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Chapter T
'CARTESIAN TENSORS

7.1 INTRODUCTION

Tensor analysis may be regarded as a generalization of vector analysis . It is of great value to a
scientist or an engineer in two ways . First, it allows complex mathematical and physical relationships to
be expressed in a compact way and simplifies the' mechanics of the development of theory . Second , it
imparts greater understanding to vector notations and also establishes certain invariance properties with
elegance and simplicity . It is of great use in mechanics , fluid dynamics , elasticity , differential geometry ,
electromagnetic theory , general relativity theory , and numerous other fields of science and engineering .
In this chapter., we shall discuss Cartesian tensozs i.e. tensors which are expressed in terms of components
referred to rectangular Cartesian coordinate systems . At first sight , the notation of Cartesian tensors is
somewhat complicated . The aim of this chapter is to provide a familiarity with the notation which will
enable the reader to study other texts and applications without difficulty .

Before we start the actual studies of Cartesian tensors , it will be important to give some basic ideas
(' notations , definitions , transformations , etc. ) which are useful in the study of Cartesian tensors .

72 SUMMATION CONVENTION

Consider an expression a;X;+a;Xa+a3X3 ‘ (1)
. 3
which can be written using summation sign as Z ajX;j Fos (2)
| j=l
Let us omit the summation sign and write it simply as  a X 3)

where it is understood that the ;'epeatcd index (or suffix) j represents the summation from 1 to 3.

Note that the form (3) is much more convenient than the original form (1) . This situation occurs so
frequently that it is convenient to adopt a convention which avoids the necessity of writing summation

signs . This convention known as the summation convention is as follows :
Whenever a suffix appears twice in the same expression that expression is to be summed over all
values of the suffix namely,1,2,3. '

DUMMY AND FREE INDICES _

An index which is repeated in a given expression so that the summation convention applies , is
called a dummy index , while an index occurring only once in a given expression is called a free index and
does not imply any summation. For example, in the expression A B jx, k is dummy index while j is a

. free index .
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EXAMPLE (1): Write each of the following using summation convention .

(i) apx;+apX;+apX; (i) anbu+apbpt+anby,
09 d¢ d¢

(iii) (x1)2+(x2)?+(x3)2 (IV) axl dXI+ax2 dx2+aX3dx3

SOLUTION: We have

(i) apXj+apXa+a;yxs = agjXj

(i) apnbpy+apbp+apb;s =a; ;b

() (x4 (x2)2+(x3)? = X, X+ X2 X2+ X3 X3 = X X;

: d¢ d¢ d¢ d¢

(iv) axl1:Ix.+axz dx2+ax3dx3=a“dxi

EXAMPLE (2): Write out explicitly the following summations and compare the results :
(i) aj(xi+yi) (i) ajXj+agyg

SOLUTION: We have '

)] aj(xi+yj) = a(Xp+y ) +ar(Xa+yz)+asz(x3+ys3)

= arXj+a Yy +aXa+asy,+asxy+asy;
(ii) anjJ+akyk=EL_'x.+a%§2+aLx3+a,yl+a2§2+a3y3
The two summations are identical except for the order in which the terms occur . _
NOTE: (i) A repeated suffix may be replaced by any other suitable symbol not already in use . For
example,ajb; = ayby = a,b, since in each expression summation over the repeated suffix is implied .

(ii) No suffix may occur more than twice in an expression . For example , a ; ; x ;

is ambiguous
because of the differences in the three quantities :

AijXj = aj X +ajrX,+aj3X3
ajiXj = (a||+azz+a33)xj
ajijXj =.a'.jx'+a2jx2+aij3 _
On putting j = i in these equations , we obtain entirely different expressions on the R.H.S,

(iii) An expression of the form a; (x;+ y;) is considered well —

defined , for it is obtained by
composition of the meaningful expressions ajz; and xj+y; = z;

- In other words |, the index i is
regarded as occurring once in the term (xj+y;).

