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Complex Numbers

1.1 The Real Number System

The number system as we know it today is a result of gradual development as indicated in the following list.
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Natural numbers 1,2, 3,4, ..., also called positive integers, were first used in counting. If a and
b are natural numbers, the sum a + b and product a - b, (a)(b) or ab are also natural numbers. For
this reason, the set of natural numbers is said to be closed under the operations of addition and
multiplication or to satisfy the closure property with respect to these operations.
Negative integers and zero, denoted by —1, —2, —3, ... and 0, respectively, permit solutions
of equations such as x + b = a where a and b are any natural numbers. This leads to the operation
of subtraction, or inverse of addition, and we write x = a — b.

The set of positive and negative integers and zero is called the set of integers and is closed
under the operations of addition, multiplication, and subtraction.
Rational numbers or fractions such as %, —%, ... permit solutions of equations such as bx = a
for all integers a and b where b # 0. This leads to the operation of division or inverse of multipli-
cation, and we write x = a/b or a + b (called the quotient of a and b) where a is the numerator
and b is the denominator.

The set of integers is a part or subset of the rational numbers, since integers correspond to
rational numbers a/b where b = 1.

The set of rational numbers is closed under the operations of addition, subtraction, multipli-
cation, and division, so long as division by zero is excluded.
Irrational numbers such as \/Z and 7r are numbers that cannot be expressed as a/b where a and b
are integers and b # 0.

The set of rational and irrational numbers is called the set of real numbers. It is assumed that the student
is already familiar with the various operations on real numbers.

1.2 Graphical Representation of Real Numbers

Real numbers can be represented by points on a line called the real axis, as indicated in Fig. 1-1. The point
corresponding to zero is called the origin.

23 _3 r —1. 3 \2 T
2% pAets &y or®

-3 -2 1 (I)
Fig. 1-1



CHAPTER 1 Complex Numbers

Conversely, to each point on the line there is one and only one real number. If a point A corresponding to
a real number a lies to the right of a point B corresponding to a real number b, we say that a is greater than b
or b is less than a and write a > b or b < a, respectively.

The set of all values of x such that a < x < b is called an open interval on the real axis while a < x < b,
which also includes the endpoints a and b, is called a closed interval. The symbol x, which can stand for any
real number, is called a real variable.

The absolute value of a real number a, denoted by |a|, is equal to a if a > 0, to —a if a < 0 and to O if
a = 0. The distance between two points a and b on the real axis is |a — b|.

1.3 The Complex Number System

There is no real number x that satisfies the polynomial equation x*> + 1 = 0. To permit solutions of this and
similar equations, the set of complex numbers is introduced.

We can consider a complex number as having the form a + bi where a and b are real numbers and i,
which is called the imaginary unit, has the property that i> = —1. If z = a + bi, then a is called the real
part of z and b is called the imaginary part of z and are denoted by Re{z} and Im{z}, respectively. The
symbol z, which can stand for any complex number, is called a complex variable.

Two complex numbers a + bi and ¢ + di are equal if and only if a = ¢ and b = d. We can consider real
numbers as a subset of the set of complex numbers with b = 0. Accordingly the complex numbers 0 4 0i
and —3 + 0i represent the real numbers 0 and —3, respectively. If a = 0, the complex number 0 + bi or bi is
called a pure imaginary number.

The complex conjugate, or briefly conjugate, of a complex number a + bi is a — bi. The complex
conjugate of a complex number z is often indicated by z or z*.

1.4 Fundamental Operations with Complex Numbers

In performing operations with complex numbers, we can proceed as in the algebra of real numbers,
replacing i? by —1 when it occurs.

(1) Addition
(a+bi)+(c+di)y=a+bi+c+di=@+c)+D+d)i

(2) Subtraction
(a+bi)—(c+d)=a+bi—c—di=(@—c)+ (b—d)i

(3) Multiplication
(a + bi)(c + di) = ac + adi + bci + bdi? = (ac — bd) + (ad + bc)i

(4) Division
If ¢ #£ 0 and d # 0, then
a+bi a+bi c—di_ac—adi—i—bci—bdi2
c+di c+di c—di 2 — &2
ac+ bd + (bc —ad)i ac+bd bc—ad .
- 2+ “ere ey a!
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1.5 Absolute Value

The absolute value or modulus of a complex number a + bi is defined as |a + bi| = «/a? + b2.

EXAMPLE 1.1: |—4 + 2i| = /(—=4)> + (2)> = +/20 = 2./5.
If z1, 22, z3, ..., 2, are complex numbers, the following properties hold.
(D) lziz2] = |z1llz2] or lz122 - zm| = lz1llz2l - - - |Zml
Z Z .
@ 2= if 2 #£0
22 22
3 la+ 2zl < lal+ |z or lz1+ 22+ +zml <zl + |22l + - + 2wl
@ Nz £ 22| = |zl — lz2]

1.6 Axiomatic Foundation of the Complex Number System

From a strictly logical point of view, it is desirable to define a complex number as an ordered pair (a, b) of
real numbers a and b subject to certain operational definitions, which turn out to be equivalent to those
above. These definitions are as follows, where all letters represent real numbers.

A. Equality (a,b)=(c,d)ifandonlyifa=c,b=d
B. Sum (a,b)+(c,d)=(@a+c,b+d)
C. Product (a, b)-(c, d) = (ac — bd, ad + bc)

m(a, b) = (ma, mb)

From these we can show [Problem 1.14] that (a, b) = a(1, 0) + b(0, 1) and we associate this with a + bi
where i is the symbol for (0, 1) and has the property that 2 = (0, 1)(0, 1) = (-1, 0) [which can be
considered equivalent to the real number —1] and (1, 0) can be considered equivalent to the real
number 1. The ordered pair (0, 0) corresponds to the real number 0.

From the above, we can prove the following.

THEOREM 1.1:  Suppose zi, 22, z3 belong to the set S of complex numbers. Then

(1) z1 + 2z and z;2, belong to S Closure law

2) ntn=+zu Commutative law of addition

Q) z+@+n)=~@+22)+2 Associative law of addition

@) 222 =2nnu Commutative law of multiplication
(5 21(z2223) = (T122)z3 Associative law of multiplication
©) z+n)=un+uzs Distributive law

7N z21+40=04+2z =21, 121 =21 -1 =2z, 0 is called the identity with respect to addition, 1 is
called the identity with respect to multiplication.

(8) For any complex number z; there is a unique number z in S such that z 4+ z; = 0;
[z is called the inverse of z; with respect to addition and is denoted by —z;].

(9) For any z; #0 there is a unique number z in S such that 7,z = zz; = 1;
[z is called the inverse of z with respect to multiplication and is denoted by z;!' or 1/z1].

In general, any set such as S, whose members satisfy the above, is called a field.

1.7 Graphical Representation of Complex Numbers

Suppose real scales are chosen on two mutually perpendicular axes X’OX and Y’'OY [called the x and y axes,
respectively] as in Fig. 1-2. We can locate any point in the plane determined by these lines by the ordered
pair of real numbers (x, y) called rectangular coordinates of the point. Examples of the location of such
points are indicated by P, O, R, S, and T in Fig. 1-2.
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Since a complex number x + iy can be considered as an ordered pair of real numbers, we can represent
such numbers by points in an xy plane called the complex plane or Argand diagram. The complex number
represented by P, for example, could then be read as either (3, 4) or 3 + 4i. To each complex number there
corresponds one and only one point in the plane, and conversely to each point in the plane there corresponds
one and only one complex number. Because of this we often refer to the complex number z as the point z.
Sometimes, we refer to the x and y axes as the real and imaginary axes, respectively, and to the complex
plane as the z plane. The distance between two points, z; = x1 + iy} and z; = x; + iy,, in the complex plane is

given by |z1—22| = v/ (x1 —x2)* + (y1 —y2)*.
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1.8 Polar Form of Complex Numbers

Let P be a point in the complex plane corresponding to the complex number (x, y) or x + iy. Then we see
from Fig. 1-3 that

x=rcosfh, y=rsinf

where r = \/x2 + y2 = |x + iy| is called the modulus or absolute value of z = x + iy [denoted by mod z or
|z|]; and 6, called the amplitude or argument of z = x + iy [denoted by arg z], is the angle that line OP makes
with the positive x axis.

It follows that

z=x+ iy = r(cos 6 4 isin 6) (1.1

which is called the polar form of the complex number, and r and 0 are called polar coordinates. It is some-
times convenient to write the abbreviation cis 6 for cos 6 + i sin 6.

For any complex number z #0 there corresponds only one value of 6in 0 <6 <2#. However, any other
interval of length 27, for example —7 <6 <, can be used. Any particular choice, decided upon in
advance, is called the principal range, and the value of 6 is called its principal value.

1.9 De Moivre’s Theorem

Let z; = x; +iy; = ri(cos 0; +isin ;) and 7z, = xp + iy, = ry(cos 6, + i sin 6,), then we can show that
[see Problem 1.19]
2122 = rir2{cos(6; + 62) + isin(6; + 6,)} (1.2)
21 r

L Licos(6; — 6) + isin(6; — 6,)) (1.3)
22 r
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A generalization of (1.2) leads to

2122+ Zn = iy 1p{cos(0y + 6y + - - + 6,) +isin(6; + 6, + - - - + 6,)} (1.4)
and if z; = zp = - -+ = z, = z this becomes
7" = {r(cos 0+ isin )} = r"(cosnb + i sinnb) (1.5)

which is often called De Moivre’s theorem.

1.10 Roots of Complex Numbers

A number w is called an nth root of a complex number z if w" =z, and we write w = 7z, From
De Moivre’s theorem we can show that if » is a positive integer,

ZM" = {r(cos @ + isin 6)}'/"
2%k 2%k (1.6)
=rl/n{cos(9+ 77)+isin<0+ 77)} k=0,1,2,....n—1
n n

1/n

from which it follows that there are n different values for z'/”, i.e., n different nth roots of z, provided z # 0.

1.11 Euler’'s Formula

By assuming that the infinite series expansion ¢* = 1 + x 4+ (x*>/2!) + (x*/3!) 4 - - - of elementary calculus
holds when x = i6, we can arrive at the result

€' = cos O+ isin 0 (1.7)

which is called Euler’s formula. It is more convenient, however, simply to take (1.7) as a definition of ¢'’.
In general, we define

=&Y = % = e“(cosy + isiny) (1.8)

In the special case where y = 0 this reduces to ¢*.
Note that in terms of (1.7) De Moivre’s theorem reduces to (¢'?)" = ™.

1.12 Polynomial Equations

Often in practice we require solutions of polynomial equations having the form

a? +ar? '+ P+ +apz+a, =0 (1.9)

where ag #0, a;,..., a, are given complex numbers and n is a positive integer called the degree of
the equation. Such solutions are also called zeros of the polynomial on the left of (1.9) or roots of the
equation.
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A very important theorem called the fundamental theorem of algebra [to be proved in Chapter 5] states
that every polynomial equation of the form (1.9) has at least one root in the complex plane. From this we can
show that it has in fact n complex roots, some or all of which may be identical.

If z1, 20, ..., z, are the n roots, then (1.9) can be written

az—z1)z—22) - (2—z) =0 (1.10)

which is called the factored form of the polynomial equation.

1.13 The nth Roots of Unity

The solutions of the equation z* = 1 where n is a positive integer are called the nth roots of unity and are
given by

2% 2%k .
= cos D pisin T = kT —0,1,2,....n—1 (1.11)
n n

If we let @ = cos 27/n + isin27/n = €*™/", the n roots are 1, w, ?, ..., o""'. Geometrically, they rep-
resent the n vertices of a regular polygon of n sides inscribed in a circle of radius one with center at the
origin. This circle has the equation |z| = 1 and is often called the unit circle.

1.14 Vector Interpretation of Complex Numbers

A complex number z = x + iy can be considered as a vector OP whose initial point is the origin O and
whose terminal point P is the point (x, y) as in Fig. 1-4. We sometimes call OP = x + iy the position
vector of P. Two vectors having the same length or magnitude and direction but different initial points,
such as OP and AB in Fig. 1-4, are considered equal. Hence we write OP = AB = x + iy.

B
/ ZZ_________—-::'B
A ——————— ,—”‘ ,rl
PG ) n*2o-" =
-7 2 'C
0 . x
Fig. 1-4 Fig. 1.5

Addition of complex numbers corresponds to the parallelogram law for addition of vectors [see
Fig. 1-5]. Thus to add the complex numbers z; and zp, we complete the parallelogram OABC whose
sides OA and OC correspond to z; and z,. The diagonal OB of this parallelogram corresponds to z; 4 z;.
See Problem 1.5.

1.15 Stereographic Projection

Let P [Fig. 1-6] be the the complex plane and consider a sphere S tangent to P at z = 0. The diameter NS is
perpendicular to P and we call points N and S the north and south poles of S. Corresponding to any point A
on P we can construct line NA intersecting S at point A’. Thus to each point of the complex plane P
there corresponds one and only one point of the sphere S, and we can represent any complex number by
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a point on the sphere. For completeness we say that the point N itself corresponds to the “point at infinity” of
the plane. The set of all points of the complex plane including the point at infinity is called the entire
complex plane, the entire 7 plane, or the extended complex plane.

N

Fig. 1-6
The above method for mapping the plane on to the sphere is called stereographic projection. The sphere

is sometimes called the Riemann sphere. When the diameter of the Riemann sphere is chosen to be unity,
the equator corresponds to the unit circle of the complex plane.

1.16 Dot and Cross Product

Let z; = x; 4+ iy; and 25 = x; + iy, be two complex numbers [vectors]. The dot product [also called the
scalar product] of z; and z, is defined as the real number

71 - 22 = X1X2 + y1y2 = |z1]|z2] cos 0 (1.12)

where 6 is the angle between z; and z, which lies between 0 and .
The cross product of z; and z, is defined as the vector z; x 7o = (0, 0, x;y, — y1x2) perpendicular to the
complex plane having magnitude

lz1 X 22| = x192 — y1%2 = |z1]]z2| sin 6 (1.13)
THEOREM 1.2:  Let z; and z; be non-zero. Then:

(1) A necessary and sufficient condition that z; and z, be perpendicular is that z; - z = 0.
(2) A necessary and sufficient condition that z; and z, be parallel is that |z; X 2| = 0.
(3) The magnitude of the projection of z; on z; is |z; - 221/|22].

(4) The area of a parallelogram having sides z; and z; is |71 X 23]

1.17 Complex Conjugate Coordinates

A point in the complex plane can be located by rectangular coordinates (x, y) or polar coordinates (r, 6).
Many other possibilities exist. One such possibility uses the fact that x = %(z—l—i), y=(1/2i)(z—7)
where z = x 4 iy. The coordinates (z, z) that locate a point are called complex conjugate coordinates or
briefly conjugate coordinates of the point [see Problems 1.43 and 1.44].

1.18 Point Sets

Any collection of points in the complex plane is called a (two-dimensional) point set, and each point is
called a member or element of the set. The following fundamental definitions are given here for reference.

(1) Neighborhoods. A delta, or 8, neighborhood of a point zj is the set of all points z such that
|z — z0] < 6 where 0 is any given positive number. A deleted 6 neighborhood of zj is a neigh-
borhood of zy in which the point z; is omitted, i.e., 0 < |z — z9| < .
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Limit Points. A point z is called a limit point, cluster point, or point of accumulation of a point
set S if every deleted & neighborhood of zy contains points of S.

Since 6 can be any positive number, it follows that S must have infinitely many points. Note
that zop may or may not belong to the set S.

Closed Sets. A set S is said to be closed if every limit point of S belongs to S, i.e., if S contains all
its limit points. For example, the set of all points z such that |z] < 1 is a closed set.

Bounded Sets. A set S is called bounded if we can find a constant M such that |z| < M for every
point z in S. An unbounded set is one which is not bounded. A set which is both bounded and
closed is called compact.

Interior, Exterior and Boundary Points. A point z is called an interior point of a set S
if we can find a é neighborhood of zj all of whose points belong to S. If every § neighborhood
of zp contains points belonging to S and also points not belonging to S, then zg is called a
boundary point. If a point is not an interior or boundary point of a set S, it is an exterior
point of S.

Open Sets. An open set is a set which consists only of interior points. For example, the set of
points z such that |[z] < 1 is an open set.

Connected Sets. An open set S is said to be connected if any two points of the set can be
joined by a path consisting of straight line segments (i.e., a polygonal path) all points of
which are in S.

Open Regions or Domains. An open connected set is called an open region or domain.
Closure of a Set. If to a set S we add all the limit points of S, the new set is called the closure of S
and is a closed set.

Closed Regions. The closure of an open region or domain is called a closed region.

Regions. If to an open region or domain we add some, all or none of its limit points, we obtain a
set called a region. If all the limit points are added, the region is closed; if none are added, the
region is open. In this book whenever we use the word region without qualifying it, we shall
mean open region or domain.

Union and Intersection of Sets. A set consisting of all points belonging to set S; or set S, or to
both sets S| and S is called the union of S; and S, and is denoted by S; U S5.

A set consisting of all points belonging to both sets S} and S is called the intersection of S;
and S, and is denoted by S; N S.

Complement of a Set. A set consisting of all points which do not belong to § is called the comp-
lement of S and is denoted by S or S°.

Null Sets and Subsets. It is convenient to consider a set consisting of no points at all. This set is
called the null set and is denoted by . If two sets S; and S, have no points in common (in which
case they are called disjoint or mutually exclusive sets), we can indicate this by writing
SiNS=g.

Any set formed by choosing some, all or none of the points of a set S is called a subset
of S. If we exclude the case where all points of S are chosen, the set is called a proper
subset of S.

Countability of a Set. Suppose a set is finite or its elements can be placed into a one to one
correspondence with the natural numbers 1, 2, 3, .... Then the set is called countable or denu-
merable; otherwise it is non-countable or non-denumerable.

The following are two important theorems on point sets.

H
@)

Weierstrass—Bolzano Theorem. Every bounded infinite set has at least one limit point.
Heine—Borel Theorem. Let S be a compact set each point of which is contained in one or more
of the open sets A;, A,, ... [which are then said to cover S]. Then there exists a finite number of
the sets Ay, Aj, ... which will cover S.
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SOLVED PROBLEMS

Fundamental Operations with Complex Numbers

1.1. Perform each of the indicated operations.

Solution

@ G+2)+(-7—)=3-T4+2i—i=-4+1i
® (—7-D4+0@+2)=-T+3—-i+2i=—-4+1i
The results (a) and (b) illustrate the commutative law of addition.

c) 8B=6))—QRi—7)=8—-6i—2i+7=15-8i
@ G+3)+{(-14+2D0+T=5D}=0C+3)+{-14+2i+7—-5i} =065 +3)+(6—-3i) =11
e {6+3)+1+20}+T-=5)=5+3i—-14+2{}+T=5)=@A+5)+ 7T -5) =11

The results (d) and (e) illustrate the associative law of addition.

