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So far we have added two vectors and multiplied a vector by a scalar. The question arises:

. is it possible to multiply two vectors 50 that their product is a useful quantity? One such
! product is the dot product, whose definition follows. Another is the cross product. which

is discussed in the next section.
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™ i ‘i Definition Ifa = (). a:. @) and b = (by, by, bs), then the dot product of a ’
‘1 and b is the number a - b given by
.m" i e
L a‘b=uab + (f;b: . (l;ba |
Thus. to find the dot product of a and b; we multiply corresponding components and
add. The result is not a vector. It is a real number, that is, a scalar. For this reason, the dot
ced product is sometimes called the scalar product (or inner product). Although Defini-
ot tion 1 is given for three-dimensional vectors, the dot product of two-dimensional vectors
is defined in a similar fashion:
;& {ay, az) - (by, ba) = a,by + a1
s
EXAMPLE 1
(2,4)- 3. -1) = 2(3) + 4(~1) = 2
.4 (-1,7,4)- (6,2, =%) = (=1)(6) + 72) + 4(~%) = 6
b' 2 . "
“as (i +2j—3k) - (2j —k)=1(0) + 2(2) + (=3)(~=1) = 7 a
any The dot product obeys many of the laws that hold for ordinary products of real num-

bers. These are stated in the following theorem.

2 Properties of the Dot Preduct If a, b, and ¢ are vectors in Viand cis a
scalar, then

l'l l.a-;|~—-|a|2 2.a-b=b-a
da-b+c)=a'b+a-c 4. (ca)-b=cla-b)=a" (ch)
i‘ 5.0-a=0
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/ i ition 1. For instance,
These propertics are casily proved using Definitio hese &

of Properties | and 3.

1 a-n—ar'*u!*uf"lﬂ‘

32a-b+ c) - (u..uz.m)' (b, + ci.br *+ ¢z, by *+ ¢y
4+ ¢;) + axlbr * c1) + aiby + i)

= a,(b
* (l]b'l * dws

=g by + i€ ¥ ab; + a:xc:
= (a)by + asby + arbs) (aics + azcs = ars)
=g-b+a-¢c

The proofs of the remaining properties are left as cxercises.

ta - bcanbegivena geometric interpretalion N LErmS of g

which is defined to be the angle between the representases
here 0 & 0 = 7. In other words. 8 15 the angle pe.

The dot produc
between a and b,

b that start at lhﬁ.origin.__\.,v ;
line segments OA and OB in Figure 1. Note that if a and b are paralle] ver,

0=0o0rf0) = : '
The formula in the following theorem is used by physicists as the definition ,

product.

3| Theorem If 0 is the angle between the vectors a and b, then

a-b=|a||b|cos0

proCFE If we apply the Law of Cosinces to triangle OAB in Figure 1, we get

’

d |AB|* = |OA|* + |OB|* — 2| OA|| OB| cos #

(Observe that the Law of Cosines still applies in the limiting cases when =1
a=0orb=0)Bul|OA| = |a|.|OB| = |b| and |AB| = |a - b|,s0 Eg

becomes
‘jﬂ Ia-blzglI:+lb|2_2|a|lb|coso

Using Properties 1, 2, and 3 of the dot product, we can rewrite the left side of’
equation as follows:

la-b’=(a-b)-(a-b)
=s'8~8'b~h-a+bh-H
=|al’-2a-b+ |b]
Therefore Equation § gives
|aF =23 b+ [bf = |af + [bf - 2]a|[b]coss
Thus ~2a-b=-2|a||b]cos 6

or "b=|I||b|coso
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EXAMPLE 2 If the vectors & and b have lengths 4 and 6, and the angle between them |
w/dtinda b Y

SOLUTION Using Theorem 3, we have

a-b=|al|blcos(w/N) =4 6 4= 12 "

The formula in Theorem 3 also enables us 1o find the angle between twa veciors

—
o Corollary If @ is the angle between the nonzero vectors a and b, then

a'b
lajlb]

cos @ =

\ — ——————

EXAMPLE 3 Find the angle between the vectors a = (2.2, =1)andb = (3, -3,2)

SOLUTION Since

-

la] =27+ 22+ (-1 =3 and |b] = 5% + (=3P + 2} = V3§
and since
a-b=205 +2(-3)+ (=12 =12

we have, from Corollary 6,
a-b 2
laf[b] 3y 3

cos @ =

So the angle between aand b is

.
0= cos"(3—%——§-) =~ |46 (or 84°) 2
. \-- 4

Two nonzero vectors a and b are called perpendicular or orthogonal it the angle
between them is 0 = /2. Then Theorem 3 gives

a-b=|a]|b|cos(m/2) =0

and conversely ifa - b = 0,thencos 6 = 0, s0 0 = m/2. The zero vector 0 is considered
to be perpendicular to all vectors. Therefore we have the following method tor determm:
ing whether two vectors are orthogonal.
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{ 17 Two vectors a and b are orthogonal if and only ifa-b=20 ‘
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EXAMPLE 4 Show that 2i + 2j — k is perpendicular 1o 51— 4) +2k
SOLUTION Since
20+ 2j - k) -(5i—4j +2K) = 9(5) + 2A—=4) + (~12) = 0

these vectors are perpendicular by (7).




