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In Problems 19-22 solve each differential equation by
variation of parameters, subject to the initial conditions
y(0) = 1,y'(0) = 0.

19. 4y" — y = xe*’?

20. 2" +y' —y=x+1
21. y" + 2y — 8y =2¢ ¥ — ¥
22. )" —4y' + 4y = (12x7 — 6x)e**

In Problems 23 and 24 the indicated functions are known lin-
early independent solutions of the associated homogeneous
differential equation on (0, c°). Find the general solution of
the given nonhomogeneous equation.

23. 3y + xy' + (x2 — i)y = x32;

yi=x""2cosx, y, =x "?sinx

24. x%y" + xy' + y = sec(In x);
y1 = cos(In x), yo = sin(In x)
In Problems 25 and 26 solve the given third-order differen-

tial equation by variation of parameters.

25. y" +y' = tanx 26. y" + 4y’ = sec 2x

Discussion Problems

In Problems 27 and 28 discuss how the methods of unde-
termined coefficients and variation of parameters can be
combined to solve the given differential equation. Carry out
your ideas.

27. 3y" — 6y’ + 30y = 15sinx + ¢ tan 3x
28. v — 2y +y=4x>—3 +x le*

29. What are the intervals of definition of the general solu-
tions in Problems 1, 7,9, and 18? Discuss why the inter-
val of definition of the general solution in Problem 24 is
not (0, ).
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30.

31.

32.

33.

34.

Find the general solution of x*y” + x3y’ — 4x?y =1
given that y; = x? is a solution of the associated homo-
geneous equation.

Suppose y,(x) = ui(x)y1(x) + ua(x)y2(x), where u; and
uy are defined by (5) is a particular solution of (2) on an
interval I for which P, Q, and f are continuous. Show
that y, can be written as

Vpx) = f G(x, 0 f(1) dt, (12)
where x and x( are in /,
Glx, 1) = Yi(Oy,(x) — yl(x)yz(t)’ (13)

W)

and W(r) = W(y(?), y2(t)) is the Wronskian. The func-
tion G(x, 1) in (13) is called the Green’s function for the
differential equation (2).

Use (13) to construct the Green’s function for the differ-
ential equation in Example 3. Express the general solu-
tion given in (8) in terms of the particular solution (12).

Verify that (12) is a solution of the initial-value problem
d’ | dy :
> T P+ 0y = flx), yx) =0, y(x)=0.
dx dx

on the interval I. [Hint: Look up Leibniz’s Rule for
differentiation under an integral sign.]

Use the results of Problems 31 and 33 and the Green’s
function found in Problem 32 to find a solution of the
initial-value problem

yi—y=e y0) =0, y(0) =0

using (12). Evaluate the integral.

4.7

CAUCHY-EULER EQUATION

REVIEW MATERIAL

e Review the concept of the auxiliary equation in Section 4.3.

INTRODUCTION The same relative ease with which we were able to find explicit solutions of
higher-order linear differential equations with constant coefficients in the preceding sections does
not, in general, carry over to linear equations with variable coefficients. We shall see in Chapter 6
that when a linear DE has variable coefficients, the best that we can usually expect is to find a
solution in the form of an infinite series. However, the type of differential equation that we consider
in this section is an exception to this rule; it is a linear equation with variable coefficients whose
general solution can always be expressed in terms of powers of x, sines, cosines, and logarithmic
functions. Moreover, its method of solution is quite similar to that for constant-coefficient equations
in that an auxiliary equation must be solved.
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CAUCHY-EULER EQUATION A linear differential equation of the form

n n—1

a,x" dx)") + a,_x"!

y+---+axﬂ+ay=g(x)
dx"! " dx 0 ’
where the coefficients a,, a,—1, . . . , ap are constants, is known as a Cauchy-Euler
equation. The observable characteristic of this type of equation is that the degree
k=nn—1,..., 1,0 of the monomial coefficients x* matches the order k of
differentiation d*y/dx*:

same same

l l
Jd”y l ”"y+

n
a,x i’

As in Section 4.3, we start the discussion with a detailed examination of the
forms of the general solutions of the homogeneous second-order equation

2

,d7y dy
ax- + be +cy=0.

dx* dx
The solution of higher-order equations follows analogously. Also, we can solve the
nonhomogeneous equation ax’y” + bxy’ + cy = g(x) by variation of parameters,
once we have determined the complementary function y,.