() 2—3i)4+2i)=2(4+2i)—3i(4+2)=8+4i— 12 — 61> =8 +4i— 12i +6 =14 — 8i
(€) (4+2)2—=3)=4Q2—3)+2i2—3))=8—12i+4i — 62 =8 — 12i +4i +6 =14 —8i

The results (f) and (g) illustrate the commutative law of multiplication.
(h) 2 —D{(=3 +2i)(5 —4i)} = 2 — D){—15 + 12i + 10i — 8i*}

= (2 —i)(—7+22i) = —14 +44i + 7i — 22i* = 8 + 51i
() {2 = D(=342D)}(5 — 4i) = {—6 +4i + 3i — 22}(5 — 4i)

= (—4+7i)(5 — 4i) = —20 + 16i + 35i — 28i* = 8 + 51i
The results (h) and (i) illustrate the associative law of multiplication.
G) 14207 =5+ (=344 =(—14+2)d—i)=—4+i+8 —2°=—-2+9i
Another Method.

(=1 +2){(7 — 5i) + (=3 + 4i)} = (=1 4+ 2i)(7 — 5i) + (—1 + 2)(—3 + 4i)

= {—7 + 5i + 14i — 10®} + {3 — 4i — 6i + 8{*}
=@B+19) 4+ (=5—10i) = -2+ 9i

The above illustrates the distributive law.

G 3% _3-2 —l—i —3-3i+2i+2% —5-i 5 1
—14i —1+i —1—i 1—22 22

—=—=i

Another Method. By definition, (3 — 2i)/(—1 + i) is that number a + bi, where a and b are real, such that
(=1+4+ida+bi)=—a—b+ (a—b)i=3—2i. Then —a— b =3, a— b = —2 and solving simultaneously,
a=-5/2,b=—1/20ora+bi=-5/2—1i/2.
@O 5+5i 20 5+5i 344 20 4-3;
3—4i 4+43i 3—4i 3+4i 4+3i 4-3i
_15420i + 15i + 202 80 — 60i —5+35i+80—60i
N 9 — 162 16—92 25 25

=3—i

(m) 3l'30 _ l'l9 _ 3(l-2)15 _ (12)9l _ 3(_1)15 _ (_1)91
2i—1  2i—1 n —1+2i
B340 —1-2 3+46i—i—2 5+45i
Tl 42i —1-2i 1 — 42 R

=14
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1 3
Suppose 7 =241,z =3 —2iand 73 = — 5 + {i. Evaluate each of the following.

Solution
(@) 3z1 —4z] =132+ — 4B —2i)| =6 +3i — 12 + 8i]

= =6+ 11i| = /(=6)> + (11)? = /157

() 7 =37 +471—-8=02+i) 32+’ +42+i)—8

={2°® +3Q2)°O +3Q)()> +i} =34 +4i+i>)+8+4i—8
=8412i—6—i—12—12i+3+8+4i—8=—7+3i

2
w1V BN (1 BN [ By
R R —(‘5‘7’>— (‘5‘7’)
CTLLNE 3,7 (1 VAN V33, 1 3
= [1*7’*1’] —(7*7’) RV R U RN

2

@ 2+z-5-iF [20-20)+Q+)—5—i
20—z +3—i 2Q4+i)—(3—2i)+3—i
_ B4 B4l (O
SR Y@t e?

Find real numbers x and y such that 3x + 2iy — ix + 5y =7 4 5i.

Solution

The given equation can be written as 3x + 5y 4+ i(2y — x) = 7 + 5i. Then equating real and imaginary parts,
3x+5y =17, 2y —x = 5. Solving simultaneously, x = —1, y = 2.

Prove: (a) z1 + 22 = 71 + 22, () |z122] = 21122 ).

Solution

Let z1 = x; +iy1, 22 = x2 +iy;. Then

@ z+zn=xi+iyi+x2+iyy=x1+x+i(y1+y)
=xi+xn—iyi+y)=xi—iyi+x—ip=xi+iyvi+to+tin=u+2

(b) |ziz2| = |(x1 + iy + iy2)| = X122 — y1y2 + i(x1y2 + y1x2)|

= \/(X1X2 —y2)? + iy + yix)’ = \/(X% + D03 +y3) = \/x% +Y%\/x% + ¥} = lzllzal
Another Method.

2 S == = = 20,12
lz122]" = (2122)(Z122) = 21222122 = (2121)(2222) = |z1]7]22]” or |z122] = |z1]]22]

where we have used the fact that the conjugate of a product of two complex numbers is equal to the product of
their conjugates (see Problem 1.55).

Graphical Representation of Complex Numbers. Vectors

1.5.

Perform the indicated operations both analytically and graphically:

(@) B+4i)+ (5 +2i), (1) (6—20)—(2—5i), () (=3+5i)+@+2i)+ (5 —3i) + (—4 — 6i).



CHAPTER 1 Complex Numbers

Solution
(a) Analytically. G+4)+ G5 +2)=3+5+4i+2i=8+6i

Graphically. Represent the two complex numbers by points P; and P,, respectively, as in Fig. 1-7.
Complete the parallelogram with OP; and OP, as adjacent sides. Point P represents the sum, 8 + 64,
of the two given complex numbers. Note the similarity with the parallelogram law for addition of
vectors OP; and OP; to obtain vector OP. For this reason it is often convenient to consider a complex
number a + bi as a vector having components a and b in the directions of the positive x and y axes,

respectively.
y y
T _z7 P
Py i
Q. y
- X . 4
N & %
*x L /
” /’/ P, } X
T/ 5)(7,\
t t t t t t t t t X
o

Fig. 1.7

(b) Analytically. (6 —-20))—(2—-5)=6—-2—-2i+5i=4+3i
Graphically. (6 —2i) — (2 —5i) = 6 — 2i + (—2 + 5i). We now add 6 — 2i and (—2 + 5i) as in part (a).
The result is indicated by OP in Fig. 1-8.

(c) Analytically.
(=34+5)+@+20+06-3)+(—4—-6)=(-34+44+5-4DH+Gi+2i-3i—-6i))=2-2i

Graphically. Represent the numbers to be added by zj, z2, z3, z4, respectively. These are shown graphi-
cally in Fig. 1-9. To find the required sum proceed as shown in Fig. 1-10. At the terminal point of vector z;
construct vector z,. At the terminal point of z, construct vector z3, and at the terminal point of z3 construct
vector z4. The required sum, sometimes called the resultant, is obtained by constructing the vector OP
from the initial point of z; to the terminal point of z4, i.e., OP =71+ 2 + 23 + 24 =2 — 2i.

sl +

24

Fig. 1.9 Fig. 1-10
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1.6. Suppose z; and z, are two given complex numbers (vectors) as in Fig. 1-11. Construct graphically
(a) 321 — 2z, (b) 322+ 3z
Solution

(a) In Fig. 1-12, OA = 3z, is a vector having length 3 times vecter z; and the same direction.
OB = —2z, is a vector having length 2 times vector z, and the opposite direction.
Then vector OC = OA 4+ OB = 3z; — 225.

y
y C
e .
,r”// L{:‘“\ ~~~~~~~~~~~~
B <L "\ “\ y A
Zl ‘\E)‘ \\\
X \232 \\‘ sy
2 0‘ X
Fig. 1-11 Fig. 1-12
y
Qo
§Z| e P
o — ‘:, = x
S
Fig. 1-13
(b) The required vector (complex number) is represented by OP in Fig. 1-13.
1.7. Prove (a) |z1 + 22| < |zil + |2l (b) lz1 + 22 + 23] < |za] + |z2] + |z3l, (©) |21 — 22| = |z1] — |22

and give a graphical interpretation.

Solution

(a) Analytically. Let z; = x; + iy, 220 = xp + iy,. Then we must show that

Jo 32+ 01327 < 802+ 243

Squaring both sides, this will be true if

(1 +:2)7 + 01 4+ 32 <x7 + 37 + 2,03 +yD03 +33) + x5 + 33
ie., if X1+ y1y2 <4/ + D3 +33)

or if (squaring both sides again)

x5 + 201001y + Y1y < X005 + X3 + ¥ + vy
or 2x10y1y2 < X5 + 010

But this is equivalent to (x;y, — x2y1)2 > 0, which is true. Reversing the steps, which are reversible,
proves the result.
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Graphically. The result follows graphically from the fact that |z;|, |z2|, |21 + z2| represent the lengths of
the sides of a triangle (see Fig. 1-14) and that the sum of the lengths of two sides of a triangle is greater

than or equal to the length of the third side.

y

o|
Fig. 1-14
(b) Analytically. By part (a),

Fig. 1-15

|zt + 22 + 23] = |21 + (22 + 23)| < |21l + |22 + 23] < |z1] + |z2] + |z3]

Graphically. The result is a consequence of the geometric fact that, in a plane, a straight line is the shortest

distance between two points O and P (see Fig. 1-15).

(c) Analytically. By part (a), |z1] = |z1 — 22 + 22| < |z1 — 22| 4 |z2]. Then |z; — 22| = |z1| — |z2]. An equival-
ent result obtained on replacing z, by —z; is |z1 4+ z2| > |z1]| — |22]-
Graphically. The result is equivalent to the statement that a side of a triangle has length greater than or

equal to the difference in lengths of the other two sides.

1.8. Let the position vectors of points A(x;, y;) and B(x,, y») be represented by z; and z;, respectively.
(a) Represent the vector AB as a complex number. (b) Find the distance between points A and B.

Solution

(a) From Fig. 1-16, OA + AB = OB or

AB=0B - 0A =723 — 71 = (x2 + iy2) — (x1 +iy1) = (x2 — x1) +i(y2 — ¥1)

(b) The distance between points A and B is given by

IAB = (32 — x1) + iy — ¥l = /(2 — x1) + (52 — 1 )?

Alxy,yp)

21 -

2

4| P

Fig. 1-16

9] C

Fig. 1-17

1.9. Let z; = x; 4 iy; and 7z = x, + iy, represent two non-collinear or non-parallel vectors. If a and b
are real numbers (scalars) such that az; 4+ bz, = 0, prove that a = 0 and b = 0.
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Solution

The given condition az; + bz, = 0 is equivalent to

a(xy +iy1) + b(xa +iy2) = 0 or ax; + bxy + i(ayr + byy) = 0.

Then ax; + bx, =0 and ay; + by, = 0. These equations have the simultaneous solution a =0, b =0 if
yi/Xx1 # y2/X2, i.e., if the vectors are non-collinear or non-parallel vectors.

Prove that the diagonals of a parallelogram bisect each other.

Solution

Let OABC [Fig. 1-17] be the given parallelogram with diagonals intersecting at P.

Since z; + AC =z, AC = 25 — z1. Then AP = m(z, — z1) where 0 <m < 1.

Since OB = z; + 22, OP = n(z; + ) where 0 <n < 1.

But OA+AP =0P, ie, z1+m(zo —z1) =n(zi +22) or (1 —m—n)z; +(m —n)z; =0. Hence, by
Problem 1.9,1 —m —n =0, m —n=0o0rm =3}, n=1Jand so P is the midpoint of both diagonals.

Find an equation for the straight line that passes through two given points A(x;, y;) and B(xz, y2).

Solution

Let z; = x; + iy; and zp = x, + iy, be the position vectors of A and B, respectively. Let z = x + iy be the
position vector of any point P on the line joining A and B.
From Fig. 1-18,

OA+AP=0P or z1+AP=2z 1ie,AP=z—17
OA+AB=0B or z1+AB=2z, ie,AB=2—2

Since AP and AB are collinear, AP = tAB or z — z; = t(zo — z1) where ¢ is real, and the required equation is
=71+t —z1) or z=(1—-0z1+1t2
Using 73 = x; +1iy;, 2 =X +1iy; and z = x + iy, this can be written

X=X _Yy—n
X2 — X1 2= V1

xX—xy =1tx;—x1), y—y =t —y) or

The first two are called parametric equations of the line and ¢ is the parameter; the second is called the equation
of the line in standard form.

Another Method. Since AP and PB are collinear, we have for real numbers m and n:

mAP =nPB or m(z—2z1) =n(za —2)

Solving,

_mzy+nn or x_mxl—i—nxg _my; +ny;

m+n m4+n ' m+n

which is called the symmetric form.
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21 P

2 |

Fig. 1-18 Fig. 1-19

1.12. LetA(1, —2), B(—3, 4), C(2, 2) be the three vertices of triangle ABC. Find the length of the median

1.13.

from C to the side AB.

Solution

The position vectors of A, B, and C are given by z; = 1 — 2i, 20 = —3 + 4i and z3 = 2 + 2i, respectively.
Then, from Fig. 1-19,

AC=z3—z71=24+2i—(1-2))=1+4i
BC=23—20=24+2i—(-3+4)=5-2i
AB=2—z1=-34+4i—(1-2i))=—-4+6i

AD =3AB =4(—4+6i) = —2+3i since D is the midpoint of AB.
AC+CD=AD or CD=AD—-AC=-243i—(1+4+4)=-3—1.

Then the length of median CD is |CD| = |-3 — i| = +/10.

Find an equation for (a) a circle of radius 4 with center at (—2, 1), (b) an ellipse with major axis of
length 10 and foci at (—3, 0) and (3, 0).

Solution

(a) The center can be represented by the complex number —2 + i. If z is any point on the circle [Fig. 1-20], the
distance from z to —2 + i is

z—(=2+0)| =4
Then |z + 2 — i| = 4 is the required equation. In rectangular form, this is given by

(x+2)+iy—1| =4, ie,x+2?+G-17>=16

z Z
4
\(i/ X Qy x

Fig. 1-20 Fig. 1-21
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(b) The sum of the distances from any point z on the ellipse [Fig. 1-21] to the foci must equal 10. Hence, the
required equation is

lz4+3|+1z—3] =10

In rectangular form, this reduces to x2/25 4 y?/16 = 1 (see Problem 1.74).

Axiomatic Foundations of Complex Numbers

1.14. Use the definition of a complex number as an ordered pair of real numbers and the definitions on
page 3 to prove that (a, b) = a(1, 0) + b(0, 1) where (0, 1)(0, 1) = (-1, 0).
Solution

From the definitions of sum and product on page 3, we have

(a, b) = (a, 0)+ (0, b) = a(1, 0) + b(0, 1)
where

0, 10,1)=0-0-1-1,0-14+1-0=(-1,0)

By identifying (1, 0) with 1 and (0, 1) with i, we see that (a, b) = a + bi.
1.15. Suppose z; = (a1, by), z2 = (az, by), and z3 = (a3, b3). Prove the distributive law:
21(z2 + 23) = 2122 + 2123.
Solution
We have

z1(z2 + z3) = (a1, bi){(az, b2) + (a3, b3)} = (a1, bi)(ax + a3, by + b3)
= {ai(az + a3) — b1(ba + b3), a1(by + b3) + bi(az + a3)}
= (a1a2 — b1by + aja3 — b1b3, a1by + biax + arbs + biaz)
= (a1ay — b1by, a1by + b1az) + (a1as — b1b3, arbs + bas)
= (a1, b1)(az, b2) + (a1, b1)(a3, b3) = 2122 + 2123

Polar Form of Complex Numbers

1.16. Express each of the following complex numbers in polar form.
@) 2+2V3i, () —5+5i, (© —v6-v2i, (@ —3i

Solution
(@) 2+42+/3i [See Fig. 1-22.]

Modulus or absolute value, r = |2 + 2«/§i| =4+ 12 =4.
Amplitude or argument, 6 = sin~! 24/3/4 = sin"'/3/2 = 60° = 7/3 (radians).
Then

2 + 2+/3i = r(cos 0+ i sin 6) = 4(cos 60° + i sin 60°) = 4(cos /3 + isin7/3)

The result can also be written as 4 cis /3 or, using Euler’s formula, as 4e™/3.
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¥
2+ 2V3i y
y V2
243 N2,
5 €N
600 450 o
| 2 ' S '
Fig. 1-22 Fig. 1-23

(b) —5+ 5i[See Fig. 1-23.]

r=1-5+5i| =v/25+25=5v2
0 = 180° — 45° = 135° = 37/4 (radians)

Then

—5 4 5i = 5+/2(cos 135° + i sin 135°) = 5+/2 cis 3m/4 = 5/2°™/4

(c) —+/6 —/2i [See Fig. 1-24.]

r=|-v6—V2il=v6+2=2v2
6 = 180° 4 30° = 210° = 77/6 (radians)

Then
—/6 — V/2i = 2+/2(c0s 210° + i sin 210°) = 2+/2 cis 77/6 = 23/2¢7™/¢
Y y
7 Q
o3 /‘\0" ‘H\
X X
5 230° \J 3
- 22
Fig. 1-24 Fig. 1-25

(d) —3i[See Fig. 1-25.]

r=1-3i=10-3i=/0+9=3
0 = 270° = 37/2 (radians)

Then
—3i = 3(cos 37/2 + isin37/2) = 3 cis 37/2 = 33™/2

1.17. Graph each of the following: (a) 6(cos240° + isin240°), (b) 4e3™/3, (c) 2e~™/4,

Solution

(a) 6(cos240° + isin 240°) = 6 cis 240° = 6 cis 47/3 = 6e*™/3 can be represented graphically by OP in
Fig. 1-26.
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If we start with vector OA, whose magnitude is 6 and whose direction is that of the positive x axis, we can

obtain OP by rotating OA counterclockwise through an angle of 240°. In general, re’? is equivalent to a vector
obtained by rotating a vector of magnitude » and direction that of the positive x axis, counterclockwise through

an angle 6.
y y y
W P
W/ \ 6 0 2 N
0 A * > x
45° A
4
6 %o
2
P X
o P
Fig. 1-26 Fig. 1-27 Fig. 1-28
(b) 4¢3™/5 = 4(cos 37/5 + isin37/5) = 4(cos 108° + i sin 108°)

©)

is represented by OP in Fig. 1-27.
2~ ™/* = 2{cos(—m/4) + isin(—m/4)} = 2{cos(—45°) + i sin(—45°)}

This complex number can be represented by vector OP in Fig. 1-28. This vector can be obtained by start-
ing with vector OA, whose magnitude is 2 and whose direction is that of the positive x axis, and rotating

it counterclockwise through an angle of —45° (which is the same as rotating it clockwise through an angle
of 45°).

