
Determinants provide the basis for another method of solving linear systems. Consider the

following linear system of two equations and two unknowns:

The augmented matrix of this system is 

Using the elementary row transformation of augmented matrices, we can change this matrix

to the following reduced echelon form. (The details are left for you to do as an exercise.)

, a1b2 � a2b1 � 0

The solution for x and y can be expressed in determinant form as follows:

This method of using determinants to solve a system of two linear equations in two vari-

ables is called Cramer’s rule and can be stated as follows:

 `a1    c1

a2    c2

`
` a1    b1

a2    b2

`y �
a1c2 � a2c1

a1b2 � a2b1

�

 ` c1    b1

c2    b2

`
` a1    b1

a2    b2

`x �
c1b2 � c2b1

a1b2 � a2b1

�

≥ 1 0
c1b2 � c2b1

a1b2 � a2b1

0 1
a1c2 � a2c1

a1b2 � a2b1

¥

c a1

a2

b1

b2

        
c1

c2
d

� a1x � b1y � c1

a2x � b2y � c2
�
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11.5 Cramer’s Rule

O B J E C T I V E 1 Use Cramer’s Rule to solve 2 � 2 and 3 � 3 systems of equations

Cramer’s Rule (2 � 2 case)

Given the system

with

then the solution for this system is given by

x �
Dx

D
          and        y �

Dy

D

Dx � ` c1 b1

c2 b2

`            and       Dy � `a1 c1

a2 c2

`D � ` a1 b1

a2 b2

` Z 0

� a1x � b1y � c1

a2x � b2y � c2
�

Note that the elements of D are the coefficients of the variables in the given system. In Dx,

the coefficients of x are replaced by the corresponding constants, and in Dy, the coefficients

of y are replaced by the corresponding constants. Let’s illustrate the use of Cramer’s rule to

solve some systems.
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Solve the system .

Solution

The system is in the proper form for us to apply Cramer’s rule, so let’s determine D, Dx, 

and Dy.

Therefore

and

The solution set is 

Solve the system 

Solution

To begin, we must change the form of the first equation so that the system fits the form given

in Cramer’s rule. The equation y � �2x � 2 can be rewritten 2x � y � �2. The system now

becomes

and we can proceed to determine D, Dx, and Dy.

Thus

and

The solution set is which can be verified, as always, by substituting back into

the original equations.

e�1

2
, �3�f ,

y �

Dy

D
�

42

�14
� �3x �

Dx

D
�

�7

�14
�

1

2

 Dy � ` 2
4

�2

17
` � 34 � (�8) � 42

 Dx � ` �2

17

1

�5
` � 10 � 17 � �7

 D � ` 2
4

1

�5
` � �10 � 4 � �14

�2x � y

4x � 5y

� �2

� 17 �

�y � �2x � 2

4x � 5y � 17�.
EXAMPLE 2

e�16

3
, �10�f .

y �

Dy

D
�

�30

3
� �10

x �
Dx

D
�

16

3

 Dy � ` 6
3

2

�4
` � �24 � 6 � �30

 Dx � ` 2

�4

3

2
` � 4 � 12 � 16

 D � ` 6
3

3

2
` � 12 � 9 � 3

�6x � 3y � 2

3x � 2y � �4�
EXAMPLE 1Classroom Example

Solve the system:

�5x � 2y � �12

3x � 7y � 1 �

Classroom Example

Solve the system:

� y � �8x � 4

4x � 7y � 11�



Solve the system 

Solution

With such a system, either we can first produce an equivalent system with integral coefficients

and then apply Cramer’s rule, or we can apply the rule immediately. Let’s avoid some work

with fractions by multiplying the first equation by 6 and the second equation by 4 to produce

the following equivalent system:

Now we can proceed as before.

Therefore

and

The solution set is {(8, �12)}.

In the statement of Cramer’s rule, the condition that D� 0 was imposed. If D� 0 and either

Dx or Dy (or both) is nonzero, then the system is inconsistent and has no solution. If D � 0, 

Dx � 0, and Dy � 0, then the equations are dependent and there are infinitely many solutions.

