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N COVERY PROJECT THE GEOMETRY OF ATETRAHEDRON

h four vertices, P, Q. R. and §, and four triangular faces, as shown in

A tetrahedron is a solid wit

r :
the figure.
hl\\ughte ‘ ‘ )
' the pog 1. Lt Vi Va vy, and v4 be vectors with lengths equal 1o the areas of the faces opposite the
vertices P, Q. R, and §, respectively. and directions perpendicular to the respective faces and
§ pointing outward. Show that ’
0 R vyttt vw= 0
2. The volume V of a tetrahedron is one-third the distance from a vertex 10 the opposite face,
times the area of that face.
¢ from (a) Find a formula for the volume of & tetrahedron in terms of the coordinates ol its vertices
CB) and P.Q,R and §. _
} (b) Find the volume of the tetrahedron whose vertices are P(1, 1, 1), (1, 2. 3), R(1. 1. 2).
and $(3, =1, 2).
hrought
rom Pr 3, Suppose the tetrahedron in the figure has a irirectangular vertex S. (This means that the three
angles at § arc all right angles.) Let A, B, and C be the areas of the three faces that meet at S,
and let D be the area of the opposite face POR. Using the result of Problem I, or otherwise,
show that

D= 4+ B4 C?

(Thisis a three-dimensional version of the Pythagorean Theorem.)
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12.5 Equations of Lines and Planes

@ Lines |
A line in the xy-plane is determined when a point on the line and the
(its slope or angle of inclination) are given. The equation of the line
using the point-siope form. _

Likewise, a linc L in three-dimensional space is determined when we know 3_P0"}‘
Pulxa. yo. 20) on L and the direction of L. In three dimensions the direction of a line 1
conveniently described by a vector, S0 We let v be a vector parallel to L. Let Plx. 2 z) rfe
an arbitrary point on L and let o and r be the position veelors of Pgand P “,hm i, they

have representations 6:-": and 6;). If a is the vector with representation PP, 2 in Fig-
I r = rp + 8. But. since aand vare

ure 1. then the Triangle Law for vector addition gives
FIGURE 1 parallel vectors, there 15 @ scalar ¢ such thata = IV Thus

direction of the line
can then be written
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Figure 3 shows the line L in Example |
and its relation 1o the given point and to
the vector that gives its direction.

L3

' . Inot _
ofapointon L. 1 positive values of ¢ correspond 1o points on £ yp,,

d the Geometry of Space

—
t re=pry+1v

nof L. Each value of the parameter 1 givey

, tio £ )
N t varies, the line s traced out by the lip Url\um

her words, as .

: lie
Figure 2 indicates, nd to points that lie on On,
of Py, whereas negative values of 7 corresponc (o p the othe,,

: irection of the line L is written in ¢, %
If the vector v that gives the dn:cc(t:a s e r"E“ ,,
v = (a, b,c), then we have v , b, 0

ro = (X0, Yo, 20), 50 the vector equation (1) becomes

)

(x, W z) = (X() + ta,yo + th, z, + 1)

i i (s i mponents are equg
Two vectors are equal if and only if corresponding comp qual They,
have the three scalar equations:

x=x, +at y=_vu+bt g™ 2o Ct
where 1 € R. These equations are called parametric equations of the line 1 thr
point Po(xy, Yo, z6) and parallel to the vector v = (a, b, ¢). Each value of the Piry

gives a point (x, y,z) on L,

' 2| Parametric equations for a line through the point (x, vy, z,) and parallel 1o,

direction vector (a, b, ¢) are

X =x9+ at Y=y + bt Z™ 20 + ¢t

EXAMPLE .
(a) Find a vector equation and parametric equations for the line that passes throy®
point (5, 1, 3) and is parallel to the vector § + 4j — 2k. '
(b) Find two other points on the lipe,

SOLUTION

(a)Hcrcr":(s-I's):;s“".l‘*3kandv=|+4 ~ A
tion (1) becomes J = 2Kk, so the vector equ

¢

r= (5i+j+3k)+t(i+4j-2k)
or r-‘=(5+r)i+(l+41)j+(3-—2!)k
Parametric equations are

X=54y y=1+ 4 2_5_2' i

. | sand z = |, g0 (6,5
Yol = =1 gives the point (4, -3 5).