NOTE The coefficient ax? of y” is zero at x = 0. Hence to guarantee that the
fundamental results of Theorem 4.1.1 are applicable to the Cauchy-Euler equation,
we confine our attention to finding the general solutions defined on the interval
(0, ). Solutions on the interval (—2, 0) can be obtained by substituting # = —x into
the differential equation. See Problems 37 and 38 in Exercises 4.7.

METHOD OF SOLUTION  We try a solution of the form y = x™, where m is to be
determined. Analogous to what happened when we substituted e into a linear equa-
tion with constant coefficients, when we substitute x™, each term of a Cauchy-Euler

equation becomes a polynomial in m times x™, since

akxk—y= axX*m(m — D(m—2) -+ (m—k+ Dx"*=agmm— D(m—2)---(m—k+ 1Hx"

dx*

ax?

For example, when we substitute y = x™, the second-order equation becomes

2
Q—I—bxﬂ

> + cy = am(m — X" + bmx™ + cx” = (am(m — 1) + bm + ¢)x".
dx dx

Thus y = x™ is a solution of the differential equation whenever m is a solution of the
auxiliary equation

am(m — 1)+ bm+c=0 or am> + (b — aym + ¢ = 0. @))

There are three different cases to be considered, depending on whether the roots of
this quadratic equation are real and distinct, real and equal, or complex. In the last
case the roots appear as a conjugate pair.

CASE I: DISTINCT REAL ROOTS Let m; and m, denote the real roots of (1) such
that m; # m,. Theny, = x™ and y, = x" form a fundamental set of solutions. Hence
the general solution is

y = XM+ cx™. 2)



164

CHAPTER 4 HIGHER-ORDER DIFFERENTIAL EQUATIONS

I EXAMPLE 1 Distinct Roots

& d
Solvexzd—x); - 2x£ — 4y =0.

SOLUTION Rather than just memorizing equation (1), it is preferable to assume
y = x™ as the solution a few times to understand the origin and the difference
between this new form of the auxiliary equation and that obtained in Section 4.3.
Differentiate twice,

d d?
& _ mx" 1, —)2] =m(m — 1)x"2,
dx dx
and substitute back into the differential equation:
d’ d
xz—); — 2 4y = x>~ m(m — DX 2 — 2x - mx"" 1 — 4x"
dx dx

=x"mm—1) —2m —4) =x"(m* —3m —4) =0
if m>—=3m—4=0. Now (m+ 1)(m—4)=0 implies m; = —1, my =4, so

y=cix '+ ext [ ]

CASE IlI: REPEATED REAL ROOTS If the roots of (1) are repeated (that is,
m; = my), then we obtain only one solution—namely, y = x™. When the roots of the
quadratic equation am® + (b — a)m + ¢ = 0 are equal, the discriminant of the coef-
ficients is necessarily zero. It follows from the quadratic formula that the root must
be m; = —(b — a)/2a.

Now we can construct a second solution y,, using (5) of Section 4.2. We first
write the Cauchy-Euler equation in the standard form

d>y bdy ¢
R -
de  axdx  ax’

and make the identifications P(x) = b/ax and [(b/ax) dx = (b/a) In x. Thus
e*(b/a)ln x
Yo = XM de
= xmlfx—b/u « xT2mdy — e~Blamx = nx " — \—bla

= x™ fx_b"’ c x0TVdy  — —2m, = (b — a)la

dx
=x" | — = x™Inx.
X

The general solution is then

y = cx™ + cx™Inx. 3)

I EXAMPLE 2 Repeated Roots

& d
Solve 4x2d—xf + 8xd—i +y=0.