\73_  DOUBLE SUMS

An expression can involve more than one summation indices . For example , aj; x; x j indicates a

summation taking place on both i and j. simultaneously . If ap €xpression has two summation (dummy)

indices , there will be a total of 3_2 terms in the sum ; if there are three indices , there will be 3° terms ;
and so on ., ' . '

Scanned with CamScanner



. YA
VECTOR AND TENSOR ANALYSIS Ve 143K
i ) 2(. c ; 397
<2
EXAMPLE (3): Write the terms in the expression a ijxixj; i,j=1,2,3.
| SOLUTION: The g_iven expression represents the double sum and has 9 terms in it.. Its expansion

can be w-ritten logigall).r by first summing over i, and then over j. Since i varies from 1 to 3, therefore
holding j fixed , the given expression is the sum of three terms . That is

ainin = al_j_‘?(_lxj+a2ix_ng+a3jx3Xj
Now each term on the R.H.S. has the repeated index j which implies summation . Hence
ajjXiX; = 31'1,_1‘(1x1+allexg+a!ix.x3+amxzx@+a22x2x3+agszx3
+aj X3X +apX3Xy+a;pXzXs
The result is the same if one sums over j first, and then over i .
EXAMPLE (4): Write the following expression using summation convention .
311bu+azlbu+331bu"‘alzbzt+azzbzz+anbza+313b31+323b32+333b33

SOLUTION: The given expression can be written as

(a“b“+a21b|2+a31b|3)+(a|2b2|+anbn+a3gb23)+(a13b3.+a23b32+a33b33)
= aj byi+aizbai+aizbsi = aijbji /

‘-&( SUBSTITUTIONS

Suppose it is required to substitute yj = ajjXxj inthe equation Q = bjjyix;j. Simple

substitution would lead to an absurd expression like Q = bjjaijXxjX;j.

The correct procedure is first to-identify any dummy indices in the expression to be substituted that
coincide with indices occurring in the main expression . Changing these dummy indices to characters not
found in the main expression , one may then carry out the substitution in the usual manner as follows :

Step(1) vyi= 2aijXj, Q = bjjyixj. Wesee that the dummy index j is duplicated .
- Step (2)  Change the dummy index from jtor,toget yi = airXr.
* Step (3) Substitute and rearrange to get Q = bjj;( ajrXr) Xj = airbij XrXj.
EXAMPLE (5): If yi = aijXj,express the quadratic form Q = g;;y,;y; in terms of
x — variables . ‘

SOLUTION: First write  yi = 2irXr, Yj = 3jsXs

R A N

Then by substitution, Q = gij(airxr)(ajsxs) = ‘gijairajsx;xs

7.5 ALGEBRA AND THE SUMMATION CONVENTION

Certain routine algebraic manipulations in tensors can be casily justified by properties of ordin:
sums . However , some care should be taken . The following are several valid identities ; they will be u

repeatedly from now on .

(D ajj(Xxj+yj) = ajjxj+aijyj (2) ' aijxiyj = aijyjXi
3) ajjXiXj = 8jiXiX; 4) (ajj+aji)xiXj = 2ajiXiX] }

(5) (aij'-—'aji')'xixj =0
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> ly noted :
.o eeac should be carefully noted :
o A ‘ (2 ajjXiyj # aijyiXj
@ a'-(xi+yj)$aijxi+ai.iyl
ij
3) (aij+aji)XiY_i"¢‘23iJ'xlyJ
MPLE (6): Show that , generally , aijk(xi+yj)zk # ajjkXiZk+ajjkyjzy.
EXAUTION Simply observe that on the left side there are no free indices , but on the right | i
SOL

free for the first term and i is free for the second .

The Kronecker delta or substitution operator written Oij»

isdefinedas 0jj = { 0 if i#j

d11= 5:2— 03=1 and 812 = 821 = 8y =0m = O3 = di3=0

Using the definition of Kronecker delta , calculate 8ijXiX;j.