A man travels 12 miles northeast, 20 miles 30° west of north, and then 18 miles 60° south of west.
Determine (a) analytically and (b) graphically how far and in what direction he is from his starting
point.
Solution
(a) Analytically. Let O be the starting point (see Fig. 1-29). Then
the successive displacements are represented by vectors OA,
AB, and BC. The result of all three displacements is represented
by the vector
OC =0A+AB+BC
Now
OA = 12(cos 45° + isin45°) = 12¢™/* . 12
. ~45e
AB = 20{c0s(90° + 30°) + i sin(90° + 30°)} = 20¢°™ 0
BC = 18{cos(180° + 60°) + i sin(180° + 60°)} = 18¢*™/3 Fig. 1-29
Then
OC = 12¢™* 4 20e*™/% 4 18¢*™/3
= {12cos45° 4+ 20 cos 120° + 18 cos 240°} + i{12 sin45° + 20 sin 120° + 18 sin 240°}
= {(12)(v/2/2) + 20)(—=1/2) + (18)(—1/2)} + i{(12)(+/2/2) + (20)(+/3/2) + (18)(—v/3/2)
= (6v/2 = 19) + (6v/2 + V/3)i
If r(cos@+isin6) =652 — 19+ (652 + /3)i, then r=+/ (62— 19+ (624 +/3)? = 14.7
approximately, and 6 = cos~'(64/2 — 19)/r = cos~'(— .717) = 135°49’ approximately.
Thus, the man is 14.7 miles from his starting point in a direction 135°49" — 90° = 45°49’ west of north.
(b) Graphically. Using a convenient unit of length such as PQ in Fig. 1-29, which represents 2 miles, and a

protractor to measure angles, construct vectors OA, AB, and BC. Then, by determining the number of units
in OC and the angle that OC makes with the y axis, we obtain the approximate results of (a).
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De Moivre’s Theorem

1.19.

1.20.

1.21.

Suppose z; = ri(cos 0; + isin ;) and z, = ry(cos 6, + isin 6,). Prove:
. . Z r ..
(@) z122 = rira{cos(By + 6,) + isin(6; + 6,)}, (b) ?1: r—l{cos(Ol — 6,) + isin(6; — 6,)}.
2 2

Solution

(@) z1z2 = {ri(cos 6 + isin 6;)}{r>(cos 6, + isin 6,)}
= riry{(cos 6y cos 6, — sin 6 sin 0,) + i(sin B cos B, + cos 0 sin 6,)}
= riry{cos(6; + 6,) +isin(6; + 6,)}

71 ri(cos 6 +isin ;) (cos 6, —isin6)

5 - r2(cos 6, + isin 6;) . (cos 6, — isin 6,)

11 [(cos 6; cos 6, + sin 6; sin 6;) + i(sin 6 cos 6, — cos 6; sin 6;)
rn { cos? 6 + sin” 6, }

(b)

=
8l ..
= —{cos(f; — 6,) + isin(6, — 6,)}
p)
In terms of Euler’s formula, ¢ = cos 8 + i sin 6, the results state that if z; = rie® and z, = rye’®, then
2120 = et and 71 /zp = r1e'% [re'® = (r/ry)e 0%,

Prove De Moivre’s theorem: (cos 6 + i sin 6)" = cosnf + isinn6f where n is any positive integer.

Solution

We use the principle of mathematical induction. Assume that the result is true for the particular positive integer
k, i.e., assume (cos 6 + i sin 6)F = cos k@ + i sin k6. Then, multiplying both sides by cos 6 + i sin 6, we find

(cos 6 + i sin 0! = (cos k6 + i sin kO)(cos 0 + i sin ) = cos(k + 1)0 + isin(k + 1)0

by Problem 1.19. Thus, if the result is true for n = k, then it is also true for n = k + 1. But, since the result is
clearly true forn = 1, it must alsobe true forn =14+ 1 =2andn =2 + 1 = 3, etc., and so must be true for all
positive integers.

The result is equivalent to the statement (¢’%)" = ¢,

Prove the identities: (a) cos 58 = 16cos’® 6 — 20 cos®  + 5 cos 6;
(b) (sin50)/(sin §) = 16 cos* — 12cos®> O+ 1,if 0 #0, +m, +2m, ....

Solution

We use the binomial formula

(a+bd)=d"+ (T)a”_lb—l— (’21>a”_2b2+~~+ (’;)a"_’b’—i—---—kb"

where the coefficients

ny  n
<r) T rln—r)

also denoted by C(n, r) or ,C,, are called the binomial coefficients. The number n! or factorial n, is defined as
the product n(n — 1)---3-2 -1 and we define 0! = 1.
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From Problem 1.20, with n = 5, and the binomial formula,

cos 50+ isin 50 = (cos 0 + isin 6)°

5 . 5 .
=cos’ 0+ < ) )(cos4 0)(i sin 6) + (2)(0033 6)(i sin 6)°

5 . 5 . .
+ (3 )(cos2 0)(i sin 0)° + <4>(cos 6)(i sin 6)* + (i sin )’

= cos’ 0+ 5icos* Osin 6 — 10 cos® Osin® 6
— 10i cos? @sin® 6+ 5cos Osin* 6+ isin® 0
= cos’ 8 — 10 cos® Osin® 6+ 5 cos Osin* 0

+i(5 cos* Osin 6 — 10 cos® Osin® 6 + sin’ 6)

Hence

(@) cos560=cos’ @— 10cos’ Osin® 6+ 5 cos Osin* 6
= cos’ 6 — 10cos® (1 — cos? 6) + 5 cos 6(1 — cos? §)*
=16cos’ § —20cos® B+ 5cos 0

(b) sin560 = 5cos* Osin 6 — 10 cos? Osin® O + sin’ 6
or

sin560

—~ = 5cos* @ — 10cos’ Osin® 6 + sin* 0
sin 6

= 5cos* 9 — 10cos? 6(1 — cos’ 6) + (1 — cos? 6)>
=16cos* 6 — 12cos® 6+ 1
provided sin § # 0, i.e., 6 # 0, + 7, +2m,....

i0 —i 0 _—if
1.22. Show that (a) cos 8 = %, (b) sin 6 = %
i
Solution
We have
¢ = cos O+ isin D
e =cos §—isin 6 )

(a) Adding (1) and (2),
€% +e®=2cosh or cosf=
(b) Subtracting (2) from (1),

e — ¢ =2isin® or sinf=
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1.23. Prove the identities (a) sin® 6 = 3sin 6 — 1sin36, (b) cos* 6 = Lcos46+1cos26+ 3.

Solution
. 2if _ p=if\ 3 (el — e7i0)3 1. ) . o _
(a) Slll3 0= ( 5 ) — =5 — _g{(819)3 _ 3(619)2(6 19) + 3(619)(6 16)2 _ (e 16)3}
I i0 Lo ey 3 (€ —e\ 10—
= 8i(e 3e'” + 3e e ") = 7 2 2 2

3 1
:ZsinG—ZSin?sO

el 4 o0 4_ (ei9+e—i0)4
2 o 16

(b) cos*= (

— % {(ei6)4 + 4(ei9)3(€_i0) + 6(ei0)2(e—i9)2 + 4(ei9)(e—i0)3 + (e—i0)4}

1 . . . ) 1 /%0 —4i0 1 /20 —2i6
= (M0 4 420 4 6 4 4o 20 4 oH0) — = (i) 4= (%) +

16 8 2 2

1 1 3
= gcos40+§c0526+§

1.24. Given a complex number (vector) z, interpret geometrically ze'® where « is real.

Solution

Let z = re’® be represented graphically by vector OA in
Fig. 1-30. Then
Zeia — reiG . eia — rei(9+0£)
is the vector represented by OB. o
Hence multiplication of a vector z by ¢'* amounts to ze®
rotating z counterclockwise through angle «. We can con-

3

8

sider e'® as an operator that acts on z to produce this o
rotation.

1.25. Prove: €' = ¢/+2k™ | =0, +1, +2,.... Fig. 1-30

Solution
&OH2k™ — cos(0 + 2kr) + i sin(0 + 2ka) = cos 6 + isin 6 = €°

1.26. Evaluate each of the following.
a 3(cos40° + isin40°)][4(cos 80° + isin80°)], (b)) ———,
(@ [3( 4( )1, (b) @ cis 4577
Solution
(a) [3(cos40° + isin40°)][4(cos 80° + isin 80°)] = 3 - 4[cos(40° + 80°) + i sin(40° + 80°)]
= 12(c0s 120° + isin 120°)

= 12(—;+“fi> = —6+6/3i

(2 cis 15°) © (1 + /30
1 —/3i
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(2 cis 15°)7 128 cis 105°
(4 cis 45°)° 64 cis 135°

(b) =2 cis(105° — 135°)
= 2[cos(—30°) + i sin(—30°)] = 2[cos 30° — isin30°] = V3—i

10
1 3
} = (cis 120°)'° = cis 1200° = cis 120° = -3 +§i

14+ 31\ [ 2 cis(60°)
© (1_¢§i) = 2 cis(—60°)

Another Method.

10

. p 10
(1 +£1) _ (2267 /;) _ (27310 — 203
_ i e~

= eMe?™3 = (1)[cos(2m/3) + i sin(2m/3)] = — % + ?i

1.27. Prove that (a) arg(z122) = argz; + arg 2o, (b) arg(z;/z2) = argz; — arg 2», stating appropriate con-
ditions of validity.
Solution
Let z; = ri(cos 0; + isin 6;), zo = ry(cos 0, + isin 6,). Then argz; = 6,, argz, = 0.
(a) Since z1z0 = rirp{cos(0; + 6,) + isin(6; + 6»)}, arg(z1z2) = 61 + 6, = argzy + argzp.
(b) Since z1/z2 = (r1/r2){cos(0) — 02) +isin(0) — 62)}, arg(z1/z2) = 0 — 6, = argz; — arg 2.

Since there are many possible values for 6, = argz; and 6, = argz,, we can only say that the two sides
in the above equalities are equal for some values of argz; and argz,. They may not hold even if principal
values are used.

Roots of Complex Numbers
1.28. (a) Find all values of z for which z> = —32, and (b) locate these values in the complex plane.

Solution

(a) In polar form, —32 = 32{cos(7 + 2km) + isin(7 + 2km)}, k =0, +1, 2, ....
Let z = r(cos 6 + isin 6). Then, by De Moivre’s theorem,

2 = r(cos 50 + isin56) = 32{cos(m + 2k) + i sin(7r + 2k)}

and so r° = 32, 50 = 7 + 2k, from which r =2, 6 = (7 + 2km)/5. Hence

7= 2{003(77- +52k77> + isin(w +52k77> }

Ifk=0,z=2z =2(cos/5+isinw/5).

If k=1, z=2 =2(cos3w/5 +isin3m/5).

If k=2, z=2z3 = 2(cos5m/5 + isin57/5) = —2.
If k=3, z=24 =2(cos7m/5 + isinTm/5).

If k=4, z=25=2(cos9m/5 + isin97/5).
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By considering k = 5, 6, ... as well as negative y
values, —1, —2, ..., repetitions of the above five
values of z are obtained. Hence, these are the only
solutions or roots of the given equation. These five
roots are called the fifth roots of —32 and are collec-
tively denoted by (—32)!/°. In general, a'/" rep-
resents the nth roots of a and there are n such roots.

22

23

21

(b) The values of 7 are indicated in Fig. 1-31. Note that
they are equally spaced along the circumference of
a circle with center at the origin and radius
2. Another way of saying this is that the roots are
represented by the vertices of a regular polygon.

QP "
/“

24

Fig. 1-31
1.29. Find each of the indicated roots and locate them graphically. &

(@ -1+ () (—2/3-2)"*
Solution
(@ (—1+'°

—1+i = v/2{cos(3/4 + 2km) + i sin(37/4 + 2km)}

3mw/4 4+ 2k 3m/4 42k
(=143 = 21/6{C05<¥T> + isin(#)}

If k =0, z; = 2"/%(cos /4 + isin 7/4).
Ifk=1, z =2"%Ccos 11/12 + isin 117/12).
If k =2, z3 = 25(cos 1977/12 + isin 1977/12).

These are represented graphically in Fig. 1-32.

y
y % S
2 2
%
A
\\q, 2 12
A
2 /4
A
x 2
2\ > %
2 2
/Y) ‘)7 24
23
3
Fig. 1-32 Fig. 1-33

(b) (—2v/3-2)"*
—2+/3 — 2i = 4{cos(Tm/6 + 2km) + i sin(7 /6 + 2km))

(_2\/§ - 21)1/4 = 41/4{005(M> + lsul(w)}

If k=0, z; = V2(cos Tm/24 + i sin T7/24).

If k =1, 0 = /2(cos 1971/24 + i sin 197/24).
If k =2, 73 = v/2(cos 3171/24 + isin 311/24).
If k =3, z4 = +/2(cos 437/24 + i sin437/24).

These are represented graphically in Fig. 1-33.

25
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1.30. Find the square roots of —15 — 8i.

Solution
Method 1.

—15 — 8i = 17{cos(6 + 2k) + i sin(0 + 2k)}

where cos 0 = —15/17, sin § = —8/17. Then the square roots of —15 — 8i are

«/ﬁ(cos 0/2 4 isin 6/2) (D
and
V17{cos(6/2 + m) + i sin(6/2 + m} = —v/17(cos 6/2 + i sin 6/2) )
Now

cos /2 = +/(1 +cos )/2 = +/(1 = 15/17)/2 = +1/v/17

sin /2 = +£/(1 —cos 0)/2 = £/(1 +15/17)/2 = +4//17

Since 6 is an angle in the third quadrant, 6/2 is an angle in the second quadrant. Hence,
cos 0/2 = —1/+/17, sin /2 = 4/+/17, and so from (1) and (2) the required square roots are
—1+4iand 1 — 4i. As a check, note that (—1 + 4i)* = (1 —4i)*> = —15 — 8i.

Method 2.

Let p + ig, where p and g are real, represent the required square roots. Then
( +ig)* =p* — ¢* +2pgi = —15 - 8i

or
pP—q =-15 3)

pg=—4 4
Substituting g = —4/p from (4) into (3), it becomes p> — 16/p> = —15 or p* + 15p> — 16 =0,
ie., (p*>+16)(p> — 1) =0 or p?> = —16, p> = 1. Since p is real, p = + 1. From (4),if p =1, ¢ = —4;
if p = —1, ¢ = 4. Thus the roots are —1 4+ 4i and 1 — 4i.
Polynomial Equations

1.31. Solve the quadratic equation az*> + bz + ¢ =0, a #0.

Solution

Transposing ¢ and dividing by a #0,

Adding (b/2a)* [completing the square],
2 b (b > < (P : ™ L b > b —dac
ST \2a) T4 2a) M) T A

Taking square roots,

+ /b2 —4ac —b + v/b? — dac

— = H =
Z+2a 2a ence < 2a
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1.32.

1.33.

1.34.

1.35.

Solve the equation z* + (2i —3)z +5 —i = 0.

Solution

From Problem 1.31,a =1, b =2i — 3, ¢ = 5 — i and so the solutions are

b+ VP —dac  —Qi—3)+ JQi—37 4B —i) 3—2i +/—15—8i
= 2a - 2(1) - 2
320 + (1 —4i)
- 2

using the fact that the square roots of —15 — 8i are + (1 — 4i) [see Problem 1.30]. These are found to satisfy the
given equation.

=2-3i or 1+4i

Suppose the real rational number p/q (where p and g have no common factor except + 1, i.e., p/q is
in lowest terms) satisfies the polynomial equation aoz" 4+ a;z" '+ ---+a, =0 where
ay, ai, . .., a, are integers. Show that p and ¢ must be factors of a, and ay, respectively.

Solution

Substituting z = p/q in the given equation and multiplying by ¢" yields
app" +app" g+ -+ anipq" +aq" =0 o)
Dividing by p and transposing the last term,

a” n
Clop'hl _|_a1p"*2q 4+ 4 anilq”’] = —7[)‘1 2)

Since the left side of (2) is an integer, so also is the right side. But since p has no factor in common with ¢, it
cannot divide ¢" and so must divide a,,.

Similarly, on dividing (1) by ¢ and transposing the first term, we find that ¢ must divide ag.
Solve 6z* —25z° 43222 + 3z — 10 = 0.

Solution

The integer factors of 6 and —10 are, respectively, +1, +2, +3, +6 and +1, +2, +5, +10. Hence, by
Problem 1.33, the possible rational solutions are +1, +1/2, +1/3, +1/6, +2, +2/3, 45, +5/2, +5/3,
+5/6, +10, +10/3.

By trial, we find that z = —1/2 and z = 2/3 are solutions, and so the polynomial
(224 1)(3z — 2) = 622 — z — 2 is a factor of 6z* —257° + 3272 4+ 3z — 10
the other factor being z2 — 4z + 5 as found by long division. Hence
628 =252 +3222 + 32— 10 = (62 —z—2)(* —42+5) =0

The solutions of z2 — 4z + 5 = 0 are [see Problem 1.31]
4+ /16-20 4+ /-4 442
= = = =
2 2 2
Then the solutions are —1/2,2/3, 2 +1i, 2 —1i.

241

Prove that the sum and product of all the roots of apz” + a;z"~' + - -- + a, = 0 where ay # 0, are
—ay/ap and (—1)"a,/ay, respectively.

Solution

If z1, 22, ..., 2, are the n roots, the equation can be written in factored form as

az—z2)z—22) - (2—2,) =0



1.36.
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Direct multiplication shows that

al — @+t F) o+ (=D "nz 2} =0

It follows that —ag(z; +22 + -+ + z,) = a1 and ag(~1)"z122 - - - 2, = a,,, from which
a+n+-dz=—ai/a, 2= D "'a/a

as required.

Suppose p + gi is a root of agz" + a7 ' + - 4 a, = 0 where ag #0, ai, .. .,a,, p and g are real.
Prove that p — gi is also a root.
Solution

Let p + gi = re'” in polar form. Since this satisfies the equation,
aorneinﬁ + alrn—lei(n—l)(? 4t an_lreiﬁ + a, = 0
Taking the conjugate of both sides

aorneﬂnﬁ _I_alrnfleft(nfl)ﬁ 4. _’_an_lreﬂa +a, = 0

we see that re ™ = p — gi is also a root. The result does not hold if ay, . . . , a, are not all real (see Problem 1.32).

The theorem is often expressed in the statement: The zeros of a polynomial with real coefficients occur in
conjugate pairs.

The nth Roots of Unity

1.37.

1.38.

Find all the 5th roots of unity.

Solution

2 =1 =cos 2k +i sin 2k7 = &*™

where k =0, +1, +2, .... Then

7= cos?—i—i sin?: g2k

where it is sufficient to use k =0, 1, 2, 3, 4 since all other values of k lead to repetition.