Cramer’s Rule Extended

Without showing the details, we will simply state that Cramer’s rule also applies to solving

systems of three linear equations in three variables. It can be stated as follows:

y �

Dy

D
�

264

�22
� �12x �

Dx

D
�

�176

�22
� 8

 Dy � ` 3
1

�24

80
` � 240 � (�24) � 264

 Dx � ` �24

80

4

�6
` � 144 � 320 � �176

 D � ` 3
1

4

�6
` � �18 � 4 � �22

�3x � 4y � �24

  x � 6y � 80 �

± 1

2
x �

2

3
y � �4

1

4
x �

3

2
y � 20

≤ .

EXAMPLE 3
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Cramer’s Rule (3 � 3 case)

Given the system

with

� 0

then , , and .z �

Dz

D
y �

Dy

D
x �

Dx

D

Dz � † a1

a2

a3

b1

b2

b3

d1

d2

d3

†Dy � † a1

a2

a3

d1

d2

d3

c1

c2

c3

†
Dx � † d1

d2

d3

b1

b2

b3

c1

c2

c3

†D � † a1

a2

a3

b1

b2

b3

c1

c2

c3

†
°a1x � b1y � c1z � d1

a2x � b2y � c2z � d2

a3x � b3y � c3z � d3

¢

Classroom Example

Solve the system:

± 3

4
x �

1

2
y � �17

5

6
x �

7

8
y � 4

≤
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Again, note the restriction that D � 0. If D � 0 and at least one of Dx, Dy, and Dz is not zero,

then the system is inconsistent. If D, Dx, Dy, and Dz are all zero, then the equations are

dependent, and there are infinitely many solutions.

Solve the system .

Solution

We will simply indicate the values of D, Dx, Dy, and Dz and leave the computations for you

to check.

Therefore

The solution set is {(1, 2, �1)}. (Be sure to check it!)

Solve the system .

Solution

Therefore, because D � 0 and at least one of Dx, Dy, and Dz is not zero, the system is incon-

sistent. The solution set is �.

Example 5 illustrates why D should be determined first. Once we found that 

D � 0 and Dx � 0, we knew that the system was inconsistent, and there was no need to find

Dy and Dz.

Dx � † 47
1

3

�2

6

�1

1

�2

† � �7

† 13
1

3

�2

3

�1

1

�1

† � 2(0) � 0D � † 13
2

3

�2

6

�1

1

�2

† � 2

° x � 3y � z � 4

3x � 2y � z � 7

2x � 6y � 2z � 1

¢EXAMPLE 5

z �
Dz

D
�

�29

29
� �1

y �
Dy

D
�

58

29
� 2

x �
Dx

D
�

29

29
� 1

Dz � † 12
3

�2

1

2

�4

5

3

† � �29Dy � † 12
3

�4

5

3

1

�1

4

† � 58

Dx � † �4

5

3

�2

1

2

1

�1

4

† � 29D � † 12
3

�2

1

2

1

�1

4

† � 29

° x � 2y � z

2x � y � z

3x � 2y � 4z

� �4

� 5

� 3

¢EXAMPLE 4Classroom Example

Solve the system:

°2x � y � 3z � 1

  x � 4y � 2z � 3

3x � 2y � 3z � 5

¢

Classroom Example

Solve the system:

° 4x � 10y � 6z � 10

7x � 3y � 2z � 10

2x � 5y � 3z � 6

¢



Finally, it should be noted that Cramer’s rule can be extended to systems of 

n linear equations in n variables; however, that method is not considered to be a very efficient

way of solving a large system of linear equations.
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Concept Quiz 11.5

For Problems 1– 8, answer true or false.

1. When using Cramer’s rule the elements of D are the coefficients of the variables in the

given sytem.

2. The system is in the proper form to apply Cramer’s rule.

3. When using Cramer’s rule for Dy the coefficients of y are replaced by the corresponding

constants from the system of equations.

4. Applying Cramer’s rule to the system produces the same solution

set as applying Cramer’s rule to the system .

5. When using Cramer’s rule, if D � 0 then the system either has no solution or an infinite

number of solutions.

6. When using Cramer’s rule, if D � 0 and Dy � 4, then the system is inconsistent.

7. When using Cramer’s rule, if then the system of equations always has a solution.

8. Cramer’s rule can be extended to solve systems of n linear equations in n variables.

Dx � 0

�3x � 5y � �12

x � 2y � 21 �

± 1

4
x �

5

12
y � �1

1

3
x �

2

3
y � 7

≤

°2x � y � 3z � 9

�x � z � 4y � 2

5x � 2y � z � 8

¢

For Problems 1– 32, use Cramer’s rule to find the solution set

for each system. If the equations are dependent, simply indi-

cate that there are infinitely many solutions. (Objective 1)

1. 2.