SOLUTION: Wehave 8ijxixj = Sljx,xj+62jx3xj+53jx3x1-
511K1X1+512X1Kz+5lax1xs+521 X2}1+522X212+523X2X3

+03 X3X1+03 X3 X2+ 33 X3X3

lx|x1+0x1x2+0x1x3+0xle+1x2x2+0x.2x3+0x3x1+0x3x2+1x3x3

X1X +X2X2+X3X3 = XjXj

Show that if x;,X;,X3 are independent variables , then —— B = dij
Xj
PROOF: AT
| dX; ax.
§ o ORE T ol :
Ifi#j, 3x: - 0 since xj and x; are independent variables .
{1 if i =j
0ifi=j

We know that the index j represents summation , therefore
aijAj = 5i|A1+8'2A2+5i3A3 (1=1,2,3)
when i=1, 81jA; = 61,A1+812A2+8,3A3 = A, and
when i=2, 825A; = 821A|+522A2+623A3 = Az} and
\_when b, 53JAJ—531A|+532A2+533A3- |
" Thusinallcases: 8 Aj = A;

r
2

Thatis , 8 operating on A j has substituted the
: Justification of the term substitution operator ,

NOTE: Thj i i
| his result is of -{’undam,:ntal importance and will be ygsed frequently in our later discussion -

-
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THEOREM (7.3):

PROOF: ) We have Sikﬁjk=Bi.8j1+8i28j2+5i35j3 (i;j = 1,2,3)

when j=1, 8;kxd;x = &;, and

when j =2, 8ixd,x = 8;, and

when j =3, 8;kd;3;k = &i3

It therefore follows that &; & jk = 0jj
EXAMPLE (8): Show that

(i) (ii)
(iii) 8ijOjkdki =3 ' (iv) aijskgAlk= Ajy
v) 8ij djk Aik = Aji

SOLUTION: Wehave (i) 6j;j=0,+8n+8n=1+1+1=3

(ii) O0ikOijk = O01k01k+02k02Kk+03k03ky k=1,2,3

- (ailBII+8I2512+8I3513)+(521521"'822822‘"823823)
+(83 083 +83283+0813033)
= S8 +808p+838 = (1)(1)+(1)(1)+(1)(1)=1+1+1=3"

(i)  8ijOjkOki = 0ikdki =0dii=3

(iv) lik= SijAir = Aj, ) : h
| (OU A'LBT’ e

(v) h ik = Oik A:k—Au

7.7 RECTANGULAR COORDINATE SYSTEM

From vector analysis , we are familiar with the

rectangular coordinate system in which we take Ox , Oy, Oz

A A
as the coordinate axes and 1,], k the unit vectors along

these coordmate axes respectively , as shown in figure (7.1).

In tensor analys:s in stead of this system we take the
system in Whll':h we have Ox,, Ox,,Ox3 asthe coordinate
axes 'and ~€;,€,,€; the unit vectors along these axes
respectively as shown in figure (7.2) . This system of
coordinate axes will be denoted by K .

‘In addition to the'. system K we need another
coordinate system which will be denoted by K . In the system

’ r ’ I3 .
K, we take Ox,, Ox,, Ox; as the coordinate axes and

AT AT 3
€i1.€2, e3 the unit vectors along these axes respectively as

shown in figure (7.3) . _
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that si-sj = 8ij-

E'HEOREQ_II:]@E Prove

ector analysis , we know that

PROOF: From v L La A B,
.. A A _ 8. 8:=1,andwhen j#1, €i+%)
when j =1, €j-€j = ®1™1
A A v
Therefore €j-€j = 51]'
A ’ A'f _ 5‘ .
NOTE: Similarly , we can prove €i .€j = Oij.
\J://DIRECTION COSINES @
— 4
Let o, 0, O3 be the angles which the position vector T _ \_
makes with the positive directions of Ox; , 0x,, Ox; respectively
g A
as shown in figure (7.4) . Then the three quantities cos O.;, COS ol |
— : = 2 p
cos o5 are called the directi:in cosines of the vector 1 . as -
For convenience , we write 5 oy
£, =cos0;, £, =cosO,, £3 = COSOL; . _ A %
: A e,
Now r =x131+x232+x333 (l) 3
. R ! Figure (7.4)
and I.; =X, Or TIcCosO,; = X X4
— 1
Similarly , rcos o, = X2, and rcose; = X3 D’ =y
Substitution for x,,x,,and x; in equation (1), gives A 'E;
= . A A A T = e
I =TCOSO.i€; +TICOSQy€,+TCOSCL3Es Lo
. - W . =¥ g A __r_ A A
Thereforc,aumt_vectormthe directionof r is r = ; = C0s0,€;+Ccosa,;E,+cos a;’e‘_»,
. X X
Also from the above equations, cos o, = T, cosay = _rz’ and cos o3 = irl
" 2 | X +XEXD A2 4
Hence cos? o, + cos? 24, = =L=T2773 I a8 3
: 1 08" Ol + cos o3 = r! ='r1‘=l (81n03x1+x2+x§=r2)