Thus the roots are 1, e27/5 e*m/5 ¢0m/5 o87/5 [f we call 2™/5
1, w, 0?, &, &

= w, these can be denoted by

Suppose n = 2, 3, 4, .. .. Prove that

2 4 6 2n —1
(a) cos—77+cos—77+cos—77+~--+cosu=

-1
n n n n
2 4 6 2n—1
® sin 2T 4 sin 7 4 5in &7 4 . 4 sin 22— DT _ g
n n n n
Solution

Consider the equation 7" — 1 = 0 whose solutions are the nth roots of unity,

l, eZm/n, e4m/n, e6m/n, e eZ(nfl)m/n
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By Problem 1.35, the sum of these roots is zero. Then
1+627Ti/n +e4m'/n +66m'/n 4 x eZ(n—l)m'/n -0

ie.,

4 L 2n— 1)77}
in————¢ =0
n

{ 27 47 2(n — 1)77} { L 2T
1 4+cos—4cos— 4 -+ +cos—————¢ +iysin—4sin—+4--- +5s
n n n n n

from which the required results follow.
Dot and Cross Product
1.39. Suppose z; =3 —4i and z, = —4 + 3i. Find: (@) z1 - 22, (b) |21 X 22].

Solution
(@) z1-22 =Re{Z1z2} = Re{(3 + 4i)(—4 + 3i)} = Re{—-24 — 7i} = —24

Another Method. 7 - 7 = (3)(—4) + (—=4H)(3) = —24
(b) |z1 X 22] = |Im{Z122}| = |Im{(3 + 4i)(—4 + 3i)}| = |Im{—24 — 7i}| = |-T7| =7

Another Method. |7, x 23| = |(3)(3) — (—4)(—4)| = |-T7| =7
1.40. Find the acute angle between the vectors in Problem 1.39.

Solution
From Problem 1.39(a), we have

22 —24 —24
cos 6 = = —— T _ _ 96
lzillzal 3 —4il|-4+3i] 25

Then the acute angle is cos™' .96 = 16°16’ approximately.

1.41. Prove that the area of a parallelogram having sides z; and z; is |z; X z2].

Solution
Area of parallelogram [Fig.1-34] = (base)(height)
= (lz21)(|z1] sin 6) = |z1]lz2] sin 6 = |21 X 22|
y
C(x3, y3)
21
22

]

|
2 : . A(xy, 1)

:h=|z1| sin 6 B(xy, ¥,)

6 ! o
| %

Fig. 1-34 Fig. 1-35
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Find the area of a triangle with vertices at A(xy, y;), B(xz, ¥2), and C(x3, y3).

Solution

The vectors from C to A and B [Fig. 1-35] are, respectively, given by
21 = —x3) + i —y3) and 2= (0 —x3) +i(y2 — y3)

Since the area of a triangle with sides z; and z; is half the area of the corresponding parallelogram, we have by
Problem 1.41:
Area of triangle = 1|z; x 25| = 3 [Im{[(x; — x3) — i(y1 — y3)][(x2 — x3) + i(y2 — y3)}
=11 — x3)(2 — ¥3) — (11 — y3)x2 — x3)]
= 3|12 — yix2 + Xoy3 — yox3 4 X3y1 — yaxi|
xono 1
=4lx ¥y 1]
xoy3 1

in determinant form.

Complex Conjugate Coordinates

1.43.

1.44.

Express each equation in terms of conjugate coordinates: (a) 2x +y =15, (b) x> +y* = 36.

Solution

(@) Sincez=x+1iy,z=x—1iy, x =(2+72)/2, y = (z—2)/2i. Then, 2x + y = 5 becomes

z(ﬂ> + <Z_z> =5 or Qi+ 1z+Q2i—1)7=10i

2 2i

The equation represents a straight line in the z plane.
(b) Method 1. The equation is (x + iy)(x — iy) = 36 or zz = 36.

Method 2. Substitute x = (z +7)/2, y = (z — 2)/2i in x> + y*> = 36 to obtain zZ = 36.

The equation represents a circle in the z plane of radius 6 with center at the origin.

Prove that the equation of any circle or line in the z plane can be written as azz + 3z + Bz+v=0
where « and 7 are real constants while 8 may be a complex constant.

Solution
The general equation of a circle in the xy plane can be written

AP +y)+Bx+Cy+D=0

which in conjugate coordinates becomes

_ 24z 7—2 _ B C B C\._
Z+ ( 2 )+C< T )—i— 0 or zz+(2+2i)z+(2 2l.)z~|— 0

Calling A = «, (B/2) 4+ (C/2i) = B and D = v, the required result follows.

In the special case A = a = 0, the circle degenerates into a line.
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Point Sets

1.45. Given the point set S:{i, 3i, 3i, 1i, ...} or briefly {i/n}. (a) Is S bounded? (b) What are its limit
points, if any? (c) Is S closed? (d) What are its interior and boundary points? (e) Is S open? (f) Is
S connected? (g) Is S an open region or domain? (h) What is the closure of S? (i) What is the comp-
lement of S? (j) Is S countable? (k) Is S compact? (1) Is the closure of S compact?

1.46.

Solution

(a) S is bounded since for every point z in S, |z] < 2 (for example), i.e., all points of § lie inside a circle of
radius 2 with center at the origin.

(b) Since every deleted neighborhood of z = 0 contains points of S, a limit point is z = 0. It is the only limit
point.

Note that since S is bounded and infinite, the Weierstrass—Bolzano theorem predicts at least one limit
point.

(c) Sis not closed since the limit point z = 0 does not belong to S.

(d) Every & neighborhood of any point i/n (i.e., every circle of radius 8 with center at i /n) contains points that
belong to S and points that do not belong to S. Thus every point of S, as well as the point z = 0, is a bound-
ary point. S has no interior points.

(e) S does not consist of any interior points. Hence, it cannot be open. Thus, S is neither open nor closed.

(f) If we join any two points of S by a polygonal path, there are points on this path that do not belong to S.
Thus S is not connected.

(g) Since S is not an open connected set, it is not an open region or domain.

(h) The closure of S consists of the set S together with the limit point zero, i.e., {0, i, %i, %i, )

(i) The complement of S is the set of all points not belonging to S, i.e., all points z # i, i/2, i/3,....

(G) There is a one to one correspondence between the elements of S and the natural numbers 1, 2, 3, ... as
indicated below:

T T T

A

1 2 3 4
Hence, S is countable.

(k) S is bounded but not closed. Hence, it is not compact.

(1) The closure of S is bounded and closed and so is compact.

Given the point sets A ={3, —i,4,2+i,5},B={—i,0, —1,24i}, C= {—\/ii, % 3}. Find

@AUB, MDANB, )ANC,ANMBUC),e)(ANBUMANC),H)YANBNO).

Solution

(a) A U B consists of points belonging either to A or B or both and is given by {3, —i, 4,2 +1, 5, 0, —1}.

(b) A N B consists of points belonging to both A and B and is given by {—i, 2 + i}.

(c) AN C = {3}, consisting of only the member 3.

(d BUC={-i,0,—1,2+i, —~2i, 1,3}

Hence A N (BU C) = {3, —i, 2 + i}, consisting of points belonging to both A and B U C.
() ANB={—i,2+i}, AN C = {3} from parts (b) and (c). Hence A N B) UA N C) = {—i, 2+, 3}.
From this and the result of (d), we see that A N (B U C) = (A N B) U (A N C), which illustrates the
fact that A, B, C satisfy the distributive law. We can show that sets exhibit many of the properties
valid in the algebra of numbers. This is of great importance in theory and application.
() BN C =, the null set, since there are no points common to both B and C. Hence, AN (BN C) = J

also.
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Miscellaneous Problems

1.47. A number is called an algebraic number if it is a solution of a polynomial equation

1.48.

a? + a1+ 4+ a1z + a, = 0 where ag, ay, .. .,a, are integers.

Prove that (a) ~/3 + +/2 and (b) /4 — 2i are algebraic numbers.

Solution

(a)

(b)

Let z=+/3 ++/2 or z — /2 = +/3. Squaring, 7> — 242z +2 =3 or 7> — | = 2+/2z. Squaring again,
=222+ 1 =87 or * — 1022 + 1 = 0, a polynomial equation with integer coefficients having /3 +
ﬁ as a root. Hence, «/?; + ﬁ is an algebraic number.

Let z=+/4—2i or z+2i=+/4 Cubing, z*+322(2i)+322)* + i)’ =4 or 22— 12z -4 =
i(8 — 6z%). Squaring, z°+ 12z* — 87> + 482> +9674+80 =0, a polynomial equation with integer
coefficients having /4 — 2i as a root. Hence, ~/4 — 2i is an algebraic number.

Numbers that are not algebraic, i.e., do not satisfy any polynomial equation with integer coefficients, are

called transcendental numbers. It has been proved that the numbers 7 and e are transcendental. However, it
is still not yet known whether numbers such as e or e + , for example, are transcendental or not.

y
Represent %rgpél'cally the set %f values of z for
which (a) f =2, (b) = <2.
z+3 ’ z+3
Solution
(a) The given equation is equivalent to |z —3| = \\\f
2|z + 3| or, if (3,0)
z=x+1dy, |x+iy—3|=2|x+iy+ 3|, ie.,
V=312 =2 /w437 + 2
Squaring and simplifying, this becomes Fig. 1-36
P4+ +10x4+9=0
or
(x+572+y* =16
i.e., |2+ 5] =4, a circle of radius 4 with center at (-5, 0) as shown in Fig. 1-36.
Geometrically, any point P on this circle is such that the distance from P to point B(3, 0) is twice the
distance from P to point A(=3, 0).
Another Method.
z—3 z—3\(z-3 -
Tl =2i ivalent t — ) =4 72+52+5z2+9=0
Z+3‘ is equivalen O(Z+3><E+3> or zz+5z+5z+
ie,(z+5)@+5 =16o0r|z+5 =4
(b) The given inequality is equivalent to |z — 3| < 2|z + 3| or \/(x —3)P 42 < 2\/(x +3)? 4 y2. Squaring

and simplifying, this becomes x> 4+ y> + 10x +9 > 0 or (x + 52 +y2 > 16, ie., |2+ 5| > 4.
The required set thus consists of all points external to the circle of Fig. 1-36.
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1.49.

1.50.

1.51.

Given the sets A and B represented by |z — 1| <2 and |z — 2i| < 1.5, respectively. Represent
geometrically (a) A N B, (b) A U B.
Solution

The required sets of points are shown shaded in Figs. 1-37 and 1-38, respectively.

y y

Fig. 1-37 Fig. 1-38

Solve 22(1 — z2) = 16.

Solution

Method 1. The equation can be written z* — 22 + 16 = 0,i.e., 2* + 822 + 16 — 922 =0, (2 +4)> =922 =0or
(> +4+32)(z> +4 —3z) =0. Then, the required solutions are the solutions of z2+3z+4 =0 and
2 —3744=0,o0r

7 7
— i%i and i%i

N W
(ST

Method 2. Letting w = 22, the equation can be written wr—w+16=0and w :% + %«/71 To obtain sol-
utions of 72 = % + %«/71', the methods of Problem 1.30 can be used.

Let z;, 22, 73 represent vertices of an equilateral triangle. Prove that

2 2 2
O+t =02+ + 232

Solution
From Fig. 1-39, we see that
y
- = eﬂi/3(Z3 —21) Zz
21— =" —123)
Then, by division, ‘
21
22— 12 32 ‘
Zl_ZB_Zz—Z3 23
X
or

zf + z% —l—z% = 2122 + 2223 + 32
Fig. 1-39



1.52. Prove that form =2, 3, ...

SUPPLEMENTARY PROBLEMS

Solution

The roots of 7" = 1 are z = 1, &2™/™ e*mi/m .

Lo . 2.
sin —sin—sin —- -
m m m
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37 . (m—Dm m
- sin =

Zm 1= (Z _ l)(Z _ eZm'/m)(Z _ e4m'/m) . (Z _ ez(m

m 2m71

JeXm=Dmi/m Then we can write

7l)m'/m)

Dividing both sides by z — 1 and then letting z = 1 [realizing that (" — 1)/(z— 1) =142z + 24
we find

m= (1 _ eZm/m)(l _ e47Ti/m) . (1 _ eZ(m—l)’)Ti/m)

Taking the complex conjugate of both sides of (1) yields

m= (1 _ e—Zm'/m)(l _ 674771-/,”) .

(1 _ 672(m71)m'/m)

Multiplying (1) by (2) using (1 — e*™/™)(1 — e=2k™/m) = 2 — 2 cos(2km/m), we have

Since 1 — cos(2km/m) = 2 sinz(kﬂ'/m), (3) becomes

Then, taking the positive square root of both sides yields the required result.

m2 — 22m72 s

Fundamental Operations with Complex Numbers

1.53. Perform each of the indicated operations:

1.54.

(a)

(b)

© @+20)2 -1,

Suppose z; =1 — 1,

(@ zZ+27-3

(b)

©

4-3)+2i-38),

31 +4i) — 2(7 — i),

1225 — 321

(z3 —7)°

1n

T, 52T C,(m—1Dm
27S1n27"'sln2!
m m

@ (=DRA+H-3G-D} (@
2 —3i

© Z— (h)

) @+H3+2)1—1i) @)

2 4 2m— 1
m? = 2’”71(1 —cos—ﬂ)(l —cos—ﬂ-> e (1 —COSM)
m m m

2+ )3 — 2i)(1 + 2i)

(1 =iy

4
1—i

(i — 1)2{ +

i4+i9+i16
2—i5+i10—i15

72 = =2 +4i, z3 = /3 — 2i. Evaluate each of the following:

(d)

(e)

(f)

2122 + 2221

1

2

<3

21+z22+1
u—2z22+i

&

2)
3

(@ (@+un)u—23)
() 12 +3B17+ 1B - 3P

(i) Re{2z} +32 — 523}

2—i
1+i

+mel]’

!

)]

(@)

3

“)
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1.55.
1.56.
1.57.
1.58.
1.59.

1.60.

Prove that (a) (Z122) = 7122, (b) (Z12223) = Z12223. Generalize these results.

Prove that (a) (z1/22) = Z1/Z2, (b) lz1/22] = |z1l/lz2] if 2 # 0.

Find real numbers x and y such that 2x — 3iy +4ix —2y —5—10i = (x +y+2) — (y — x + 3)i.

Prove that (a) Re{z} = (z +2)/2, (b) Im{z} = (z — 2)/2i.

Suppose the product of two complex numbers is zero. Prove that at least one of the numbers must be zero.

Let w = 3iz — 7> and z = x + iy. Find |w|? in terms of x and y.

Graphical Representation of Complex Numbers. Vectors.

1.61.

1.62.

1.63.

1.64.

1.65.

1.66.
1.67.
1.68.
1.69.

1.70.

1.71.

1.72.

Perform the indicated operations both analytically and graphically.
@ Q+3)+@-5) (d 3(0+i)+24—-3i)—(2+50)
by (T+i)—@4—-20) (e) %(4 -3+ %(5 + 2i)

() 3(142i)—22-3i)

Let zj, 22, and z3 be the vectors indicated in Fig. 1-40. Construct y
graphically:
2 7
@ 2z1+z
b)) (@ +22)+z A
© z+(@+z) .
Fig. 1-40

(d) 3z1 — 2z + 523
) izm—-3u+3in

Let z; =4 — 3i and zp = —1 + 2i. Obtain graphically and analytically
@ lz1+2l, )l -zl ©z2—2, (@22 -3 -2

The position vectors of points A, B, and C of triangle ABC are given by z; =14 2i, 20 =4 — 2i, and
z3 = 1 — 61, respectively. Prove that ABC is an isosceles triangle and find the lengths of the sides.

Let zi, 22, 23, 24 be the position vectors of the vertices for quadrilateral ABCD. Prove that ABCD is a
parallelogram if and only if z; — 7z — z3 + 24 = 0.

Suppose the diagonals of a quadrilateral bisect each other. Prove that the quadrilateral is a parallelogram.
Prove that the medians of a triangle meet in a point.

Let ABCD be a quadrilateral and E, F, G, H the midpoints of the sides. Prove that EFGH is a parallelogram.
In parallelogram ABCD, point E bisects side AD. Prove that the point where BE meets AC trisects AC.

The position vectors of points A and B are 2 + i and 3 — 2i, respectively. (a) Find an equation for line AB. (b)
Find an equation for the line perpendicular to AB at its midpoint.

Describe and graph the locus represented by each of the following: (a) |z — i| = 2,
®) lz+2i+z—2i|=6, (©)z—3]—[z+3]=4, (Dz2z+2)=3, (e) Im{z*}=4.

Find an equation for (a) a circle of radius 2 with center at (—3, 4), (b) an ellipse with foci at (0, 2) and (0, —2)
whose major axis has length 10.



1.73.

1.74.
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Describe graphically the region represented by each of the following:
@1<|z+i <2, ®Re{Z}>1, ©Iz+3il>4, (d)I]z+2-3i]+|z—2+3i <10.

Show that the ellipse |z + 3| + |z — 3| = 10 can be expressed in rectangular form as x2/25 4+ y?/16 = 1 [see
Problem 1.13(b)].

Axiomatic Foundations of Complex Numbers

1.75.

1.76.
1.77.

1.78.

1.79.

1.80.

Use the definition of a complex number as an ordered pair of real numbers to prove that if the product of two
complex numbers is zero, then at least one of the numbers must be zero.

Prove the commutative laws with respect to (a) addition, (b) multiplication.

Prove the associative laws with respect to (a) addition, (b) multiplication.

(a) Find real numbers x and y such that (c, d) - (x, ¥) = (a, b) where (c, d) # (0, 0).

(b) How is (x, y) related to the result for division of complex numbers given on page 2?
Prove that

(cos 6y, sin 0;)(cos 6,, sin 6,) - - - (cos 6, sin 6,)
= (cos[0) + 6 + -+ - + O,], sin[6 + 6 + - + 6,])

(a) How would you define (a, b)'/" where n is a positive integer?

(b) Determine (a, b)'/? in terms of a and b.

Polar Form of Complex Numbers

1.81.

1.82.

1.83.

1.84.

1.85.

1.86.

1.87.

1.88.

Express each of the following complex numbers in polar form:

(@) 2 = 2i, (b) =1 + /3, (¢) 2v/2 + 2320, (d) —i, (e) —4, (F) —2+/3 — 2i, (2) /2, (h) /3/2 — 3i/2.
Show that 2 +i = +/Sel“n ' (1/2),

Express in polar form: (a) =3 —4i, (b) 1 —2i.

Graph each of the following and express in rectangular form:

(a) 6(cos 135° + isin 135°), (b) 12 cis 90°, (c) 4 cis 315°, (d) 2e°™/4, (e) 5¢7™/5, (f) 3e=2™/3.

An airplane travels 150 miles southeast, 100 miles due west, 225 miles 30° north of east, and then 200 miles
northeast. Determine (a) analytically and (b) graphically how far and in what direction it is from its starting
point.