SOLUTION The substitution y = x™ yields

& d
Y s g = dmm — 1)+ 8m + 1) = x"@m? + dm + 1) = 0

4 2 7
e dx
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when 4m? + 4m + 1 = 0 or (2m + 1)?> = 0. Since m, = —%, the general solution is
y=cix "2+ cox 2 Inx. [ ]

For higher-order equations, if 1 is a root of multiplicity ., then it can be shown

that
xm xX™Inx, x™(Inx)% ..., x™(lnx)<!
are k linearly independent solutions. Correspondingly, the general solution of the dif-
ferential equation must then contain a linear combination of these k solutions.
CASE lll: CONJUGATE COMPLEX ROOTS If the roots of (1) are the conjugate
pairm; = a + i3, m, = a — i3, where o and 8 > 0 are real, then a solution is
y = CxtiP 4+ Cyx* 7P,

But when the roots of the auxiliary equation are complex, as in the case of equations
with constant coefficients, we wish to write the solution in terms of real functions
only. We note the identity

xiB = ()8 = ¢iBlnx,
which, by Euler’s formula, is the same as
x® = cos(B1n x) + isin(B In x).
Similarly, xB = cos(BInx) — i sin(fB In x).
Adding and subtracting the last two results yields
x® + x7F =2 cos(B In x) and x# — x7 = 2jsin(B In x),

respectively. From the fact that y = Cyx*"# + C,x* s a solution for any values of
the constants, we see, in turn, for C; = C; = land C; = 1, C, = —1 that

v, = x*(x'P + x7P) and v, = x%(xf — x7B)
or y; = 2x*cos(B1n x) and v, = 2ix*sin(B In x)

are also solutions. Since W(x® cos(8 In x), x* sin(8 In x)) = Bx2*~' # 0, 8> 0 on
the interval (0, ), we conclude that

y; = x*cos(BIn x) and v, = x*sin(B In x)

constitute a fundamental set of real solutions of the differential equation. Hence the
general solution is

y = x*[c,;cos(B1In x) + ¢, sin(BIn x)]. “)

I EXAMPLE 3 An Initial-Value Problem

Solve 4x%y" + 17y = 0,y(1) = —1,y'(1) = —1.

SOLUTION The y' term is missing in the given Cauchy-Euler equation; neverthe-
less, the substitution y = x™ yields

4x2y" + 17y = ¥"(4dm(m — 1) + 17) = x"(4m? — 4m + 17) = 0

when 4m? — 4m + 17 = 0. From the quadratic formula we find that the roots are

m; =1 + 2iand m, = } — 2i. With the identifications @ = } and 8 = 2 we see from

(4) that the general solution of the differential equation is
vy = x'"2[c,;cos(2 Inx) + ¢,sin(2 In x)].

By applying the initial conditions y(1) = —1, y'(1) = —% to the foregoing solution
and using In 1 = 0, we then find, in turn, that c; = —1 and ¢, = 0. Hence the solution
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x3

d3

Y

dx

3

+ 542

dy

dx?

of the initial-value problem is y = —x'/> cos(2 In x). The graph of this function,

obtained with the aid of computer software, is given in Figure 4.7.1. The particular
solution is seen to be oscillatory and unbounded as x — . [ |

The next example illustrates the solution of a third-order Cauchy-Euler equation.

I EXAMPLE 4 Third-Order Equation

d2
+ 5x2d—}2) + 7x
X

d3y

&y dy
dx?

Solve x?
olve x i

+ 8 = 0.

SOLUTION The first three derivatives of y = x™ are

& &
m-1 Y = m(m — 2, J

dy
e &

— _ _ m—3
o m(m — 1)(m — 2)x"",

so the given differential equation becomes

dy

+7
xdx

+ 8y = X¥m(m — 1)(m — 2)x" 3 + 5x%m(m — 1)x"2 + Txmx™ ' + 8x™

=x"(m(m — 1)(m — 2) + Sm(@m — 1) + Tm + 8)

= x"(m* + 2m* + 4m + 8) = x"(m + 2)(m* + 4) = 0.

