d
ll'lr+1 ZQ|:?ILlr—1 _Eﬂr:| (A)

Required result
Now we find first four moments about mean
Put “r=1"1ineq (A)

1 d
My =49 ?ﬂH _d_p'ul

U, = ‘1{%#0 —i,ul} Therefore ¢, =0 and p, =1

p dp

_ 4
Sy

5 =

Put “r=2"1ineq (A)
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2 d
Hr =4 ?ﬂm _Eﬂz

q

s

U =q %ﬂl —iﬂz} Therefore ¢, =0 and p,=1and u, =
p

. d d .
L d=p)=(1=p) "
h=g _ii}:_[iﬂ—m}_qp oy =_q{p2(—l>—(l—p>2p}
3 dp p* dp p’ (p*)’ (p*)’

B 2 2 2 R R
—p’=2p+2p } [p —2p} {2—1;} {1+l—p} [l—f-q}
I, =—q =—q =qp =q =q
S (7S (p*)’ p p’ P’

Put “r=3" in eq (A)

3 d
Moy =4 —5 My ——— H;
L P

dp
3 d q S
My =G| —5 My —— Iy Therefore y, =— and u; =(1-p)2—p)p
Nz dp P
(3¢ d . 3 . d . d d
My =q —‘f——(l—p)@—p)p 3}=q{—z—(2—p)p —(A-p)-A-pp°—Q2-p)-2-p)(1-p)—p~°
Lp" dp P dp dp dp

Hy=q % ~Q2=-pp =H=U=-p)p7(=D=1-p)2- P)(—3)P_4}

3 3 -3 —4
Hy=q p—‘i+(2—p>p‘ +(1-p)p~ +3(1-p)2-p)p }

3 N . i
ﬂ4=61p—2+2p3—p2+p3—p2+(3p4—3p3)(2—p)}

ﬂ4=qp—(f+2p3—p2+p3—p2+6p4—3p3—6p3+3p2}

3 i . i
Hy=q p—i{+p *+6p™ —6p 3}

Hy=q 4 T 4 4 4

4 P P P P P P

9+ p—9p p>+9-9p p>+9(1-p) P +9q | [qp*+94°
ﬂ4:q 4 :|:q|: 4 :q 4 :q 4 = 4
p p p p p

_3(l—p)+i 6 6}zq[?)(l—p)_*_pz+6—6p}=q[3—3p+p2+6—6p}

Derive Probability generating function
Solution:
Proof: Let by definition

GO)=E©")=> 6"P(X)

As X — Geometric dist(P)
P(X =x)= PqX X=0,1,2,3,...

G(O) = E©") =Y 0°Pg" = PY (6" =Pl + @' + (@) + (@) +.]

G(6) = Pli+ (6" +(@g)* +(69)° +..]
It is infinite geometric series 1+ (6g)" +(89)° +(6g)° +...

s -4
1-r

Where
(6g)'

a = Ist value = (69)° =1 and r = ratiob/wtwo successive values = =(6g)

6g)°
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G(O) = (—) P(—) P(1-6p)"

—bq

Derive Cummulent generating function

Let by definition
K(t)=logm, (1)

As

m,(t)=P(l-e'q)”
K(t)=logP(—e'q)”
K(t)=logP+log(l—e'q)™
K(t)=log P —log(l—e'q)

Therefore

Therefore

K(t)=log Pt }
| d-eq)
K(t)=log L{}
L9t pP—eq
K()=log T
q+p q(1+1'+5+§+5+ )
K(t) =log 1 Ptz JER
_(]"‘P—q—Q(F ata T )
P
K(t) =log PR R R
P—(](F E 5 Al )
1
K(t)=log PP
= (—+—=—+—+—+
P p(l! 20 31 4 )
1
K(r) =log 1 2 3 4
gt t t t
I-=—(—+—+—+—+...
p 120 31 4 )
r 1 2 .3 4 -l
K(t):logl—i t—+t—+t—+t—+...)
| p I 20 3 4

1 t2 t3 t4
K(t) = —10g|:1——(F E+§+Z+):|

Therefore log(1—1) = —t — %tz

2 3 4 2
K@)=—- 9 r —+— +t—+t—+...)— q 2(t—+
2p- 112

p 1 20 3 4

tl t2 t3 t4 q2 tl t2 t3 t4
K(t)—{ (1'+5+§+4'+ )+ (—' 5+§+4'+ )’
£ 2o P t
K(r>=(—>— (— —)— 1—+ TR T TR
p 20 p3l 2p° 2 3p I p 4l
2

3 2 44°

K= vd q) +( &+ ‘12+q3 + &€+

p 1 p 2! p 3! p p

7( +L

——t

(7 f)

q+p=1
o Pt
e =l+—+—+—+—+...
o2 3 4l
Lo Ll
3 4
4 3 1 3
L) —61—3(t—+t—+...)3 -
41 3p> 1 3
’ 3, 4 4
3'+...) + —+... }
qs q4 #
—(? (f)+"'
6g )t4 (A)

Hence required result

q

4

4p

_4(_

1!
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As we know

1 t2 t3 t4

AL AL B
K(t) =k 1!+kl 2!+k3 3!+k4 4!+... (B)

Comparing (A) and (B)
K = 9 = Mean
P

2
+
Ky =2 a o=t =2 (D ==V

p p P P ’
Similarly remaining

3¢> 24°
K3:(i+i2+ qz
P p
2 2 3
gp~ +3q " p+2q
K3=—p3

K, =L (p*+3gp+24%)
P
K, =§(p2+3<1—p>p+2(1—p>2>
K, =§(p2+3<1—p>p+2(1—p>2>
K,=-L(p*+3p-3p>+2+2p7—4p)
>
K,=L@2-p
p
K, =L +1-p)
P
K,=L+g
)4
2 3 4
39 129

4q> 6
K= @=L 20 20
p P P PP

A7 3¢ 124 64" ’
y4:K4+3K22:(1+i2+i2+ q +i4)+3 4
p p

» 3 )
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