; o
or £ 1+ £ 2+ £ § =]
Thus we have sh - . : s ;

own that the unit vector in the direction of r has its components the direction cosines

of T an i
d that the sum of the Squares of the direction cosines is uni ty .

NOTE: The direction cosines of th
€ X|—axis S oild § : . i
are 0,1,0 and that of X3—axes are {'} ] are 1,0,0. Sumla_rly, the direction cosines of X o — aX1$

l/D{FIN]TION OF fij

We define ¢;; tob ;
j e the cosine of the ap i
of the system K , so that : angle between the ith

.f"::cos !. . =o‘\-’ J\_ e 3 L J\/ n
. 3 ij (xl,xf) €i.€j, l,J=1,2,3_ g" ‘;‘Lel.e’) ::-Cf-ﬂ.gq
or example £, = cos (x,,x;) =&, .8, = cos @ '

Where @ ; 2 A s A
= lstpeaﬂglcbctwe'en XZ"aDd X —axes . ’ JZJCZQ > 'e|) = Cﬂfa ﬁ

1
_—____ ' . \/5, .,_""/87’é.\ :C‘{SE’
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Consxder two rlght—handcd rectangular coordinate systems

Ox;x;x3 and Oxl xz x3 (ie. systems K and K’ ) having the
same origin O and with unit vectors along the coordinate axes

A Ad A : Al AT A b
€4,€2,€3and €, ,€, ,€3 as shown in figure (7.5) . Rotate the
system Ox | Xx;x3; about O (with Ox,, Ox,, Ox; always fixed

relative to each other) so that it coincides with the system Ox'1 x’g x’3 :

‘Such a movement is called a rotation of axes .

_——— e ——ey
Let the direction cosines of Ox, relative to the axes

Ox,,0x,, 0{1 3 be £,,,%,¢,3 respectively . Furthermore ,

denote the direction cosines of Ox'2 and Ox'3 by €21,£2,£2 and
£31, €3, ¢33, respectively . We may conveniently summarize this in

' . ’
the adjacent table . In this table , the direction cosines of Ox
relative to the axes Ox ,, Ox , , Ox 3 occur in the first row , the

; '
direction cosines of Ox, occur in the second row , and those of

Ox'5 in the third row . Furthermore , reading down the three columns
in , it is seen that we obtain the direction cosines of the axes

f' » ’ .
Ox,, Ox,, Ox; relative to the axes Ox, Ox2, Ox ; resplectxvely .

401
] kaa
Xq M
&5 [ 33 xzr
€, -
e,
e 0 :.; :XQ
24 e
Ay
Ll
X
: ., Figure (1.5)
X4
Ox 1 Ox 2 Ox 3 M
Ox’, £ {12 £13
Ox £ £y £
x5 | ¢35 £y £n

The table of direction cosines is called the transformation matrix and is written as

£y £ £13 /
-fu]— tn faz fn

£y £xn L.
|t fa Es /
The transpose of T is T = [¢5i] = fp {2 ln
; bis €y fxn
£ f1n fu|[fn fxn fn
and ' £y €3 £ || ¥n2 £y Iy

£y fn £n £y An In

: {
The element in the ith — row and jth — column of the product matrix T T

ith —row of T with the jth — column of T , i.e.