In this case we see that y = x™ will be a solution of the differential equation
for my= -2, mp=2i, and m3 = —2i. Hence the general solution is
y=cix" 2+ ¢ycos(21nx) + c3sin(2 In x). [ ]

The method of undetermined coefficients described in Sections 4.5 and 4.6
does not carry over, in general, to linear differential equations with variable coeffi-
cients. Consequently, in our next example the method of variation of parameters is
employed.

I EXAMPLE 5 Variation of Parameters

Solve x%y" — 3xy’ + 3y = 2x*e".

SOLUTION  Since the equation is nonhomogeneous, we first solve the associated
homogeneous equation. From the auxiliary equation (m — 1)(m —3) =0 we
find y. = c1x + c,x>. Now before using variation of parameters to find a particular
solution y, = u1y; + uzy», recall that the formulas u; = W,/W and uy = W,/ W,
where W, W,, and W are the determinants defined on page 158, were derived
under the assumption that the differential equation has been put into the standard
form y” + P(x)y’ + Q(x)y = f(x). Therefore we divide the given equation by x2,
and from

3 3
y' ==y + 5y = 2x2e"
X X

we make the identification f(x) = 2x%e*. Now with y; = x, y, = x*, and

3 0 x3

x X X
W= =20, W, = = —2x%, W, = = 220,
1 3x% * ! 2x%*  3x? e 2 1 2x%¢* o
2 5 x 2 3 x
we find uy = — al f —x%e* and uh = al f = ¢~
2x 2x
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The integral of the last function is immediate, but in the case of u| we integrate
by parts twice. The results are u; = —x’e* + 2xe® — 2¢* and u, = e¢*. Hence

Yp = uryr + ugys is

Y, = (—=x%e" + 2xe* — 2eY)x + X’ = 2x%" — 2xe".

Finally, y=y.+ vy, =cx+ x>+ 2x%e" — 2xe". |

Je .‘p

REDUCTION TO CONSTANT COEFFICIENTS The similarities between the
forms of solutions of Cauchy-Euler equations and solutions of linear equations with
constant coefficients are not just a coincidence. For example, when the roots of the
auxiliary equations for ay” + by’ + ¢y = 0 and ax?y” + bxy’ + ¢y = 0 are distinct
and real, the respective general solutions are

y = ceMm* + cye™* and y=c ™M+ cx™ x> 0. 5)

In view of the identity e ¥ = x, x>0, the second solution given in (5) can be
expressed in the same form as the first solution:

y = Clem, In x + czemzlnx — clemlt + C2€mzt,

where t = In x. This last result illustrates the fact that any Cauchy-Euler equation can
always be rewritten as a linear differential equation with constant coefficients by
means of the substitution x = ¢’. The idea is to solve the new differential equation
in terms of the variable 7, using the methods of the previous sections, and, once the
general solution is obtained, resubstitute 7 = In x. This method, illustrated in the last
example, requires the use of the Chain Rule of differentiation.

I EXAMPLE 6 Changing to Constant Coefficients

Solve x%y" — xy’ + y = Inx.

SOLUTION With the substitution x = e’ or t = In x, it follows that

dy _dydr _ 1dy
dx dtdx xdt

d? 1d(d d 1
—y = - <—y> + —y <— —> < Product Rule and Chain Rule

<— Chain Rule

d¥®>  xdx\dt) dt 2

X
1<d2y1> dy( 1) 1<d2y dy>
===+ 2 -] =5(=2-=2)
x \df* x dt\ »* x> \d* dt

Substituting in the given differential equation and simplifying yields

d’y __dy

— —2—=+y=t

ar dr 7
Since this last equation has constant coefficients, its auxiliary equation is
m?>—2m + 1=0,o0r (m — 1)> = 0. Thus we obtain y. = cie’ + cyte’.

By undetermined coefficients we try a particular solution of the form y, = A + Bt.

This assumption leads to —2B + A+ Bt =1t,s0 A =2and B = 1. Usingy = y. + y,
we get

y=ce + cte + 2 + 1,

so the general solution of the original differential equation on the interval (0, ) is
y=cxt+cxIlnx+2+Inx |
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EXERCISES 4.7

Answers to selected odd-numbered problems begin on page ANS-5.