Three forces as shown in Fig. 1-41 act in a plane on an object
placed at O. Determine (a) graphically and (b) analytically what
force is needed to prevent the object from moving. [This force
is sometimes called the equilibrant.]

Prove that on the circle z = Re'?, |e?| = e Rsin 0, ]00/6

(a) Prove that rie’® + re'® = r3¢'% where 30°

r3 = \/F% + l’% + 2rirycos(6; — 6,) 2
and

b — tan-! <r1 sin 0; + r; sin 02>
3 =

11 €08 01 + 1y cos 6 Fig. 1-41

(b) Generalize the result in (a).
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De Moivre’s Theorem

1.89.

1.90.

1.91.

1.92.

1.93.

1.94.

Evaluate each of the following: (a) (5 cis 20°)(3 cis 40°) (b) (2 cis 50°)°

(8 cis 40°)° @ (3e™/0)(2e=5714)(657/3) © («/g—i>4<1 +i>5
(2 cis 60°)* (4e2m/3) V3+i) \I—i

Prove that (a) sin36 = 3 sin § — 4 sin® 6, (b) cos 36 = 4 cos® 6 — 3 cos 6.

Prove that the solutions of z* — 37> + 1 = 0 are given by
z=2c0s36° 2cos72° 2co0s216°, 2 cos252°.

Show that (a) cos 36° = (/3 + 1)/4, (b) cos 72° = (/5 — 1)/4. [Hint: Use Problem 1.91.]
Prove that (a) sin46/sin 6 = 8 cos® 6§ —4cos 0 =2cos360+2cos 6
(b) cos40 = 8sin* 0 — 8sin” O+ 1

Prove De Moivre’s theorem for (a) negative integers, (b) rational numbers.

Roots of Complex Numbers

1.95.

1.96.

1.97.
1.98.
1.99.

Find each of the indicated roots and locate them graphically.
(@) 2v3 = 20", (b) (=4 +4)'7, (¢) 2+ 23D, (d) (—160)'%, (e) (64", (F) (i)*/°.

Find all the indicated roots and locate them in the complex plane. (a) Cube roots of 8,
(b) square roots of 44/2 4+ 4+/2i, (c) fifth roots of —16 + 16+/3i, (d) sixth roots of —27i.

Solve the equations (a) z* 4+ 81 = 0, (b) 2L +1=43i
Find the square roots of (a) 5 — 12i, (b) 8 + 4./5i.

Find the cube roots of —11 — 2i.

Polynomial Equations

1.100.

1.101.
1.102.

1.103.

1.104.

Solve the following equations, obtaining all roots:
()52 +2z4+10=0, B Z+3G—2)z+B—-i)=0.

Solve 7> —27* — 22 + 6z —4 =0.
(a) Find all the roots of z* +z%> + 1 = 0 and (b) locate them in the complex plane.

Prove that the sum of the roots of ayz" + a;z"~' 4+ a»7""> + - - - + a, = 0 where ay#0 taken r at a time is
(=1)"a,/ay where 0 < r < n.

Find two numbers whose sum is 4 and whose product is 8.

The nth Roots of Unity

1.105.

1.106.

1.107.

Find all the (a) fourth roots, (b) seventh roots of unity, and exhibit them graphically.
(a) Prove that 1 + cos72° + cos 144° + cos 216° + cos 288° = 0.
(b) Give a graphical interpretation of the result in (a).

Prove that cos 36° 4 cos 72° + cos 108° 4 cos 144° = 0 and interpret graphically.



1.108.

1.109.
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Prove that the sum of the products of all the nth roots of unity taken 2, 3, 4,...,(n — 1) at a time is zero.

Find all roots of (1 +z)° = (1 — z)°.

The Dot and Cross Product

1.110.

1.111.

1.112.

1.113.
1.114.

1.115.

Given z; =2+ 5iand 7z = 3 — i. Find

@z1-z2, Oz xzl, ©z2-z21, @) lz2xzl, © a2, ) lz2-zl
Prove that z; - 2o = 25 - 73.

Suppose z; = r1e'” and z, = rye'®. Prove that
(@) z1 - 22 = riracos(6r — 01), (b) |21 X 22| = 1172 8in(6, — 0y).
Prove thatz) - (n+ )=z 22+ 21 - 3.

Find the area of a triangle having vertices at —4 — i, 1 4 2i, 4 — 3i.

Find the area of a quadrilateral having vertices at (2, —1), (4, 3), (-1, 2), and (—3, —2).

Conjugate Coordinates

1.116.

1.117.

Describe each of the following loci expressed in terms of conjugate coordinates z, z.
@z=16, (b)zz—2z—2z+8=0, (0)z+z=4, (dz=z+6i

Write each of the following equations in terms of conjugate coordinates.
@ x—=372+y>=9, (b)2x—3y=5, (c)4x>+ 16y*> =25.

Point Sets

1.118.

1.119.
1.120.

1.121.

1.122,

1.123.

1.124.
1.125.

1.126.

Let § be the set of all points a+ bi, where a and b are y
rational numbers, which lie inside the square shown shaded in ) ]
Fig. 1-42. (a) Is S bounded? (b) What are the limit points of S, if ! L+i
any? (c) Is S closed? (d) What are its interior and boundary points?
(e) Is S open? (f) Is S connected? (g) Is S an open region or
domain? (h) What is the closure of S? (i) What is the complement 0 1
of §? (j) Is S countable? (k) Is S compact? (1) Is the closure of §
compact?

Fig. 1-42

Answer Problem 1.118 if S is the set of all points inside the square.
Answer Problem 1.118 if S is the set of all points inside or on the square.

Given the point sets A = {1, i, —i}, B={2, 1, —i}, C = {i, —i, 1 + i}, D = {0, —i, 1}. Find:
@AUMBUC), b)yANC)UBND), (c)(AUC)N(BUD).

Suppose A, B, C, and D are any point sets. Prove that (a) AUB=BUA, (b) ANB=BNA,
C©AUBUO=(AUBUC, (dANBNCO)=ANBNC,
©ANBUCO=ANBUMANO).

Suppose A, B, and C are the point sets defined by |z + i| < 3, |z| <5, |z + 1] < 4. Represent graphically each
of the following:

(@@ANBNC, ()AUBUC, (c)ANBUC, (dCN@AUB), (&) (AUBNBUDOL),
) ANBUBNC)U(CNA), (21 ANBUMBNC)UCNA).

Prove that the complement of a set S is open or closed according as S is closed or open.
Suppose Si, Ss,...,S, are open sets. Prove that S; U S, U --- U S, is open.

Suppose a limit point of a set does not belong to the set. Prove that it must be a boundary point of the set.
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Miscellaneous Problems

1.127.
1.128.

1.129.

1.130.

1.131.
1.132.
1.133.

1.134.

1.135.

1.136.

1.137.

1.138.
1.139.
1.140.

1.141.

Let ABCD be a parallelogram. Prove that (AC)? 4+ (BD)? = (AB)* + (BC)? + (CD)? + (DA).
Explain the fallacy: —1 = v/ -1+ -1 = /(= 1)(—1) = ~/1=1.Hence 1 = —1.

(a) Show that the equation A+ a1 + a7 + asz + as = 0 where a,, as, as, as are real constants different
from zero, has a pure imaginary root if a3 + atas = aiazas.

(b) Is the converse of (a) true?

(@) Prove that cost & = 2%' {COS”¢ +ncos(n—2)¢+ ”(nzT S Rn} where
n! . _
R, = | 1= D/2M(n + nyaqcose if mis odd
T if n is even
2[(n/2)?

(b) Derive a similar result for sin” ¢.
Let z = 6¢™/3. Evaluate |e?|.

L pi 1)
Show that for any real numbers p and m, ¢>"/<°""' 7 {Ii} =1.

pi—1
Let P(z) be any polynomial in z with real coefficients. Prove that P(z) = P(Z).

Suppose z;, 22, and z3 are collinear. Prove that there exist real constants «, 3, v, not all zero, such that az; +
Bz2 + yz3 =0 where a + B+ y=0.

Given the complex number z, represent geometrically (a) Z, (b) —z, (c) 1/z, (d) z2.

Consider any two complex numbers z; and z, not equal to zero. Show how to represent graphically using only

ruler and compass (a) z122, (b) z1/22, (¢) 2} + 23, (d) Z{/Z’ (e) 23/4-

Prove that an equation for a line passing through the points z; and z, is given by
arg{(z —z1)/(z2 —z)} =0

Suppose z = x + iy. Prove that |x| + |y| < V2)x + iy|.

Is the converse to Problem 1.51 true? Justify your answer.

Find an equation for the circle passing through the points 1 —i, 2i, 14 .

Show that the locus of z such that |z — al|z 4+ a| = a?, a > 0 is a lemniscate as shown in Fig. 1-43.

a2

Fig. 1-43 Fig. 1-44



1.142.

1.143.

1.144.

1.145.

1.146.

1.147.

1.148.

1.149.

1.150.

1.151.

1.152.

1.153.

1.154.

1.155.
1.156.

1.157.
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Let p, = aﬁ + bz, n=1,2,3, ... where a, and b, are positive integers. Prove that for every positive integer

M, we can always find positive integers A and B such that p,p; - - - pyy = A2 + B%. [Example: If 5 = 2% + 1% and

25=32+4% then5-25=2+112]

sin%(n + Da
sin% a

Prove that: (a) cos 0+ cos(0+ a) + - - -+ cos(0 + na) = cos(0 + %na)

sin%(n + D

(b) sin 6+ sin(6+ @) + - - - + sin(8 + na) = —2— ——sin(6 + Lne)
Slnia

Prove that (a) Re{z} > 0 and (b) |z — 1| < |z + 1| are equivalent statements.

A wheel of radius 4 feet [Fig. 1-44] is rotating counterclockwise about an axis through its center at 30 revolu-
tions per minute. (@) Show that the position and velocity of any point P on the wheel are given, respectively, by
4¢'™ and 47rie'™, where t is the time in seconds measured from the instant when P was on the positive x axis. (b)
Find the position and velocity when t = 2/3 and t = 15/4.

Prove that for any integer m > 1,

m—1
@+a)™ — (2 — a)™ = 4maz [ [{* + a® cot? (k/2m))}
k=1

where ]_[Z;] denotes the product of all the factors indicated from k =1 tom — 1.

Suppose points P; and P,, represented by z; and zp respectively, are such that |z; + 22| = |71 — 22].
Prove that (a) z;/z; is a pure imaginary number, (b) £P;OP, = 90°.

Prove that for any integer m > 1,

T 27 37 (m— 1)
cot—cot—cot—:--cot———— =

1
2m 2m  2m 2m

Prove and generalize: (a) csc?(m/7) + csc?(2m/7) + csc®(dm/7) =2
(b) tan?(7r/16) + tan>(37/16) + tan*(57/16) + tan>(77/16) = 28

Let masses m;, my, m3 be located at points z;, 22, z3, respectively. Prove that the center of mass is given by

myzy +my2 +m3z3
my +my + ms3

2 =
Generalize to n masses.
Find the point on the line joining points z; and zo which divides it in the ratio p: q.

Show that an equation for a circle passing through three points z;, z, z3 is given by
7—2 /(Z3—Z1 _(Z-Z / -2
-2 3 — 2 -2 32

Prove that the medians of a triangle with vertices at z;, z;, z3 intersect at the point %(zl + 22 4+ 23).

Prove that the rational numbers between 0 and 1 are countable.

112 13
’2’3’3’4?4’

wir
[W119%}

]

s bl

=

[Hint. Arrange the numbers as O

Prove that all the real rational numbers are countable.
Prove that the irrational numbers between O and 1 are not countable.

Represent graphically the set of values of z for which (a) |z] > |z — 1], (b) |24+ 2| > 1+ |z —2|.
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1.158. Show that (a) /2 + +/3 and (b) 2 — +/2i are algebraic numbers. [See Problem 1.47.]
1.159. Prove that +/2 + /3 is an irrational number.

1.160. Let ABCD--- PQ represent a regular polygon of n sides inscribed in a circle of unit radius. Prove that the
product of the lengths of the diagonals AC, AD, ..., AP is fncsc?(m/n).

. sinnf el
1.161. Suppose sin 8 # 0. Prove that (a) pemry =2 l_[{cos 0 — cos(k/n)}

sm(Zn +1)6 sin® 6
®) ~ sing =(@n+ I)H{ sin? k7r/(2n + 1)}.

s b SRR y | PR -
.162. Prove cos2n = 11 cos2(2k — Dmr/4n]’

1.163. Suppose the product of two complex numbers z; and z; is real and different from zero. Prove that there exists a
real number p such that z; = pZz,.

1.164. Letzbe any point on the circle |z — 1| = 1. Prove that arg(z — 1) = 2argz = Zarg(z> — z) and give a geometri-
cal interpretation.

1.165. Prove that under suitable restrictions (a) z”'z" = 2", (b) (")" = 7™
1.166. Prove (a) Re{z1z2} = Re{z1}Re{zo} — Im{z;}Im{z,}
(b) Im{z;2,} = Re{zi}Im{z,} + Im{z;}Re{z>}.
1.167. Find the area of the polygon with vertices at 2 4+ 3i, 3+ i, —2 —4i, —4 —i, —1 4+ 2i.

1.168. Letay, ay,...,a, and by, by,. .., b, be any complex numbers. Prove Schwarz’s inequality,

ANSWERS TO SUPPLEMENTARY PROBLEMS

1.53. (a) —4—i, (b) —17+ 14i, (¢) 8+1i,(d) =9+ 7i, () 11/17 — (10/17)i, () 21 +1i,
(2) —15/2+5i, (h) —11/2 —(23/2)i, () 2+i

1.54. (a) —1 —4i, (b) 170, (c) 10244, (d) 12, (e) 3/5, () —1/7,(g) =7+ 3/3 +/3i,
(h) 765 + 128+/3, (i) —35

1.57. x=1,y=-2
1.60. x* +y* 4+ 2x%y? — 6x%y — 6y° + 9% + 9y?
1.61. (a) 6 —2i, (b)3+3i,(c) —1+12i,(d) 9—8i, (e) 19/2 4+ (3/2)i
1.63. (a) V10, (b) 5v/2, (¢) 5+ 5i, (d) 15
1.64. 5,5,8
1.70. (@) z— 2+ =t(1—-3)orx=2+t,y=1—-3tor3x+y=7
b) z—(5/2—i/2)=t3+i)orx=3t+5/2,y=t—1/20r3 -3y =4
1.71. (a) circle, (b) ellipse, (c) hyperbola, (d) z =1 and x = —3, (e) hyperbola
172, (@) lz+3—4i|=20r (x+3)*+ (y—4)> =4, (b) [z+2i| + [z —2i| = 10
173, @1 <|z+i <2, () Re{z?}>1,(c) [z+3i| >4, (d) |z+2—3i| +]z—2+3i| <10

1.81. (a) 24/2 cis 3»15O or 2+/2e7™/* ) (b) 2 cis 120° or 22773 (c) 4 cis 45° or 4e™/*, (d) cis 270° or €3™/2, (e)
4 cis 180° or 4e™, (f) 4 cis 210° or 4¢7™/0, (g) /2 cis 90° or /2¢™/2, (h) 4/3 cis 300° or +/3¢°7/3



1.83.
1.84.

1.85.
1.89.

1.95.

1.96.

1.97.

1.98.

1.99.
1.100.
1.101.
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1.104.
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(a) 5expli(m + tan~1(4/3), (b) v/5 exp[ —itan~! 2]

() —3v/2 + 3+/2i, (b) 12, (¢) 2¢/2 — 23/2i, (d) —v/2 — V/2i, () =5+/3/2 — (5/2)i,

(f) —3+/3/2 = (3/2)i

375 miles, 23° north of east (approx.)

() 15/2 + (154/3/2)i, (b) 32 — 32+/3i, (c) —16 — 16+/3i, (d) 3/3/2 — (3+/3/2)i,

() —v/3/2—(1/2)i

(@  2cis 165° 2 cis 345  (b) /2 cis 27°, /2 cis 99°, /2 cis 171°, /2 cis 243°, /2 cis 315°;
(c) /4 cis 20°, /4 cis 140°, /4 cis 260°; (d) 2 cis 67.5°, 2 cis 157.5°, 2 cis 247.5°, 2 cis 337.5% (e)

2 cis 0°, 2 cis 60°, 2 cis 120°, 2 cis 180°, 2 cis 240°, 2 cis 300°; (f) cis 60°, cis 180°, cis 300°

(@ 2cis 0% 2 cis 120°, 2 cis 240%  (b) /8 cis 22.5°, +/8 cis 202.5% (c) 2 cis 48°, 2 cis 120°,
2 cis 192°, 2 cis 264°, 2 cis 336°; (d) +/3 cis 45°, /3 cis 105°, 4/3 cis 165°, 4/3 cis 225°,
/3 cis 285°, 4/3 cis 345°

(a) 3 cis 45°, 3 cis 135°, 3 cis 225°, 3 cis 315°

(b) /2 cis 40°, ¥/2 cis 100°, /2 cis 160°, /2 cis 220°, /2 cis 280°, /2 cis 340°

(@) 3 —2i, =3 +2i, (b) V10 + +2i, —/10 — +/2i

1420, § =3+ +5V3)i, =5 -3+ (V3 -1)i

@1 +7)/5,b) 1+i, 1 —-2i

1,1,2, -1 +1i

1A +iv3), L(-1 +iV3)

242i,2—2i

(a) E2™K/4 = 2mk/2 | =0, 1, 2,3, (b) 2™/, k=0,1,...,6

Oi(w—D/(w+ 1), (0 = /(e + 1), (&® = 1)/(e® + 1), (0* — 1)/(e* + 1), where w = >™/3

@ 1,()178,(c) 1,(d) 17, (e) 1, () 1

17

18

@x*+y>=16,(b) > +y* —4x+8=0,(c)x=2,(d) y=-3

(@) (z—3)z—3)=9,(b) 2i—3)z+ Qi +3)z=10i, (c) 3(*+75) - 102 +25=0

(a) Yes. (b) Every point inside or on the boundary of the square is a limit point. (c) No. (d) All points of the
square are boundary points; there are no interior points. (e) No. (f) No. (g) No. (h) The closure of § is the set of

all points inside and on the boundary of the square. (i) The complement of S is the set of all points that are not
equal to a + bi when a and b [where 0 < a < 1, 0 < b < 1] are rational. (j) Yes. (k) No. (I) Yes.

(a) Yes. (b) Every point inside or on the square is a limit point. (c) No. (d) Every point inside is an interior point,
while every point on the boundary is a boundary point. (e) Yes. (f) Yes. (g) Yes. (h) The closure of S is the set
of all points inside and on the boundary of the square. (i) The complement of S is the set of all points exterior to
the square or on its boundary. (j) No. (k) No. (I) Yes.