. uations of a Jine . J
the point or the p; . : q a line are not unique. If we ¢
Rec insta e p_dramucr or choose 3 different Parallel vecy . ions ¢

stance, if, inst or, then the equations

_ e, i, ead¢:|(5_|,3_;_w..h _ , :
Parametric equations of the line bcnon:cL 2046 the point (6, 5, 1) in Example 1, ¥

X=6+ Y=354+ 4 I=1 -2
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% 4 shows the line L in Example 2
e point P where it intersects the
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Or, if we stay with the point (5, 1, 3) but choose the parallel vector 21 + 8) — 4Kk, we
arrive at the equations
x5+ 2 yo | + 8 7= 13 -4y

In general, il a vector v = (a, b, ¢) is used 10 describe the direction of a line L, the
the numbers a, b, and ¢ are called direction numbers of L. Since any vector paralic! 1
v could also be used, we see that any three numbers proportional to a. b, and ¢ could a!
be used as a set of direction numbers for L.

Another way of describing a line L is to eliminate the parameter 1 from Equations 2
If none of a, b, or ¢ is 0, we can solve each of these equations for r:

X = Xg Y= 2~ 2o

—_— = - ! - _—— e —

a b ¢

r:,-

Equating the results, we obtain

X—Iu_y—_)'u_z*.?u ‘
a b c .

These equations are called symmetric equations of L. Notice that the numbers a. b, und
¢ that appear in the denominators of Equations 3 are direction numbers of L. that .
components of a vector parallel to L. If one of a, b, or ¢ is 0, we can still eliminate © Fos
instance, if a = 0, we could write the equations of L as

Y~y _Z T 2

X = Xy =
b c

This means that L, lies in the vertical plane x = x,.

EXAMPLE 2

(2) Find parametric equations and symmetric equations of the line that passes through
the points A(2, 4, =3) and B(3, —1, 1).
(b) At what point does this line intersect the xy-plane?

SOLUTION
(a) We are not explicit)ly given a vector paraliel to the line, but observe that the vector v
with representation AB is parallel to the line and
v=_03-2-1-41-(-3)) = (1,-5,4)
Thus direction numbers are ¢ = 1, b = —5, and ¢ = 4. Taking the point (2, 4. —3) as
Py, we see that parametric equations (2) are
x=2+t y=4-5 2= -3+ 4
and symmetric equations (3) are
x-2 y-4 X %3
i -+3 4

(b) The line intersects the xy-plane when z = 0, so we put z = 0 in the symmetric
equations and obtain

This gives x = lj" and y = .lI' s0 the line intersecis the xy-plane at the pornt (7 01 &
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could we describe the line segme

sfance, . ’ f 2 4 =1, : Puy
ls”r \metric equations in Example 2(a), we get the point (2,4, =3) ang 'rWe;
I .:I.'.‘ | 1), So the line segment A is described by the parameyyic cqua[,,;
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L}
or by the corresponding vector equation
r(t) = (2 +1,4~-51,-3+41) 0O0=s1<]

In general, we know from Equation 1 that the vector equation of a line thro,
of the) vector ry in the direction of a vector v is r = rg +‘ 1v. If the ling
through (the tip of ) ry., then we can take v = r; = ro and so its vector Cquali

r=ry+ trp—ro)=( —1ry+ tr

The line segment from ry to ry is given by the parameter interval 0 < 1 < |,

f
}

! 4| The line segment from ry to ry is given by the vector equation

[ r(t)==(l—t)n,+!r| O0=s1=1

EXAMPLE 3 Show that the lines L, and L, with parametric equations
Li: x=1+¢ = =2 + 3¢ z2=4 -
Ly x=2s y=3'j-s z2= =3 + 45

are skew lines; that is, they do not intersect and are not parallel (and therefo
lie in the same plane).

SOLUTION The lines are not parallel because the corresponding direction v
(1.3, =1)and (2, 1, 4) are not parallel. (Their components are not proporti
and L: had a point of intersection, there would be values of t and s such that

L+ =25
-2+ =3 +y.
4= 1==3+ 4

But if we solve the first (WO equations, we get 1 =

satisfy the third equation, Therefore there are
Cquations, so L, and L, do not inte

Yands = ? and these val
no values of ¢ and s that satisfy !
rsect. Thus L, and L; are skew lines.

