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DETERMINANT

Every square matrix has associated with it a scalar called
its determinant.

Given a matrix A, we use det(A) or |A| to designate its
determinant. n Al

We can also designate the determinant of matrix A by =, )
replacing the brackets by vertical straight lines. For Q:ﬁ‘/

example,

Definition 1: The determinant of a 1x1 matrix [a] is the scalar
a.

Definition 2: The determinant of a 2x2 matrix is the
scalar ad-bc.

For higher order matrices, we will use a recursive procedure to
compute determinants.
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Properties of Determinants

1. The value of a determinant remains unchanged, if its
rows and columns are interchanged.

| a; by a; a as ‘
'.Il as bz Co = bl b2 b3 i.e. IA' = IA 'I Y-;
az bz c3 Ci C. C3

| 2. If any two rows (or columns) of a determinant are interchanged,
then the value of the determinant is changed by minus sign.

a; by o a by c
| a by cz| =-|ap by ci| [Applying Ry <> Ry ] z
| az bz c3 az bz c3




3. If all the elements of a row (or column) is multiplied by a
non-zero number k, then the value of the new determinant i
iIs k times the value of the original determinant.

Properties

| ka; kby kcyq a; by 4
fl aa by | =k laa by c W
a3y by E5 az bz c3

which also implies

HE by © " ma; mby mcy |
a b cl=—|a by c
m
az bz c3 az bz c3




4. If each element of any row (or column) consists of
two or more terms, then the determinant can be
expressed as the sum of two or more determinants.

a;, +x by ¢4 a b, o X by ¢
a+y by cy|=lax by G|+|y b
az+z b3 c5 az by c3 Z bz c3

Properties

5. The value of a determinant is unchanged, if any row
(or column) is multiplied by a number and then added
to any other row (or column).

A

ady bl Cy ay g mbl -nNcy b]_ Cy
aH bz Co a, + mbz - ncy b2 Co [Applylng Cl —> Cl i 02 ch -nC3]
a3 b3 C3 a3z + mb3 - NE3 b3 C3




Properties
6. If any two rows (or columns) of a determinant i
are identical, then its value is zero. I

@i By 6
a by c3|=0
a; by <

7. If each element of a row (or column) of a determinant is
zero, then its value is zero.

|

0O 0O 0O
a by c3|=0

a3 bz c3 AN
O&




Properties

—

(8) Let A =

C QoW

0O O
b O
0] C |

b

O O
b O
0O c

12
|
oo

be a diagonal matrix, then

abc







The Minor of an Element

e The determinant of each 3 x 3 matrix is called
a minor of the associated element.

e The symbol M; represents the minor when the
ith row and jth column are eliminated.

dyy M_‘" i dcl

dyy d)y
' ' ] s M_;_x = det




The Cofactor of an Element

Let M,;; be the minor for element a; in an n x n matrix.

The cofactor of a;, written A, is

A, =" -M,.

° To find the determinant of a 3 x 3 or larger square
matrix:

1. Choose any row or column,

2. Multiply the minor of each element in that row or
column by a +1 or -1, depending on whether the
sum of / + jis even or odd,

3. Then, multiply each cofactor by its corresponding
element in the matrix and find the sum of these
products. This sum is the determinant of the

matrix.




Finding the Determinant

2 —3 —2]
Example Evaluatedet | -1 —4 —3 |, expanding
1 0 2

by the second column.

Solution First find the minors of each element in the
second column.

M., = det :i ‘g 1) =) = =5
M, = det—_zl - g— B Vo) R | 8
M, = det__% :g- = BBy (=1 D)=—B




Now, find the cofactor.

Finding the Determinant

A, =DM, =(—=1)-(=5) =5

Azz — (_l)2+2
Ay = (=D
The determinant is found by multiplying each cofactor by its

corresponding element in the matrix and finding the sum of
these products.

2 —3
det| —1 —4
=1 0

—2
—3
2

M, =(D"-(2)=2
M, =(—1)°-(—8)=8

=a;* A, +a,;- Ay, +a,; - A,

—3(05) + (—(2) + (0)(8)
=—23



VALUE OF DETERMINANT IN TERMS OF
MINORS AND COFACTORS

@1 @12 &3
If A= d>q1 do2 QaAz»3 |, then

| 9391 Q3> 4dAz3 |

3 i 3
|Al =2 ()" aymy = > ayCy
j=1

j=1

=816, +9,G> +a3G3, fori=1ori=2o0ori=3




ROW (COLUMN) OPERATIONS

Following are the notations to evaluate a determinant:

(i) R; to denote ith row

(ii) Rj«<>R; to denote the interchange of ith and jth
rows.

(iii) Ri«>R; + 1R, to denote the addition of . times the

elements of jth row to the corresponding elements
of ith row.

(iv) 2R, to denote the multiplication of all elements of
ith row by 7.




EVALUATION OF DETERMINANTS

If a determinant becomes zero on putting
x = o, then (x - a)is the factor of the determinant.