(a) Yes. (b) Every point of S is a limit point. (c) Yes. (d) Every point inside the square is an interior point, while
every point on the boundary is a boundary point. (e) No. (f) Yes. (g) No. (h) Sitself. (i) All points exterior to the
square. (j) No. (k) Yes. (1) Yes.

@12, 1, =i, i, 1+, () {1, i, =i}, (©) {1, =i}

e V3

Yes

lz4+1l=+v50r (x+ 12 +y2=5

. (qz; +p2)/(q +p)
1.167.

4712



Functions, Limits, and
Continuity

2.1 Variables and Functions

A symbol, such as z, which can stand for any one of a set of complex numbers is called a complex variable.

Suppose, to each value that a complex variable z can assume, there corresponds one or more values of a
complex variable w. We then say that w is a function of z and write w = f(z) or w = G(z), etc. The variable z
is sometimes called an independent variable, while w is called a dependent variable. The value of a function
at z = a is often written f(a). Thus, if f(z) = z2, then f(2i) = (2i)* = —4.

2.2 Single and Multiple-Valued Functions

If only one value of w corresponds to each value of z, we say that w is a single-valued function of z or that
f(2) is single-valued. If more than one value of w corresponds to each value of z, we say that w is a multiple-
valued or many-valued function of z.

A multiple-valued function can be considered as a collection of single-valued functions, each member of
which is called a branch of the function. It is customary to consider one particular member as a principal
branch of the multiple-valued function and the value of the function corresponding to this branch as the
principal value.

EXAMPLE 2.1

(a) Ifw= 72, then to each value of z there is only one value of w. Hence, w = f(2) = Zisa single-valued

function of z.
(b) If w? =z, then to each value of z there are two values of w. Hence, w? = z defines a multiple-valued (in this

case two-valued) function of z.

Whenever we speak of function, we shall, unless otherwise stated, assume single-valued function.

2.3 Inverse Functions

If w=f(z), then we can also consider z as a function, possibly multiple-valued, of w, written
z=gw) =f"!(w). The function f~! is often called the inverse function corresponding to f. Thus,
w =f(z) and w = f~1(2) are inverse functions of each other.
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2.4 Transformations

If w = u + iv (where u and v are real) is a single-valued function of z = x + iy (where x and y are real), we
can write u + iv = f(x + iy). By equating real and imaginary parts, this is seen to be equivalent to

u=ulx,y), v=uvx,y) 2.1

Thus given a point (x, y) in the z plane, such as P in Fig. 2-1, there corresponds a point (u, v) in the w plane,
say P’ in Fig. 2-2. The set of equations (2.1) [or the equivalent, w = f(z)] is called a transformation. We
say that point P is mapped or transformed into point P’ by means of the transformation and call P’ the
image of P.

EXAMPLE 2.2 If w = z?, then u + iv = (x 4 iy)> = x> —y*> + 2ixy and the transformation is u = x> —y?,
v =2xy. The image of a point (1, 2) in the z plane is the point (-3, 4) in the w plane.

z plane P w plane

/\/\/Q o
P /_/

Fig. 2-1 Fig. 2-2

In general, under a transformation, a set of points such as those on curve PQ of Fig. 2-1 is mapped into a
corresponding set of points, called the image, such as those on curve P’'Q’ in Fig. 2-2. The particular charac-
teristics of the image depend of course on the type of function f(z), which is sometimes called a mapping
Sfunction. If f(z) is multiple-valued, a point (or curve) in the z plane is mapped in general into more than one
point (or curve) in the w plane.

2.5 Curvilinear Coordinates

Given the transformation w = f(z) or, equivalently, u = u(x, y), v = v(x, y), we call (x, y) the rectangular
coordinates corresponding to a point P in the z plane and (u, v) the curvilinear coordinates of P.

w plane
v=c, v

Fig. 2-3 Fig. 2-4
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The curves u(x, y) = ¢y, v(x, y) = ¢, where c¢; and ¢, are constants, are called coordinate curves [see
Fig. 2-3] and each pair of these curves intersects in a point. These curves map into mutually orthogonal
lines in the w plane [see Fig. 2-4].

2.6 The Elementary Functions

1.

Polynomial Functions are defined by

w=a'+a "'+ + a2+ a, = PR) (2.2)

where ay #0, ay, ..., a, are complex constants and » is a positive integer called the degree of
the polynomial P(z).
The transformation w = az + b is called a linear transformation.
Rational Algebraic Functions are defined by
(] 2.3)
0(z)
where P(z) and Q(z) are polynomials. We sometimes call (2.3) a rational transformation. The
special case w = (az + b)/(cz + d) where ad — bc # 0 is often called a bilinear or fractional
linear transformation.
Exponential Functions are defined by

w=¢e" = e = ¢Ycosy+isiny) (2.4)

where e is the natural base of logarithms. If a is real and positive, we define
a = e 2.5)

where In a is the natural logarithm of a. This reduces to (4) if a = e.

Complex exponential functions have properties similar to those of real exponential functions.
For examp]e’ el . o2 = eZ1+zz’ % /812 = %1722,
Trigonometric Functions. We define the trigonometric or circular functions sin z, cos z, etc., in
terms of exponential functions as follows:

eiz _ e—iz eiz + e—iz

sing =— coszg=——
2i 2
1 2 1 20

seCz=—=—"—, csCzg=—""=—"—

cosz e +4e & sinzg e%—e™©

sin z ef—e™% cosz i(e®+e7%)
tanz = = otz = =

cosz i(e 4 e iz)’ sinz ez — e~ iz

Many of the properties familiar in the case of real trigonometric functions also hold for the
complex trigonometric functions. For example, we have:
sin?z + cos?z = 1, 1 + tan®z = sec?z, 1+ cot?z =csc?z
sin(—z) = —sing, cos(—z) = cos z, tan(—z) = —tanz
sin(z; £ zp) = sinz; cos z £ cos z; sin 2
cos(z; £+ 22) = cosz; coSZp F sinz; sinzp

tanz; +tanzp
tan(zi +20) =————
@ 2) 1 Ftanz; tanz,



CHAPTER 2 Functions, Limits, and Continuity

5. Hyperbolic Functions are defined as follows:

] et — et &+ et
hz=——— hz=——
sinh z > cosh z >
1 2 1 2
sechz = = s cschz = — =
coshz et+e2 sinhz eZ—e2
sinhz e —e* coshz e +e*
tanhz = = s cothz = — =
coshz e*+4e? sinhz e?—e2
The following properties hold:
cosh?z — sinh?z = 1, 1 — tanh®z = sech’ z, coth?z — 1 = csch?z
sinh(—z) = —sinh z, cosh(—z) = cosh z, tanh(—z) = —tanhz

sinh(z; &+ zp) = sinh z; cosh z, + cosh z; sinh z,
cosh(z; +z2) = cosh z; cosh z; 4 sinh z; sinh z,

tanh z; + tanh 2,
1+ tanhz; tanh 2,

tanh(z; +22) =

The following relations exist between the trigonometric or circular functions and the hyperbolic
functions:

siniz = isinhz, cosiz = coshz, taniz = itanhz

sinhiz = isinz, coshiz = cosz, tanhiz = itanz

6. Logarithmic Functions. If 7 = ¢, then we write w = In z, called the natural logarithm of z. Thus
the natural logarithmic function is the inverse of the exponential function and can be defined by

w=Inz=Inr+i(0+2km, k=0, +1, £2, ...
where z = re'? = /™27 Note that In z is a multiple-valued (in this case, infinitely-many-
valued) function. The principal-value or principal branch of ln z is sometimes defined as
In r 4+ i where 0 < 0 < 27. However, any other interval of length 27 can be used, e.g.,
—7 < 0 <, etc.
The logarithmic function can be defined for real bases other than e. Thus, if z = @", then
w = log,z where a > 0 and a # 0, 1. In this case, z = e""¢ and so, w = (Inz)/(Ina).

7. Inverse Trigonometric Functions. If z = sinw, then w = sin~! z is called the inverse sine of z
or arc sine of z. Similarly, we define other inverse trigonometric or circular functions cos~ !z,
tan~! z, etc. These functions, which are multiple-valued, can be expressed in terms of natural

logarithms as follows. In all cases, we omit an additive constant 2kmi, k =0, +1, 42, ..., in
the logarithm:
. 1 . . 1 i+V2 -1
sin Z:fln(lZ-F 1—z2>, csc i z=-In| ———
i i Z
1 1 1 1 — 72
COS_IZ:fIIl(Z—F 22 — 1), Sec_lzz'ln(_l_z)
i i z

tan‘lz—lln 1t cot‘]z—lln z+?
T2 \1—iz)’ T2 \z—i
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8. Inverse Hyperbolic Functions. If z = sinhw, then w = sinh~! z is called the inverse hyperbolic
sine of z. Similarly, we define other inverse hyperbolic functions cosh™' z, tanh™! z, etc. These
functions, which are multiple-valued, can be expressed in terms of natural logarithms as

follows. In all cases, we omit an additive constant 2k, k = 0, +1, £2,..., in the logarithm:
sinh™' z = ln<z + V2 + 1), csch™!z = ln<1+\/zm)
cosh™' z = ln<Z + vz — 1), sech™'z = ln<1 * \/Zm)
tanh ™!z = %ln (iti) coth™!z = %ln (ii)

9. The Function z%, where « may be complex, is defined as <. Similarly, if f(z) and g(z) are two
given functions of z, we can define f(2)5¢) = @™ n general, such functions are multiple-
valued.

10. Algebraic and Transcendental Functions. If w is a solution of the polynomial equation

Po@w" + Pr@w" ™ - + Py @w + Pa(2) =0 (2.6)

where Py # 0, P1(2), ..., P,(2) are polynomials in z and 7 is a positive integer, then w = f(z) is
called an algebraic function of z.

EXAMPLE 2.3 w = z!/? is a solution of the equation w> — z = 0 and so is an algebraic function of z.

Any function that cannot be expressed as a solution of (6) is called a transcendental function. The
logarithmic, trigonometric, and hyperbolic functions and their corresponding inverses are examples of
transcendental functions.

The functions considered in 1-9 above, together with functions derived from them by a finite number of
operations involving addition, subtraction, multiplication, division and roots are called elementary
functions.

2.7 Branch Points and Branch Lines

1/2

further that we allow z to make a complete circuit (counter-
clockwise) around the origin starting from point A [Fig. 2-5]. B
We have z=re% w=,re? so that at A, =6, and
w=.re®/?. After a complete circuit back to A, 5= 0
0
have not achieved the same value of w with which we \
started. However, by making a second complete circuit
and we then do obtain the same value of w with which we Fig. 25
started.
function z!/2, while if 27r < 6 < 441, we are on the other branch of the function.
It is clear that each branch of the function is single-valued. In order to keep the function single-valued,

Suppose that we are given the function w = z'/<. Suppose zplane
0=0,+2m and w = /re"+?™M/2 = __ [re%/2 Thus, we J ?
back to A, ie., 0= 0; +4m w=SreOT4m2 = [reit/?

We can describe the above by stating that if 0 < 6 < 241, we are on one branch of the multiple-valued
we set up an artificial barrier such as OB where B is at infinity [although any other line from O can be used],
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which we agree not to cross. This barrier [drawn heavy in the figure] is called a branch line or branch cut,
and point O is called a branch point. It should be noted that a circuit around any point other than z = 0 does
not lead to different values; thus, z = 0 is the only finite branch point.

2.8 Riemann Surfaces

There is another way to achieve the purpose of the branch line described above. To see this, we imagine that
the z plane consists of two sheets superimposed on each other. We now cut the sheets along OB and imagine
that the lower edge of the bottom sheet is joined to the upper edge of the top sheet. Then, starting in the
bottom sheet and making one complete circuit about O, we arrive in the top sheet. We must now
imagine the other cut edges joined together so that, by continuing the circuit, we go from the top sheet
back to the bottom sheet.

The collection of two sheets is called a Riemann surface corresponding to the function z!/2. Each sheet
corresponds to a branch of the function and on each sheet the function is single-valued.

The concept of Riemann surfaces has the advantage that the various values of multiple-valued functions
are obtained in a continuous fashion.

The ideas are easily extended. For example, for the function z
In z, the Riemann surface has infinitely many sheets.

1/3 the Riemann surface has 3 sheets; for

2.9 Limits

Let f(z) be defined and single-valued in a neighborhood of 7 = zy with the possible exception of z = zj itself
(i.e., in a deleted & neighborhood of zp). We say that the number / is the limit of f(z) as z approaches zo
and write lim,,,, f(z) =/ if for any positive number e (however small), we can find some positive
number & (usually depending on €) such that |f(z) — I| < € whenever 0 < |z — 79| < .

In such a case, we also say that f(z) approaches [ as z approaches zy and write f(z) — [ as z — zo. The
limit must be independent of the manner in which z approaches z.

Geometrically, if zo is a point in the complex plane, then lim,,,, f(z) = [ if the difference in absolute
value between f(z) and / can be made as small as we wish by choosing points z sufficiently close to zg
(excluding z = zy itself).

EXAMPLE 2.4 Let

f(z):{zz 7#i

0 z=i
Then, as z gets closer to i (i.e., z approaches i), f(z) gets closer to i> = —1. We thus suspect that
lim,_,; f(z) = —1. To prove this, we must see whether the above definition of limit is satisfied. For this proof, see

Problem 2.23.
Note that lim,_,; f(z) # f(i), i.e., the limit of f(z) as z — i is not the same as the value of f(z) at z = i, since
f(@@ = 0 by definition. The limit would, in fact, be —1 even if f(z) were not defined at z = i.

When the limit of a function exists, it is unique, i.e., it is the only one (see Problem 2.26). If f(z) is
multiple-valued, the limit as z — zo may depend on the particular branch.

2.10 Theorems on Limits

THEOREM 2.1.  Suppose lim,_,,, f(z) = A and lim,_,,, g(z) = B. Then

1. lim, {f(2) + g(@)} = lim,_,, f(z) + lim,_,,, g(z) =A + B
2. limg . {f(2) — g@)} = lim,—, f(z) — lim,, 8(z) = A — B
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3. lime, {f(2)8(@)} = {lim., f@}H{lim.—,, g(2)} = AB

. f@) _lim, f(z) A
4. lim—=——"""——=—1if B#0
—0g(z) limg,,g(z) B

2.11 Infinity

By means of the transformation w = 1/z, the point z = 0 (i.e., the origin) is mapped into w = oo, called the
point at infinity in the w plane. Similarly, we denote by z = o0, the point at infinity in the 7 plane. To con-
sider the behavior of f(z) at z = oo, it suffices to let z = 1/w and examine the behavior of f(1/w) at w = 0.
We say that lim,_, » f(z) = [ or f(z) approaches [ as z approaches infinity, if for any € > 0, we can find
M > 0 such that |f(z) — | < € whenever |z| > M.
We say thatlim,_, ,, f(z) = o0 or f(z) approaches infinity as z approaches z, if for any N > 0, we can find
6 > 0 such that | f(z)] > N whenever 0 < |z — 79| < é.

2.12 Continuity

Let f(z) be defined and single-valued in a neighborhood of z =zy as well as at z=2zp (i.e., in a
neighborhood of zp). The function f(z) is said to be continuous at z =z if lim,_,,, f(z) = f(z0). Note
that this implies three conditions that must be met in order that f(z) be continuous at z = z;:

1. lim,,, f(z) = [ must exist
2. f(zp) must exist, i.e., f(z) is defined at zg

3. 1=f(z0)

Equivalently, if f(z) is continuous at zy, we can write this in the suggestive form

lim f(z) = f(lim )
=20 <20
EXAMPLE 2.5
(a) Suppose
_ 2 z#i
f@= { 0 .

=1

Then, lim,_,; f(z) = —1. But f(i) = 0. Hence, lim,_,; f(z) # f(i) and the function is not continuous at z = i.

(b) Suppose f(z) = z* for all z. Then lim,_,; f(z) = f(i) = —1 and f(z) is continuous at z = i.

Points in the z plane where f(z) fails to be continuous are called discontinuities of f(z), and f(z) is said
to be discontinuous at these points. If lim,_, ;; f(z) exists but is not equal to f(z¢), we call zy a removable
discontinuity since by redefining f(zo) to be the same as lim,,,, f(z), the function becomes continuous.

Alternative to the above definition of continuity, we can define f(z) as continuous at z = z, if for any
€ > 0, we can find 6 > 0 such that | f(z) — f(zo)| < € whenever |z — 79| < 8. Note that this is simply the
definition of limit with / = f(z9) and removal of the restriction that z # z,.

To examine the continuity of f(z) at z = oo, we let z = 1/w and examine the continuity of f(1/w) at
w=0.

Continuity in a Region

A function f(z) is said to be continuous in a region if it is continuous at all points of the region.
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2.13 Theorems on Continuity

THEOREM 2.2. Given f(z) and g(z) are continuous at z = zo. Then so are the functions f(z) + g(z),
f(2) — g(), f()g(z) and f(z)/g(z), the last if g(zo)#0. Similar results hold for
continuity in a region.

THEOREM 2.3. Among the functions continuous in every finite region are (a) all polynomials, (b) €%,
(c) sin z and cos z.

THEOREM 2.4. Suppose w = f(z) is continuous at 7 =z9 and z = g({) is continuous at = ,.
If zo = g({y), then the function w = f[g({)], called a function of a function or
composite function, is continuous at ¢ = {,. This is sometimes briefly stated as:
A continuous function of a continuous function is continuous.

THEOREM 2.5.  Suppose f(z) is continuous in a closed and bounded region. Then it is bounded in the
region; i.e., there exists a constant M such that | f(z)| < M for all points z of the region.

THEOREM 2.6. If f(z) is continuous in a region, then the real and imaginary parts of f(z) are also
continuous in the region.

2.14 Uniform Continuity

Let f(z) be continuous in a region. Then, by definition at each point z; of the region and for any € > 0, we can
find 6 > O (which will in general depend on both € and the particular point zg) such that | f(z) — f(z0)] < €
whenever |z — zg| < é. If we can find & depending on € but not on the particular point zg, we say that f(z) is
uniformly continuous in the region.

Alternatively, f(z) is uniformly continuous in a region if for any € > 0 we can find 6 > 0 such that
|f(z1) — f(z2)] < € whenever |71 — 22| < & where z; and z, are any two points of the region.

THEOREM 2.7.  Let f(z) be continuous in a closed and bounded region. Then it is uniformly continuous
there.

2.15 Sequences

A function of a positive integral variable, designated by f(n) or u,, where n =1, 2, 3, ..., is called a
sequence. Thus, a sequence is a set of numbers u;, up, us, ... in a definite order of arrangement and
formed according to a definite rule. Each number in the sequence is called a ferm and u, is called the
nth term. The sequence u,, u,, us, ... is also designated briefly by {u,}. The sequence is called finite or
infinite according as there are a finite number of terms or not. Unless otherwise specified, we shall only
consider infinite sequences.