® Planes

Although a line in space is det
m

: CMinCd 1 . . ¢
ore difficult 1o describe.'A sin °Y @ point and 3 direction, a plan

gle vector parallel (o 4 plane is not enough K
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sendicular to the plane does completely specify

wm' of the plane, but a vector perj
ane in space 18 determined by a point Polxo, yo, 20) in the plane and

This orthogonal vector mis called a normal
and r be the position

“direcin
its direction. Thus a pl

a veotor n that s orthi
.—\ h\' mn

sgonal 10 the plane
arbitrary point in the plane, and let ry
ry is represented by r I; (See Figure 6.) The
ane. In particular, n 1s

vector Let Ay
and # Then the veclor r =

veulors ol P
hogonal to every vector in the given pl

aormal vector s ort
orthogonal tor = Fo and so we have

n'(l"'l'u)’f)

which can be rewritten as

n-r=n-'n |
J

(
J

-

L&)

ation of the plane.

Either Equation § or Equation 6 is called a vector equ
{a, b, ), r=(xy z) and

To obtain a scalar equation for the plane, we write n =
ro = {Xo, Yo. Z0). Then the vector equation (5) becomes

(a,.b,c) {x = X0,y = You 2 — 20) =

or
alx — xo) + b(y = yo) + ¢z = 2) =0

‘ _‘-f_‘ A scalar equation of the plane through point Py(xo. 0, zo) with normal

} vectorn = {a, b, ¢} is
' alx = xo) + by = y) + ¢z = 2)=0

e — d

i
, &

EXAMPLE 4 Find an equation of the plane through the point (2, 4, — 1) with normal
vector n = (2, 3, 4). Find the intercepts and sketch the plane.

SOLUTION Puttinga =2,b=3, ¢ =4, x=2, 30 = 3 _ .
: . ’ =4, andz = —|
we see that an equation of the plane is ’ in Equation 7.

x=2)+3(y-4)+4z+1)=0
o 2x+ 3y + 4z = |2
To find the x-intercept we set y'= z = 0in this equation and obtain x = 6. Similarly, the ~

y-intercept is 4 and the z-intercept is 3. This enables u

ree i st i

that lies in the first octant (see Figure 7). ‘ o o
E ]

By collecting terms in Equation id |
of a plane as . 7 as we did in Example 4, we can rewrite the equation

‘ : i .
8 l ax+bv+cz+d=0 ]
A i e e e A S SRS S ST AN WSS S --I
whe - — - ; i
Cm‘r‘:::el “(::: b: b;u + ). Equauon 8 is called a linear equation in x, y, and 2.
vt Y. : shown that if a, b, and ¢ are not all 0, then the lincar equ;uion (8)
nts a plane with normal vector {a, b. ¢ ). (See Exercise 83.)
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Figure 10 shows the planes in Example

7 and their hine of intersection L,
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2 L p=(4 -1, -2
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and can be taken as the pormal vector Thus

R N
n.,:./bzz - - ==.2i"'20]"1"L

With the point P(1.3 Z»mdtilcnomniwmn.anequﬂonofm:plmxs
I . Je

120 — 1) + 20(y — 3) + 14z - 2)=0
or 6x+ 10y +7:=350

g T3 : 2 g W
EXAMPLE 6 Find the point at which the linc with parametnc equalions X 3t
y = —41,z =5 + 1 miersects the plane 4x + Sy —2: =18

SOLUTION We subst utie the expressions for x, y, and £ from the parameiric equato
into the equation of the plane:
42+3)+5(-4n)-25+1)=18

This simplifies o — 101 = 20, so t = —2. Therefore the point of intersection occurs
when the parameter value ist = —2. Thenx = 2 + 3(-2) = =4,y = —4(-2) =
z =5 — 2 = 3 and so the point of intersection is (—4, 8, 3).

Two pla:;cs are parallel if their normal vectors are parallel. For instance, the pk
X+ 2y =32 =4and 2x + 4y — 6z = 3 are parallel because their normal vectors
n = (1,2, -3)andn; = (2,4, —6) and n; = 2n,. If tiwo planes are not parallel.'
they intersect in a straight line and the angle between the two planes is defined as
acute angle between their normal vectors (see angle 8 in Figure 9).

EXAMPLE 7

(a) Find the angle between the planes x + y + z = | and x — 2y + 3z = |.
(b) Find symmetric gquations for the line of intersection L of these two planes.
SOLUTION

(a) The normal vectors of these planes are
n=(1,1,1) n; =(1,-273)
and so, if 6 is the angle between the planes, Corollary 12.3.6 gives
i ®™ - W+ H-2)+ 1Y) 2
mdle:l A+ 151 /isa350 Va2

0 = cos '(*-;:) = J9°
Ja2 72

\

(b) We fi
mters:cl:.r::;:i?_’ t{; ::: 4 point on L. For instance. we can find the point where the
y-p ¥ setting z = 0 in the equations of both planes. This gives |