X 5 2
For example, if A= x2 9 4 ,thenat x =2
x> 16 8

A = PDbecause C, and C, are identical atx = 2

Hence, (x — 2) is a factor of determinant . A




SIGN SYSTEM FOR EXPANSION OF DETERMINANT

Sign System for order 2 and order 3 are given by

1+
I 4+ |
+ 1+




EXAMPLE -1

Find the value of the following determinants

42 1 6 6 -3 2
N 128 7 4 (i) 2 -1 2

14 3 2 =10 5 2
Solution :

42 1 6| |6x7 1 6
(i) |28 7 a|l=lax7 7 a
14: 3 2| [2x7 3 2

=714 7 [ Taking out 7 common from C, |




EXAMPLE -1 ()

6 -3 2
(ii) [2 -1 2
-10 5 2

=(-2)|-1 -1 2 | Taking out—2 common from C; |




EXAMPLE - 2

3 1 a b+c
Evaluate the determinant |1 b c+ a|
1 c a-+b
Solution :
1 a b+c 1 a a+b+c
1 b c+al=(1 b a+b+c [Applying c, —>c, +cC,|
1 c a+b 1 ¢ a+b+c

=(a+b+cC)

| Taking (a+b+c) common from C; |

-
n T o
i




EXAMPLE -3

a b C
Evaluate the determinant: aZz b2 2
i bc ca ab
Solution:
a b C
We have |&° b? c?
bc ca ab
(a-b) b-c &
=|[(a-b)(a+b) (b-c)(b+c) c* [Applying C, - C,-C, and C, ->C,-C,]

-c(a-b) -a(b-c) ab




SOLUTION CONT.

=(a-b)(b-c)

=-(a-b)(b-c)(c-a)|1 b+c c?

=-(a-b)(b-c)(c-a)[0 a+b+c c’-ab
1 -a ab

-(c-a) b+c c?| [Applying ¢, »>c, -G ]

0] 1 C
-(c-a) -a ab
O 5 | C
5 | -a ab
O 2 8 C

[Applying R, >R, -R,]




EXAMPLE - 4

Without expanding the determinant,

3X+y 2X X
prove that |[4x+3y 3x 3x|=x’

5Xx+6y 4x 6Xx

Solution :

33X +VY LT x 3X 22X x
L.HS=|4x+3y 3X 33X

5X+6y 44X 6XxX 5x 4x 6Xx

A4 2X x
33X 3X|+ |8y 3xXx 33X

6y 44X 6

I
N
X




SOLUTION CONT.

1 B S
=x"11 3 3| [ApplyingC, »>C,-C,]|
1 4 6

-

[ApplyingR, >R, -R, and R, >R, -R, |

SN
W N




EXAMPLE -5

: | =,
Prove that : |»3 1 w?| = 0, where wis cube root of unity.
w” = 1
Solution :
1 w w® 1 w? w’>.w?
L.H.S =|w’ 1 wi=| w?’ 1 w>.w
w’® w’ 1 w.w? wl.w? 1




EXAMPLE - 6

Prove that :

Solution :

LH.S=

X+a
a
a

X+a
a
a

b
X+b
b

b
X+b
b

€
C

X+ C

C
c |[=x*(x+a+b+c)
X+ C
X+a+b+c b C
=|x+a+b+c x+b C
X+a+b+c b X+ C

[Applying C, > C,+C, +C,]|




SOLUTION CONT.

=(x+a+b+c)

O 0w
O XU
X OO0

[Applying R, >R, -R, and R; >R, -R, |

Expanding along C, , we get
(x+a+b+c)[1l(x3)]=x2(x+a+ b+ c)

= R.H.S




EXAMPLE -7

Using properties of determinants, prove that

b+c c+a a+b

c+a a+b b+c=2(a+b+c)(ab+bc+ca-a’-b?*-c?).
a+b b+c c+a

Solution :

b4+c c+a a+b
L.H.S=|c+a a+b b+c
a+b b+4+c c+a

2(a+b+c) 2(a+b+c) 2(a+b+c)
c+a a+b b+c [Applying R; >R, +R, +R,]|




SOLUTION CONT.

0 O 7 S
=2(a+b+c)|(c-b) (a-c) b+c [ApplyingC, - C,-C, and C, -C, -G,
(a-c) (b-a) c+a

Now expanding along R; , we get

2(a+b+c)[(c-b)(b-a)-(a-c)* |

= 2(a+b+c)|:bc-b2 -ac+ab-(az2+c? -2ac)]




EXAMPLE - 8

Using properties of determinants prove that

X+4 2%
2% X+ 4
2% 2%

Solution :
X+4

LLH.S=| 2X

2X%

2%
23C
X+ 4

2%
X+4
2X%X

=(5x+4)(4-x%)?

2%
2%
xX+4

5x+4

2X

5x+4 x+4
5x+4

2X

2X
2X
X+ 4

[ApplyingC, - C, +C, +C,]




SOLUTION CONT.

1 2X 2X
0O -(x-4) O
O X-4 -(x-4)

=(5x+4) [ApplyingR, >R, -R; and R, >R, -R,]

Now expanding along C;, we get

(5x+4)[1(x-4)2-o]

=(5x+4)(4-x)°




EXAMPLE -9

Using properties of determinants, prove that

X+9 X X
X X+9 X |=243(x+3)
X X X+9

Solution :

X+ 9 X 5
LiH.S=| X X+ 9 >3
4 X X+ 9




SOLUTION CONT.