EXAMPLE 2.6

(a) The set of numbers i, i2, i%, ..., ' is a finite sequence; the nth term is given by
u, =i",n=1,2,...,100

(b) The set of numbers 1+ i, (1 4+ i)?/2!, (1 +i)%/3!, ... is an infinite sequence; the nth term is given by
u, =1+d"/n,n=1,2,3,....
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2.16 Limit of a Sequence

A number [ is called the limit of an infinite sequence u;, u,, us, ... if for any positive number € we can find
a positive number N depending on € such that |u, —[| < € for all n > N. In such case, we write
lim,,_, o u,, = I. If the limit of a sequence exists, the sequence is called convergent; otherwise it is called
divergent. A sequence can converge to only one limit, i.e., if a limit exists it is unique.

A more intuitive but unrigorous way of expressing this concept of limit is to say that a sequence
uy, Uy, us, ... has a limit [ if the successive terms get “closer and closer” to /. This is often used to
provide a “guess” as to the value of the limit, after which the definition is applied to see if the guess is
really correct.

2.17 Theorems on Limits of Sequences

THEOREM 2.8.  Suppose lim, _,« a, = A and lim,,_, b, = B. Then

1. lim,_ e (a, +b,) =1lim, ,xa, +1lim, b, =A+ B
2. lim,(a, —b,) =1lim,,wa, —lim,,0b, =A—B
3. lim,_ o (a,b,) = (lim,_, & a,)(lim,_, « b,) = AB

.oa, lim,,ca, A .
4, lim —=—"""—— if B#0
A T limywb, B NP7

Further discussion of sequences is given in Chapter 6.

2.18 Infinite Series

Let uy, up, us, ... be a given sequence.
Form a new sequence Si, S, S3, ... defined by
Si=u, Ss=u+u, Ss=u+tutus,..., S,=ur+u+---+u,

where S, called the nth partial sum, is the sum of the first n terms of the sequence {u,}.
The sequence Si, S», S3, ... is symbolized by

00

M1+M2+M3+"'=Zun

n=1

which is called an infinite series. If lim, .« S,, = S exists, the series is called convergent and S is its sum;
otherwise the series is called divergent. A necessary condition that a series converges is lim,_, o u, = 0;
however, this is not sufficient (see Problems 2.40 and 2.150).

Further discussion of infinite series is given in Chapter 6.

SOLVED PROBLEMS

Functions and Transformations

2.1. Let w = f(z) = z°. Find the values of w that correspond to (a) z = —2 + i and (b) z = 1 — 3i, and
show how the correspondence can be represented graphically.
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2.3.
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Solution

(@ w=f2+i) =2+ =4—4di+i*=3—4i
b) w=f1-3)=0-3)=1—-6i+9>=—-8—6i

z plane w plane

y v

P —+ —+

-2+ie - X -+ u
——t—+—— "+ttt —t—+———+—+——+—+++++t++

T e 1-3i T ’
+ , -+ ®3-4
+ o 8060 +

Fig. 2-6 Fig. 2-7

The point z = —2 + i, represented by point P in the z plane of Fig. 2-6, has the image point w =3 — 4i
represented by P’ in the w plane of Fig. 2-7. We say that P is mapped into P’ by means of the mapping function
or transformation w = z>. Similarly, z = 1 — 3i [point Q of Fig. 2-6] is mapped into w = —8 — 6i [point Q' of
Fig. 2-7]. To each point in the z plane, there corresponds one and only one point (image) in the w plane, so that
w is a single-valued function of z.

Show that the line joining the points P and Q in the z plane of Problem 2.1 [Fig. 2-6] is mapped by
w = z? into curve joining points P’'Q’ [Fig. 2-7] and determine the equation of this curve.

Solution

Points P and Q have coordinates (—2, 1) and (1, —3). Then, the parametric equations of the line joining these
points are given by

x—(=2) y—1
= =t =3t-2,y=1—-4
(2~ 3.1 or X t , ¥ t

The equation of the line PQ can be represented by z = 3t — 2 + i(1 — 4¢). The curve in the w plane into which
this line is mapped has the equation

w=2z>={3t—2+i(1 — 40} = 3t — 2)> — (1 — 41)* + 23t — 2)(1 — 41)i
=3 — 4t — T + (—4 + 22t — 24%)i

Then, since w = u + iv, the parametric equations of the image curve are given by
u=3—4r—77, v=—4+22t—24r

By assigning various values to the parameter ¢, this curve may be graphed.

A point P moves in a counterclockwise direction around a circle in the z plane having center at the
origin and radius 1. If the mapping function is w = z*, show that when P makes one complete revo-
lution, the image P’ of P in the w plane makes three complete revolutions in a counterclockwise
direction on a circle having center at the origin and radius 1.
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Solution

Let z = re'”. Then, on the circle |z| = 1 [Fig. 2-8], r = 1 and z = ¢'’. Hence, w = 2> = (¢/%)® = %%, Letting

(p, ¢) denote polar coordinates in the w plane, we have w = pe'® = ¢¥? so that p = 1, ¢ = 36.

z plane w plane

y v

P’
A
L_A\P R ¢ =36 u

ol / o’

p

Fig. 2-8 Fig. 2-9

Since p = 1, it follows that the image point P’ moves on a circle in the w plane of radius 1 and center at the
origin [Fig. 2-9]. Also, when P moves counterclockwise through an angle 6, P’ moves counterclockwise
through an angle 30. Thus, when P makes one complete revolution, P’ makes three complete revolutions.
In terms of vectors, it means that vector O'P’ is rotating three times as fast as vector OP.

2.4. Suppose c; and c; are any real constants. Determine the set of all points in the z plane that map into
the lines (a) u = ¢y, (b) v = c; in the w plane by means of the mapping function w = z?. Illustrate by
considering the cases ¢c; =2, 4, —2, —4 and ¢; = 2, 4, -2, —4.

Solution
We have w = u + iv = 22 = (x + iy)* = x> — y* + 2ixy so that u = x> — y?, v = 2xy. Then lines u = ¢, and
v = ¢, in the w plane correspond, respectively, to hyperbolas x> — y? = ¢; and 2xy = ¢, in the z plane as
indicated in Figs. 2-10 and 2-11.
> w plane
z plane V7 P v N I V « <
NN o 1l I I I
Y SRS AN 3 2 3 3
AN + /:1/ /ﬂq///
N ¥ S , '
R 2 . R 0 v=4
\\ S //
2xy =4
2xy =—4 ‘ ‘~ ,—
0 N = u
*—— | \ _
2xy=2 [/ g 2xy =2
2xy=4 ."}ﬂq‘%\" 2xy =—4 =2
% ““" N T or X UorY
ZCUTAN
=y = 7 v=-+4
Poy?=2 /
// \‘
4 <(xz—yz =4
P-yr==2
Fig. 2-10 Fig. 2-11

2.5. Referring to Problem 2.4, determine: (a) the image of the region in the first quadrant bounded
by x> —y> = =2, xy = 1, x> —y> = —4, and xy = 2; (b) the image of the region in the z plane
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bounded by all the branches of x> —y?> =2, xy=1,x> —y>= -2, and xy= —1; (c) the
curvilinear coordinates of that point in the xy plane whose rectangular coordinates are (2, —1).

Solution

(a) The region in the z plane is indicated by the shaded portion PORS of Fig. 2-10. This region maps into the
required image region P’Q'R’'S’ shown shaded in Fig. 2-11. It should be noted that curve PQRSP is tra-
versed in a counterclockwise direction and the image curve P'Q'R'S'P’ is also traversed in a counter-
clockwise direction.

(b) The region in the z plane is indicated by the shaded portion PTUVWXYZ of Fig. 2-10. This region maps
into the required image region P'T'U’V’ shown shaded in Fig. 2-11.

It is of interest to note that when the boundary of the region PTUVWXYZ is traversed only once, the
boundary of the image region P'T'U'V’ is traversed twice. This is due to the fact that the eight points P
and W, Tand X, U and Y, V and Z of the z plane map into the four points P" or W, T" or X', U’ or Y’, V' or
7', respectively.

However, when the boundary of region PORS is traversed only once, the boundary of the image region
is also traversed only once. The difference is due to the fact that in traversing the curve PTUVWXYZP, we
are encircling the origin z = 0, whereas when we are traversing the curve PORSP, we are not encircling

the origin.
() u=x*—y*= 2? = (=12 =3, 0= 2xy = 2(2)(—1) = —4. Then the curvilinear coordinates are
u=3,v=—-4

Multiple-Valued Functions

2.6. Letw’ = zand suppose that corresponding to the particular value z = z;, we have w = wy. (a) If we
start at the point z; in the z plane [see Fig. 2-12] and make one complete circuit counterclockwise
around the origin, show that the value of w on returning to z; is w1e2™/5_(b) What are the values of
w on returning to z;, after 2, 3, ... complete circuits around the origin? (c) Discuss parts (a) and (b)
if the paths do not enclose the origin.

z plane w plane
y v
C w, €275
B
r Wi
0, X w, ¥l u
W) 68”1/5
w, €675
Fig. 2-12 Fig. 2-13

Solution

(a) We have z = re', so that w = z!/5 = 13¢5 If r = r| and 6 = 6,, then w; = r}/seie‘/s.
As 6 increases from 6; to 6; 4 21, which is what happens when one complete circuit counterclockwise
around the origin is made, we find

W= rll/se;(ol+2w)/5 _ r11/5ei0|/582m‘/5 = w27
(b) After two complete circuits around the origin, we find
w= r{/sei(0,+4m/5 _ ri/Se“"/Se‘“ﬁ/s _ Wle4m'/5
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2.7.

Similarly, after three and four complete circuits around the origin, we find

6i/5 87i/5

w = wie and w=we

After five complete circuits, the value of w is wiel97/5 — ), | so that the original value of w is obtained

after five revolutions about the origin. Thereafter, the cycle is repeated [see Fig. 2-13].

Another Method. Since w> = z, we have arg z = 5 arg w from which
Change in arg w = %(Change in arg z)

Then, if arg z increases by 2m, 4w, 6w, 8w, 10m, ..., arg w increases by 2x/5, 4m/5, 6m/5,
8m/S, 2, ... leading to the same results obtained in (a) and (b).

(c) If the path does not enclose the origin, then the increase in arg z is zero and so the increase in arg w is also
zero. In this case, the value of w is wy, regardless of the number of circuits made.

(a) In the preceding problem, explain why we can consider w as a collection of five single-valued
functions of z.

(b) Explain geometrically the relationship between these single-valued functions.

(c) Show geometrically how we can restrict ourselves to a particular single-valued function.

Solution

(@) Since w’ =z = re'® = re/®*™ where k is an integer, we have

w = pPefHM/S — p1/5(cos(0 + 2kam) /5 + i sin(0 + 2km)/5)

and so w is a five-valued function of z, the five values being given by k =0, 1, 2, 3, 4.
Equivalently, we can consider w as a collection of five single-valued functions, called branches of the
multiple-valued function, by properly restricting 6. Thus, for example, we can write

w = r'3(cos 6/5 + i sin 6/5)

where we take the five possible intervals for 6 given by 0 < 0 <27, 2w < 0 <4, ..., 87w < 0 < 10, all
other such intervals producing repetitions of these.

The first interval, 0 < 8 < 27, is sometimes called the principal range of 6 and corresponds to the
principal branch of the multiple-valued function.

Other intervals for 0 of length 277 can also be taken; for example, —7m < 0 < 7, m < 6 < 31, etc., the first
of these being taken as the principal range.
(b) We start with the (principal) branch

w = r'/3(cos 6/5 + isin 6/5)

where 0 < 60 < 277,

After one complete circuit about the origin in the z plane, 6 increases by 27 to give another branch of
the function. After another complete circuit about the origin, still another branch of the function is
obtained until all five branches have been found, after which we return to the original (principal) branch.

Because different values of f(z) are obtained by successively encircling z = 0, we call z = 0 a branch
point.

(c) We can restrict ourselves to a particular single-valued function, usually the principal branch, by
insuring that not more than one complete circuit about the branch point is made, i.e., by suitably
restricting 6.

In the case of the principal range 0 < 0 < 27, this is accomplished by constructing a cut, indicated by
OA in Fig. 2-14, called a branch out or branch line, on the positive real axis, the purpose being that we do
not allow ourselves to cross this cut (if we do cross the cut, another branch of the function is obtained).

If another interval for 6 is chosen, the branch line or cut is taken to be some other line in the z plane
emanating from the branch point.
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For some purposes, as we shall see later, it is useful to consider the curve of Fig. 2-15 of which
Fig. 2-14 is a limiting case.

z plane z plane

y al”

J

Fig. 2-14 Fig. 2-15

The Elementary Functions

2.8.

2.9.

Prove that (a) €% - €2 = %12, (b) |€°] = €%, (c) et2km — e k=0, +1, £2,....
Solution
(a) By definition e = e*(cosy + isiny) where z = x 4 iy. Then, if z; = x; +iy; and 2o = x; + iyy,

e - e? = ¢"(cosy| +isiny;) - €?(cosy, + isiny,)
=€ - " (cosy| + isiny;)(cosy, + isiny,)
= "2 {cos(y +y2) + isin(y; +y2)} = €72

X

(b) |€°] = |e"(cosy +isiny)| = |e*]||cosy +isiny|=¢" -1 =¢

(¢) By part (a),
T — 22T — o%(cos 2k + i sin 2kw) = €°
This shows that the function e* has period 2kri. In particular, it has period 27ri.
Prove:
(a) sinz+cos’z=1 (c) sin(z; + 22) = sinz; cosz + cos z; sinzy

(b) € =cosz+isinz, e2 =cosz—isinz (d) cos(z; + z2) = cosz| coszy — sinz; sinz,

Solution
iz _ ,—iz iz —iz
By definition, sinz = %, cosz = %. Then
i

iz _ ,—iz 2 iz —iz 2
(a) sin? z 4+ cos’z = (e 2; ) +(e —;e )

eZiz -2 + e—2iz eZiz + 2 + e—2iz

=- + =1
4 4

(b) e — e % =2isinz (1

e+ e =2cosz 2
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Adding (1) and (2):

267 =2cosz+2isinz and €7 =cosz+isinzg
Subtracting (1) from (2):
2¢e % =2cosz—2isinz and e % =cosz—isinz
elata) _ pmititn) it | pita _ pmit1 | it
(c) sin(z; +22) = . = -
2i 2i
_ (coszy + isinz;)(coszy +isinzy) — (coszy — isinz)(cosz; — isinzy)

2i

= sinz| cos zp + COs 71 Sinzp

ei(Z1+Zz) + e*i(ZhLZz) ei21 . eizz + e*iZI . e*iZZ
(d) cos(zi +22) = =
2 2
_ (coszy +isinzy)(cosza +isinzy) + (cosz; —isinzy)(cosz — isinzy)

2

= C0S8 7] COSZp — sinzy sinzp

2.10. Prove that the zeros of (a) sinz and (b) cosz are all real and find them.

Solution

iz __ ,—iz

(a) Ifsing :%:O, then e = e Zore? =1 =¢e*m k=0, +1, +2, ....
i

Hence, 2iz = 2kmi and z = kmr, ie.,z=0, + o, +2m, +3m, ... are the zeros.

eiZ _I_e*iZ X . X X
(b) Ifcosz= — = 0, then e = —e % or 2% = —1 = @D | — 0, +1, +2, ....

Hence, 2iz = 2k + 1)7i and z = (k —l—%)ﬂ, ie.,z= +mw/2, £3m/2, +57/2, ... are the zeros.

2.11. Prove that (a) sin(—z) = —sinz, (b) cos(—z) =cosz, (c) tan(—z) = —tanz.
Solution
i(=2) _ p=i(=2)  p=iz _ iz i _ iz
@ sin-g="— = = %) — sin:
D L pmiCD iz g gz iy oz
(b) cos(—z) = 3 = 2 = ) =087
(c) tan(—z) = sin(=z) _ —sinz = —tanz, using (a) and (b).

cos(—z)  cosz

Functions of z having the property that f(—z) = —f(z) are called odd functions, while those for which
f(—2) = f(z) are called even functions. Thus sin z and tan z are odd functions, while cos z is an even
function.

2.12. Prove: (a) 1 —tanh?z = sech’z
(b) siniz = isinhz
(c) cosiz =coshz
(d) sin(x 4+ iy) = sinxcoshy 4+ icosxsinhy

Solution
eZ e -2 Z e -z

(a) By definition, coshz = — sinhz = ¢ . Then

—z\ 2 z —z\ 2 2z -2z 2z —2z
2. w2 (€ te (e e\ _ et 424 e ¥ 247
cosh” z — sinh z-( ) ) ( 5 = 4 4 =1



2.13.

2.14.
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cosh?z — sinh? z

Dividing by cosh? z, or 1 — tanh? z = sech® z

cosh® z cosh’ z

o ei(iz) _ e*i(iz) et — ¢f ) et — ot o
(b) siniz = = =i = isinhz

2i 2i 2
ei(iz) + e—i(iz) e+ ¢f e+ e ¢
(c) cosiz= 5 = 5 = > = coshz

(d) From Problem 2.9(c) and parts (b) and (c), we have
sin(x + iy) = sinxcos iy + cosxsiniy = sinxcoshy + i cos x sinh y

(a) Suppose z =e¢" where z=r(cosf+isinf) and w=u+iv. Show that u =Inr and
v=0+42km, k=0, +1, +£2, ... so that w =Inz = Inr + i(6 + 2k). (b) Determine the values
of In(1 — 7). What is the principal value?

Solution

(a) Since z = r(cos 4+ isin ) = e¥ = "+ = ¢*(cos v + i sinv), we have on equating real and imaginary
parts,
e cosv =rcos 6 €))
e'sinv =rsin @ 2
Squaring (1) and (2) and adding, we find e? = ? or ¢* =r and u = Inr. Then, from (1) and (2),
rcosv = rcos 6, rsinv = rsin 6 from which v = 6 + 2ka. Hence, w = u + iv = Inr + i(0 + 2km).
If z = €%, we say that w = In z. We thus see that Inz = In r 4 i(0 4 2kr). An equivalent way of saying
the same thing is to write Inz = Inr + {0 where 0 can assume infinitely many values which differ by 2.
Note that formally Inz = In(re’?) = Inr 4 i0 using laws of real logarithms familiar from elementary
mathematics.
; . 7 i )4 2k . T : 1 7 i )
(b) Since 1 —i=+2e , we have In(1 — i) = Inv/2 + - F2kmi ) =2In2 4 =+ 2k

1 7 i
The principal value is §1n2 + Tm obtained by letting k = 0.