3. 4.

5. 6.

7. 8.

9. 10.

11. 12. �6x � 5y � 1

4x � 7y � 2��9x � y � �2

8x � y � 4 �

�x � 4y � 1

2x � 8y � �2���4x � 3y

4x � 6y

� 3

� �5�

��3x � 4y � 14

�2x � 3y � �19��y � 2x � 4

6x � 3y � 1�

��x � 2y

3x � y

� 10

� �10�� 5x � 4y

�x � 2y

� 14

� �4�

�4x � 7y � �23

2x � 5y � �3 ��5x � 2y � 5

3x � 4y � 29�

� 3x � y

4x � 3y

� �9

� 1 ��  2x � y � �2

3x � 2y � 11�

Problem Set 11.5

13. 14.

15. 16.

17.

18.

19. ° 2x � 3y � z � �7 

�3x � y � z � �7 

x � 2y � 5z � �45

¢
° x � 2y � z

3x � 2y � z

2x � 3y � 3z

� 3

� �3

� �5

¢
° x � y � 2z

2x � 3y � 4z

�x � 2y � z

� �8

� 18

� 7

¢
�5x � 3y � 2

y � 4��2x � 7y

x

� �1

� 2 �

± 1

2
x �

2

3
y � �6

1

4
x �

1

3
y � �1

≤±�
2

3
x �

1

2
y � �7

1

3
x �

3

2
y � 6

≤
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20.

21.

22.

23.

24.

25.

26. ° x � 2y � z

3x � y � z

2x � 4y � 2z

� 1

� 2

� �1

¢
° x � 3y � 4z

2x � y � z

4x � 5y � 7z

� �1

� 2

� 0

¢
° 2x � y � 3z

3x � 4y � 2z

�x � z

� �5

� �25

� 6

¢
°2x � y � 3z

3y � z

x � 2y � z

� �17

� 5

� �3

¢
°�5x � 6y � 4z

�7x � 8y � 2z

2x � 9y � z

� �4

� �2

� 1

¢
°4x � 5y � 2z

7x � y � 2z

3x � y � 4z

� �14

� 42

� 28

¢
° 3x � y � z

4x � 3y � 2z

�5x � 2y � 3z

� 18

� 10

� �22

¢ 27.

28.

29.

30.

31.

32. °�2x � y � 3z

x � 5y � 4z

7x � 2y � z

� �4

� 13

� 37

¢
° �x � y � 3z

�2x � y � 7z

3x � 4y � 5z

� �2

� 14

� 12

¢
° 2x � y � 2z

4x � 3y � 4z

x � 5y � z

� �1

� 2

� 9

¢
° x � 2y � 3z

�2x � 4y � 3z

5x � 6y � 6z

� 1

� �3

� 10

¢
°3x � 2y � 0z � 11

5x � 3y � 0z � 17

0x � 0y � 2z � 60

¢
° 3x � 2y � 3z

x � 2y � 3z

�x � 4y � 6z

� �5

� �3

� 8

¢

Thoughts Into Words

33. Give a step-by-step description of how you would solve

the system

° 2x � y � 3z

x � 2y � z

3x � 5y � 8z

� 31

� 8

� 35

¢
34. Give a step-by-step description of how you would find

the value of x in the solution for the system

° x � 5y � z

2x � y � z

�3x � 2y � 4z

� �9

� 11

� 20

¢

36. 37.

38. 39. °2x � y � 2z � 0

x � 2y � z � 0

x � 3y � z � 0

¢° 3x � y � z � 0

x � y � 2z � 0

4x � 5y � 2z � 0

¢
° 2x � y � z � 0

3x � 2y � 5z � 0

4x � 7y � z � 0

¢° x � 2y � 5z � 0

3x � y � 2z � 0

4x � y � 3z � 0

¢35. A linear system in which the constant terms are all zero
is called a homogeneous system.

(a) Verify that for a 3 � 3 homogeneous system, if D� 0,

then (0, 0, 0) is the only solution for the system.

(b) Verify that for a 3 � 3 homogeneous system, if D� 0,

then the equations are dependent.

For Problems 36–39, solve each of the homogeneous sys-

tems (see the text above). If the equations are dependent,

indicate that the system has infinitely many solutions.

Further Investigations