1

X

=(3X+9)1 xXx+9

1

O X

=3(x+3)[0

X

O O X

=3(x+3)x81
=243(x+ 3)

x
x
X +9

[Applying R, >R, -R, and R, >R, -R, |

[Expanding along C, |



SOLUTION CONT.

1 a2 bc
=(@’+b*+c?)[0 (b-a)b+a) c(a-b)| [Applying R, »>R,-R, and R; »>R;-R,]
0O (c-b)(c+b) a(b-c)

1 a’ bc
=(a’+b’*+c?*)(a-b)(b-c)|0 -(b+a) c
O -(b+c) a

=(a*+b*+c*)(a-b)(b-c)(-ab-a*+bc+c*) [Expanding along C, ]

=(a’ +b? +c*)(a-b)(b-c)[b(c-a)+(c-a)(c+a)]




EXAMPLE - 10

(b+c)* a* bc
Show that [(c+a)®* b? cal|=(a’+b?+c’)(a-b)(b-c)(c-a)(a+b+c)
(a+b)> c? ab

Solution :

(b+c)> a* bc b’ +c? a* bc
L.H.S.=|(c+a)* b*> ca|l =|c*+a b* ca|l [ApplyingC, —»C, -2C, |
(a+b)* c* ab a’+b* < ab

a’+b*+c* a’* bc
=la* +b*+c* b? ca|l [Applying C, »C,+C,]

2 2







Applications of Determinants
(Area of a Triangle)

The area of a triangle whose vertices are
(X:,¥Y:), (X5, ¥>)and (X5, ¥;) is given by the expression
xl YI 1

X, Yy, 1
X; ys; 1

[X; (Yo -Ya)+ X (Ya-VYy)+ X (Yy-Y2)]




Find the area of a triangle whose vertices are (-1, 8), (-2, -3)
and (3, 2).
Solution :
y, 1 -1 8 1
v, 1 =—;- 2 =3 1
Yy, 1 3 20 =1

Area of triangle = —;-

= %[-1(-3-2)- 8(-2-3)+1(-4+9)]

%[5+40+5] 25 sq.units




Condition of Collinearity of Three Points

If A(X,,Y:), B(x;, ¥,)andC (x;, y;) are three points,

then A, B, C are collinear

<> Area of triangle ABC =0

12 yp, 1 Xy vy 1

¢:>-2-X2 Yo 1|=0 <= X Yo 1|=0
X3 y3 1 X3 ys3 1







D>

D= ™ bl,o1 cl b1 and D, = [t 1




the system i smns”istent ‘and has unique so

,’-"and D; =D5 =0,

then the system is consistent and has infinitely many
SOoilu N ons.

3) 1 D=0 and one of Dy, D, #0,

s _gn the system is inconsistent and has no solution.




s
B el 8

1§

~




! T

Equations (Cramer’s Rule)

Let the system of linear equations be

ayx+byy+ciz=d; ... (i)
aX+by+cz=d> .. (i)
33X +byy+c3z =dj .. .(110)
Then x=2!-, y=[—)-3-, z=23— provided D = 0O,
D D D
ay b, 55 1 d, b,y
where D = a>s bz Col|., Dl = dz b2
as b3 C3 ds b3

and D3 = |a> b2 d2

Solution of System of 3 Linear



U4 ‘\‘-’I{

ql B,_ = D, = D5 = 0, then the system has i' nfin
br no solution.

) ,}3 "d, = d, = d3 = 0, then the system is called the system of
bmogeneous llnear equations.

If D = 0, then the system has only trivial solution x =

&
-

) If D = 0, then the system has infinite solutions.




Example

Using Cramer's rule , solve the following
system of equations

5x -y+ 4z =5
2X + 3y+ 5z = 2
5 -2y + 6z = -1
Solution :
5 -1 4 = 5(18+10) + 1(12-25)+4(-4 -15)
D=2 3 5 = 140 -13 -76 =140 - 89
5 -2 6 =510
Sa=1. 4 5(18+10)+1(12+5)+4(-4 +3)

140 +17 -4
153

O
=
[
N
W
9
| I |




5(-3 +4)+1(-2 - 10)+5
=102 _

D, -102 _

=-2

D 51




Example

Solve the following system of homogeneous linear equations:
X+y—-—z2z=0,Xx—-2y +z2z=0, 3Xx +6y +-5z=0

Solution:
1 1 -1

We have D= |1 -2 1|=1(10-6)-1(-5-3)-1(6+ 6)
3 6 -5

=4+8-12=0
o. The systemhas infinitely many solutions.

Putting z = k, in first two equations, we get

X+ vy =k, x—-2y = -k



— A

-

S € ,;Iues of x, y and z = k satisfy (iii) equation.

=<k

3 - z=k, wherek R







Find the determinant of each matrix.

2 3 -1

42 1 6

28 7 4

(=)
—
N
(A
S

2
2

-3
]

g 9 =3 11

0

0

.

2 2 I