Prove that f(z) = Inz has a branch point at z = 0.

Solution

We have Inz =1Inr+i6. Suppose that we start at some point z; #0 in the complex plane for which
r=ry, 6= 0; so that Inz; =Inr; +i6; [see Fig. 2-16]. Then, after making one complete circuit about the
origin in the positive or counterclockwise direction, we find on returning to z; that r = ry, 6 = 6; 4+ 27 so
that Inz; = Inr; + i(6; 4 27). Thus, we are on another branch of the function, and so z = 0 is a branch point.

z plane

1

il
91 X

Fig. 2-16
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2.15.

Further complete circuits about the origin lead to other branches and (unlike the case of functions such as
7172 or z!/3), we never return to the same branch.

It follows that In z is an infinitely many-valued function of z with infinitely many branches. That particular
branch of In z which is real when z is real and positive is called the principal branch. To obtain this branch,

we require that § = 0 when z > 0. To accomplish this, we can take Inz = Inr 4 i6 where 6 is chosen so that
0<60<22mor —m <6<, etc.

As a generalization, we note that In(z — a) has a branch point at z = a.

Consider the transformation w = Inz. Show that (a) circles with center at the origin in the z plane
are mapped into lines parallel to the v axis in the w plane, (b) lines or rays emanating from the origin
in the z plane are mapped into lines parallel to the u axis in the w plane, (c) the z plane is mapped
into a strip of width 27 in the w plane. Illustrate the results graphically.

Solution

Wehavew =u+iv=Inz=Inr+ifsothatu =Inr, v = 6.
Choose the principal branch as w = Inr + i6 where 0 < 6 < 2.

(a) Circles with center at the origin and radius « have the equation |z| = r = «. These are mapped into lines

in the w plane whose equations are u = Ina. In Figs. 2-17 and 2-18, the circles and lines corresponding
toa=1/2, 1, 3/2, 2 are indicated.

w plane
v
_____ N S O B ok
_____ N N O k.4
- 1Ll a=al6
a=0 u
) o e e
I o
—_ — W
S} S}
Fig. 2-17 Fig. 2-18

(b) Lines or rays emanating from the origin in the z plane (dashed in Fig. 2-17) have the equation 6 = «.
These are mapped into lines in the w plane (dashed in Fig. 2-18) whose equations are v = . We have
shown the corresponding lines for a = 0, 7/6, 7/3, and /2.

(c) Corresponding to any given point P in the z plane defined by z#0 and having polar coordinates (r, )
where 0 < 6 < 271, r > 0 [as in Fig. 2-19], there is a point P’ in the strip of width 27 shown shaded
in Fig. 2-20. Thus, the z plane is mapped into this strip. The point z = 0 is mapped into a point of this
strip sometimes called the point at infinity.

If 0 is such that 27 < 6 < 4, the z plane is mapped into the strip 27 < v < 4 of Fig. 2-20.
Similarly, we obtain the other strips shown in Fig. 2-20.



2.16.

2.17.
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It follows that given any point z # 0 in the z plane, there are infinitely many image points in the
w plane corresponding to it.

z plane w plane
y v
| v=4n
z ) )
7 el e P
P
Fig. 2-19 Fig. 2-20

It should be noted that if we had taken 6 such that —7m < 6 < 7, m < 6 < 3, etc., the strips of Fig. 2-20
would be shifted vertically a distance .

Suppose we choose the principal branch of sin~! z to be that one for which sin~! 0 = 0. Prove that

1
sin"'z = —,ln(iz +v1 - 12)
i

Solution
iw e—iw
If w=sin"'z then z = sinw = — from which
i
e —2iz—e™ =0 or & —2ize™ —1=0
Solving,

2zt 4 —42
em:%:izi 1—z2=iz+ /1_Z2

since ++/1 — 22 is implied by +/1 — z2. Now, & = ¢¥=2km | =0, +1, +2, ... so that

. 1
VTN — 41— or w= 2k7T+fln(iz +vVI1-— Zz)
i

The branch for which w = 0 when z = 0 is obtained by taking k = O from which we find, as required,

1
w:sin_lz:f_ln<iz+ 1 —Z2>
i

Suppose we choose the principal branch of tanh~! z to be that one for which tanh~! 0 = 0. Prove

that
1 14z
tanh™' z = —In[ ——
an Z 2 n(l —Z)

Solution
_ sinh w e e

If w=tanh™! z, then z = tanhw = from which

coshw e" + e

1=-2e"=0+2e™" or e =010+2/1-2)



CHAPTER 2 Functions, Limits, and Continuity

2w eZ(W—km)’ we have

. 1 1 1
2wk —1*e or w=kmi+=In te
-z 2 \l—-z

Since e

The principal branch is the one for which k = 0 and leads to the required result.

2.18. (a) Suppose z = re'?. Prove that 7' = e~ %™ {cos(Inr) + isin(Inr)} where k =0, +1, +2, ....
(b) Suppose z is a point on the unit circle with center at the origin. Prove that z' represents infinitely
many real numbers and determine the principal value.
(c) Find the principal value of i'.
Solution
(a) By definition,
Zi _ eilnz — ei{lnr+i(0+2k‘n')}

= ! INr=(0+2km) _ (=(+2kM (0 65(In 7) + i sin(In )}

The principal branch of the many-valued function f(z) = 7' is obtained by taking k = 0 and is given by
e %{cos(Inr) + i sin(In7)} where we can choose 6 such that 0 < 6 < 2.

(b) If z is any point on the unit circle with center at the origin, then |z| = r = 1. Hence, by part (a), since
Inr =0, we have 7/ = ¢~ (**2*" which represents infinitely many real numbers. The principal value
is =% where we choose 6 such that 0 < 6 < 2.

(c) By definition, il = /"' = M(T/2H2kM}E — p=(m/242km) gince | = (™2™ and Ini = i(w/2 + k).
The principal value is given by e~™/2,
Another Method. By part (b), since z =i lies on the unit circle with center at the origin and since
6 = 7/2, the principal value is e~ /2.

Branch Points, Branch Lines, Riemann Surfaces

2.19. Letw = f(z) = (2> + 1)'/2. (a) Show that z = i are branch points of f(z). (b) Show that a complete
circuit around both branch points produces no change in the branches of f(z).

Solution

(@) Wehave w = (2 + D'/? = {(z — i)z + )}'/*. Then, argw = Jarg(z — i) + S arg(z + i) so that
Change in argw = }{Change in arg(z — i)} + }{Change in arg(z + i)}

Let C [Fig. 2-21] be a closed curve enclosing the point i but not the point —i. Then, as point z goes once
counterclockwise around C,

Change in arg(z — i) = 2w, Change in arg(z +i) =0
so that
Change in argw = 7

Hence, w does not return to its original value, i.e., a change in branches has occurred. Since a complete
circuit about z = i alters the branches of the function, z = i is a branch point. Similarly, if C is a closed
curve enclosing the point —i but not i, we can show that z = —i is a branch point.

Another Method.
Letz —i=rie, z4i=re"™. Then
w= {rlrzei(91+92)}1/2 — mei()]/zeigz/z

Suppose we start with a particular value of z corresponding to 6, = «; and 6, = a,. Then
w= Jrire"/ 2pim/2 Ag 7 goes once counterclockwise around i, 6, increases to «; + 27 while 6,
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remains the same, i.e., 6, = a,. Hence

W = Jrre M2 giw/2

=—Jn rzezal/Zetozz/Z

showing that we do not obtain the original value of w, i.e., a change of branches has occurred, showing
that z =i is a branch point.

z plane z plane
y y

Fig. 2-21 Fig. 2-22

(b) If Cencloses both branch points z = =+ as in Fig. 2-22, then as point z goes counterclockwise around C,

Change inarg(z — i) = 27
Change inarg(z + i) = 2
so that

Changeinargw = 2

Hence a complete circuit around both branch points produces no change in the branches.
Another Method.

In this case, referring to the second method of part (a), 6; increases from «; to a; + 27 while 6, increases
from a, to ap + 2. Thus

W= S22 [ i /2 e 2
and no change in branch is observed.
2.20. Determine branch lines for the function of Problem 2.19.

Solution

The branch lines can be taken as those indicated with a heavy line in either of Figs. 2-23 or 2-24. In both cases,
by not crossing these heavy lines, we ensure the single-valuedness of the function.

z plane z plane
y y

Fig. 2-23 Fig. 2-24
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2.21.

2.22

Limits

2.23.

2.24.

Discuss the Riemann surface for the function of Problem 2.19.

Solution

We can have different Riemann surfaces corresponding to Figs. 2-23 or 2-24 of Problem 2.20. Referring to
Fig. 2-23, for example, we imagine that the z plane consists of two sheets superimposed on each other and
cut along the branch line. Opposite edges of the cut are then joined, forming the Riemann surface. On
making one complete circuit around z = i, we start on one branch and wind up on the other. However, if
we make one circuit about both z =i and z = —i, we do not change branches at all. This agrees with the
results of Problem 2.19.

Discuss the Riemann surface for the function f(z) = Inz [see Problem 2.14].

Solution

In this case, we imagine the z plane to consist of infinitely many sheets superimposed on each other and cut
along a branch line emanating from the origin z = 0. We then connect each cut edge to the opposite cut edge of
an adjacent sheet. Then, every time we make a circuit about z = 0, we are on another sheet corresponding
to a different branch of the function. The collection of sheets is the Riemann surface. In this case, unlike
Problems 2.6 and 2.7, successive circuits never bring us back to the original branch.

(a) Suppose f(z) = z*. Prove that lim,_.,, f(z) = z3.

N . |2 z# 2
(b) Find lim,_, ., f(z) if f(z) = { 0 z=z"

Solution

(a) We must show that, given any € > 0, we can find 8 (depending in general on €) such that | — 73| < €
whenever 0 < |z — 79| < 6.
If § < 1, then 0 < |z — 79| < & implies that

122 — 251 = |z — 20llz + 20| < Blz — 20 + 220| < 8|z — 20| + 12201} < 8(1 + 2Iz0])

Take & as 1 or €/(1 + 2|z9|), whichever is smaller. Then, we have |22 — 73| < € whenever |z — zo| < §,
and the required result is proved.

(b) There is no difference between this problem and that in part (a), since in both cases we exclude z = z9
from consideration. Hence, lim,_,,, f(z) = z(z). Note that the limit of f(z) as z — zo has nothing whatso-
ever to do with the value of f(z) at zo.

Interpret Problem 2.23 geometrically.

Solution

(a) The equation w = f(z) = z* defines a transformation or mapping of points of the z plane into points of the
w plane. In particular, let us suppose that point zo is mapped into wy = z3. [See Fig. 2-25 and 2-26.]

z plane w plane
y v

Fig. 2-25 Fig. 2-26
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In Problem 2.23(a), we prove that given any € > 0 we can find 6 > 0 such that |w — wy| < € whenever

|z — zo| < 6. Geometrically, this means that if we wish w to be inside a circle of radius € [see Fig. 2-26]

we must choose & (depending on €) so that z lies inside a circle of radius & [see Fig. 2-25]. According to

Problem 2.23(a), this is certainly accomplished if & is the smaller of 1 and €/(1 + 2|z|).

(b) In Problem 2.23(a), w = wy = zf) is the image of z = z9. However, in Problem 2.23(b), w = 0 is the image
of z = z9. Except for this, the geometric interpretation is identical with that given in part (a).

37 — 273 + 822 —2z+5
2.25. Prove that lim < ¢ et =4+ 4.

7—1 Z—i

Solution

We must show that for any € > 0, we can find > 0 such that

3z — 22 + 822 —2z+5
| Z—i

—(@4+4+4)<e when 0 < |z—i] <&

Since z#i, we can write
32 =228 482 —2:4+5  [32 — (2 — 30> 4 (5 — 2i)z + 5illz — i]
7—1i o 7—i
=32 -2 -302 +(5-2i)z+5i

on cancelling the common factor z — i #0.
Then, we must show that for any € > 0, we can find § > 0 such that

B2 —(Q2=3)2+(5—-2)z—4+i<e when0<|z—i| <&
If § <1, then 0 < |z —i| < & implies
1322 = (2 =302+ (5 =20z —4+i| = |z —i|I32> + (6i — 2)z — 1 — 4i]
= e —ill3E =i+ )° + (6 = 2)(z — i +1i) — 1 — 4il
= |z —i||3(z — )> + (12i — 2)(z — i) — 10 — 6i]

< 8{3lz —i|* + [12i — 2||z — i| + |—10 — 6i]}
<63+ 13+12) =286

Taking 0 as the smaller of 1 and €/28, the required result follows.

Theorems on Limits

2.26. Suppose lim,_,,, f(z) exists. Prove that it must be unique.

Solution
We must show that if lim,_,,, f(z) =/, and lim__,,, f(z) = b, then [} = L,.
By hypothesis, given any € > 0, we can find > 0 such that

[f(z)— L] <e€2 when0<|z—2z0| <6
[ f(z) —bL| <e€/2 when0<|z—2z0| <6

Then
h—bl=1L —f@Q+f@—bl <L —f@OI+1f@D—hl<e2+te2=¢

i.e., |l} — l»] is less than any positive number € (however small) and so must be zero. Thus [} = I,.
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2.27.

2.28.

Suppose lim,_,,, g(z) = B # 0. Prove that there exists 6 > 0 such that
lg()] > B for 0 <|z—2z0| <8
Solution
Since lim,_, ., g(z) = B, we can find & such that |g(z) — B| < %|B| for 0 < |z —z9| < 6.
Writing B = B — g(2) + g(2), we have

IB| < |B— g(2)| + |g(2)] < 3|B| + [g(2)|
|B| < 1IB| + |g(z)] from which |g(z)| > }IB]

Given lim,_,,, f(z) = A and lim,_,,, g(z) = B, prove that
(a) lim;, [f(2) + g(z)] = A + B, (¢) lim._,;, 1/g(z) = 1/B if B#0,
(b) lim,—,;, f(2)g(z) = AB, (d) lim,—, f(z)/8(z) = A/B if B#0.

Solution

(a) We must show that for any € > 0, we can find 6 > 0 such that
ILf@)+g@]—A+B)|<e when0<|z—2]<3é
We have

I[f(@+g@]— A+ B) =|[f(z) — Al + [g(z) — Bll = |f(2) —A| + |g(z) — Bl

By hypothesis, given € > 0 we can find §, > 0 and 8, > 0 such that

If(z) —A| < €/2 when 0 < |z— 70| <&
lg(z) — Bl < €/2 when 0 <|z—2z <6,

Then, from (1), (2), and (3),
If@+8@)] —(A+B)| < e/2+€/2=€ when0<|z—z| <5

where 6 is chosen as the smaller of 8; and &,.
(b) We have

|f(2)g(2) —AB| = | f(2){g(z) — B} + B{f(2) — A}| < |f(2)llg(z) — Bl + |B||f(2) — Al

= [f@Ilg() = Bl + (IB| + DI f(z) — Al

()]

(@)
3

“

Since lim,,,, f(z) = A, we can find 6; such that |f(z) —A| <1 for 0 < |z —zo| < 6;. Hence, by

inequalities 4, page 3, Section 1.5.

f@ —Al = [f@I— Al ie, 1= |f@I—IAl or [f(2)] <|Al+1

i.e., | f(z)| < P where P is a positive constant.

Since lim,,, g(z) =B, given € >0, we can find 8 >0 such that |g(z) —B| < /2P for

0 <l|z—zl < &.

Since lim,_,,, f(z) = A, given € > 0, we can find 63 > 0 such that |f(z) —A| < €/2(|B| + 1) for

0<|z—2z0| < 63.
Using these in (4), we have
€

If(2)8() — AB| < P

HOBI+ Dape =

for 0 < |z — z9| < & where 6 is the smaller of 8;, &;, 03, and the proof is complete.
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(c) We must show that, for any € > 0, we can find 6 > 0 such that

1 1‘_|g(z)—B|

¢@ Bl |Bllg()

By hypothesis, given any € > 0, we can find §; > 0 such that

<e when0<|z—z)| < b (@)

lg(z) — Bl < i|BI*¢ when 0 < |z—z| < §
By Problem 2.27, since lim,_, ;, g(z) = B#0, we can find 6, > 0 such that
lg(2)] > 3Bl when 0 < |z—z0| < &

Then, if 6 is the smaller of 6, and &,, we can write

gz B

and the required result is proved.
(d) From parts (b) and (c),

=€ whenever 0 < |z—79| < &

‘ 1 1‘_Ig(z)—B|< 31BI%e
Blig@|  IBI- 1B

lim —= = lim
= g(z)

/@ LV i fo tim L a LA
(1 g = s i = 5=

This can also be proved directly [see Problem 2.145].
Note. In the proof of (a), we have used the results |f(z) — A| < €/2 and |g(z) — B| < €/2, so that the final
result would come out to be | f(z) + g(z) — (A + B)| < e. Of course, the proof would be just as valid if we had

used 2e€ [or any other positive multiple of €] in place of e. Similar remarks hold for the proofs of (b), (c),
and (d).

2.29. Evaluate each of the following using theorems on limits:

Qz+3)z—-1) ) 2+8
AN lim

. . 2 _ . e
(@) lim_,4;(z" = 52z+10) (b) lim (©) A a7 16

—>-2 2 —2z+4
Solution
(@ lim._ 4 (22 =5z +10) = lim, 1 4; 22 +lim__, 4 (—=5z2) + lim,_ 4, 10
= (lim, 14 2)(lim 144 2) + (lim 14y —5)(1im 14y 2) +lim,14; 10
=(1+dA+i)-51+i)+10=5-3i
In practice, the intermediate steps are omitted.

2z4+3)—1D _lim_ 52z +3)lim i (z—1)  @G—-4)(-2i—-1) 1 11,

b) i = =
®) il ¥ 2—2z+4 lim, 2 (2 — 2z +4) 4 2 4

(¢) In this case, the limits of the numerator and denominator are each zero and the theorems on limits fail
to apply. However, by obtaining the factors of the polynomials, we see that

lim i — lim (Z + 2)(Z — 26771./3)(1 _ 265171'/3)
ren A A4 A2 416 zoremn (2 — 2eT)(z — 2e2T)(z — 24T)(z — 265)
-1 (z+2) B e™/3 41
" e (z — 2627/3)(z — 2e*7/3) — 2(e™/3 — e2m/3) (/3 — 47il3)
3 V3,
=S — 1!
8 8

Another Method. Since z° — 64 = (22 — 4)(z* + 42% + 16), the problem is equivalent to finding

i (2 - +98) : P-4 7P _1 3 /3,
)| _ m = n = - — 1
z—>2e™/3 20 — 64 20773 — 8 2(e™—1) 8 8