In Problems 1-18 solve the given differential equation.

1 x%y"—2y=0 Ay +y=0
xy" =3y =0

5. x%" +xy +4y=0

2

3.xy"+y =0 4.
6. x>y" +5xy" +3y=0
8

7. x3y" = 3xy =2y =0 x2y" + 3xy’ —4y =0

9. 25x%y" +25xy" +y =0 10. 4x>y" + 4xy' —y =10
11. x%y" + 5xy’ + 4y =0 12. x*y" 4+ 8xy' + 6y =0
13. 3x%y" + 6xy' +y=0 14. x>y" — Txy' + 41y =0
15. X*y" — 6y = 16. x3y" +xy' —y=0
17. xy® + 6y” =0

18. x*y® + 6x3y” 4+ 9x%y" + 3xy’ + y =0

In Problems 19-24 solve the given differential equation by
variation of parameters.

19. xy” — 4y =x*

20. 2x2y" + Sxy' +y=x*—x

22, x%y" = 2xy' + 2y = xte*
1

x+1

21. Xy —xy' +y=2x

23. x>y +xy' —y=Inx 24. x>y +xy —y=

In Problems 25-30 solve the given initial-value problem.
Use a graphing utility to graph the solution curve.

25. x2y" +3xy' =0, y(1)=0,y'(1)=4

26. x%y" —5xy" + 8y =0, y(2)=32,y(2) =
27. X"+ xy' +y=0, y(1)=1,y'(1)=2
0, y()=5y(1)=3
y(h) =1,y'1) ==

y(5) =0.y(G) =0

28. x2y" — 3xy’ + 4y =
29, xy" +y' = x,
30. x*y" — 5xy" + 8y = 8x5,

In Problems 31-36 use the substitution x = ¢’ to transform
the given Cauchy-Euler equation to a differential equation
with constant coefficients. Solve the original equation by
solving the new equation using the procedures in
Sections 4.3-4.5.

31. x%y" + 9xy’ — 20y =0
32. x%y" —9xy’ +25y=0
33. x%y” + 10xy’ + 8y = x?

34. x*y" — 4xy’ + 6y = Inx?

35. x2y" —3xy’ + 13y =4 + 3x

36. x3y” — 3x%y" + 6xy’ — 6y =3 + In x>

In Problems 37 and 38 solve the given initial-value problem
on the interval (—0, 0).

37. 4x3" +y=0, y(-1)=2,y'(-1)=4

38. x%y" —dxy' + 6y =0, y(—2)=8,)(—2)=0

Discussion Problems

39. How would you use the method of this section to solve
x+2)H"+ @x+2)y +y=0?

Carry out your ideas. State an interval over which the
solution is defined.

40. Can a Cauchy-Euler differential equation of lowest
order with real coefficients be found if it is known that
2 and 1 — i are roots of its auxiliary equation? Carry
out your ideas.

41. The initial-conditions y(0) = y,, y'(0) = y; apply to
each of the following differential equations:

x2y" =0,
x2y" — 2xy" 4+ 2y =0,
x2y" — 4xy’ + 6y = 0.

For what values of yyp and y; does each initial-value
problem have a solution?

42. What are the x-intercepts of the solution curve shown
in Figure 4.7.17 How many x-intercepts are there for
0<x<i?

Computer Lab Assignments

In Problems 43—-46 solve the given differential equation by
using a CAS to find the (approximate) roots of the auxiliary
equation.

43. 2% — 10.98x%y" + 8.5xy’ + 1.3y = 0

44, x3y" + 4x>y" + 5xy' — 9y =0

45. x*y® + 6x3y" + 3x%y" — 3xy' + 4y =0

46. x y(4) - 6)c3 "+ 33x2 " — 105xy" + 169y =0

47. Solve x’y” — x?y" — 2xy’ + 6y = x* by variation of
parameters. Use a CAS as an aid in computing roots of
the auxiliary equation and the determinants given in
(10) of Section 4.6.