#

eiytr) (87 780) - (& .80) (8x-85)
=[(3i'.8k)3q.3jf [ since m( A . B )=m'ﬁ:§]
= g;.a;: dij [sincc (K.Si)‘é; = K]

Hence TT’ = [8” ]‘=

L S 5.

is the inner product 0

0y

'ﬂdr
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ments being unity and 4)) Othey

The matrix T T  is the -3 X 3 unit matrix I, its principle diagonal ele

.. T s the inverse of T and so, as jp
elements zero . This means that the transposed matrix T 1s the Matriy
algebra, T is an orthogonal matrix . Smce T T have the same determinants , the relation TT - 1

on taking determinants , gives ( det T ) =1 sothat detT = +1.
In the case of an orthogonal rotation of rectangular coordinatc_axcs as shown in figure (7 5), we

AT A7 A7 . «
see that &, x¢, = €; andalso €, X€; = ¢; meaning that a right — handed system Ox, x , x|

’ ’ ’ 5 .
remains right — handed when rotated to Ox ; x ; x 3. Thus in this case,,

detT = el 8y X€&3 = e] &) =
We therefore define an orthogonal transformation to be one whose matrix - T =

TT =1 and for whichdet T = + 1. Such a transformation would leave a right — handed system of axes

hand and would likewise preserve left — handedness . However , a right — handed orthogona]
= +_1 . This transformation is called

’A’ A L ]

[ £ij], wher

right -
rotation of coordinate axes specifically requires that det T
right — handed orthogonal ( or proper ) transformation . A transformation which is not right — handed is
called a left — handed ( or an improper ) transformation .
’ . . ’ ’ r’
Now , when the axes Ox; x»x3 and Ox, x'gx’g. coincide ,i.e. x| = X, X2 = X3, X3 = X3,
it is easily seen that the values of the direction cosines in the transformation matrix T are ¢; j = 1 when

i=jand £;5 = 0 when i # j; and so for this particular case

1 0 0
T=|0 1 0 or det(T) =
0 0 1 '

Note that if one set of axes is right — handed and the other left — handed , it is impossible to bring them into .

coincidence by a rotation .

NOTE: Equation (1) can be written in full as ;

£lzl+£fz+£f3 Cntbn+bplyp+li3ly 31153|+flzfsz+_313333
Enly+enlp+inly £§l+822'2+£223 | Ll +Ep by by Ly
Ennln+lplpn+lyt, 'fslfz|+f_$z:fzz+fsz£23 33?1"'5322"'3;3 -

1 0 07 |

=] 0- 10 :

0 0 1. |

which implies the following six equations called the orthonormality conditions :
Eh+ep+ly =1 Enly+lply+éndy =0
2 2 2
Intiptin gl & bulytlnln+lnty =0 I 3)

2 2 2 :
gy +lptin=1 Eulutlnlp+ini; =

el

__— .
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EXAMPLE (9):

U]

(ii)

SOLUTION:

and so TT' =

We note that det T =

and so the correspon&ing transformation is orthogonal and right — haqded .

andso TT =

Show that the transformation

l—
2

g
\2
1

2

is orthogonal and right — handed .

On the other hand , the transformation .

(i) The transpose of the given matrix T is

aid
N7
0

<

FONI-—'
Nb)_

= ‘:?Ilp—- B =

,_
- ° &)

2

%II"' NII-—- -

L
2

1

2
1
A2

2

-1 1
-+ i
1

'
N EER S
_\2 2
T 1 A3
2 2
0 0
3 v
|~ 2 2

1

2

(ii) The transpose of the given matrix is

B

T

is orthogonal but left — handed .

T =
17
w|r
1
2 — 0
1 0
=

R 3]
s~
3 1
. 0 1 0
1 1 0

403
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2 2
1 =
We note that det T = 0 0 1
S G
T 2 2

and so the corresponding transformation is orthogonal but left — handed .

MOPER AND IMPROPER TRANSFORMATIONS

Since for an orthogonal transformation, det T = + 1, all coordinate transformations are divided
into two classes . One class consists of those transformations for which det T = 1 and are called proper
transformations ; the other class consists of transformations for which det T = — | are called improper
transformations . Under a proper transformation , a right — handed ( or left — handed ) system remains
right — handed ( or left — handed ) after rotation . Under an improper transformation , a right — handed
system is changed into a left — handed system and vice-versa . The transformation for which T = I, the
unit matrix , is called the identity transformation . Obviously , for the identity transformation

14
! ’ ’

X1 =X, X2=X3, X3=X;3
or Xi;=xj (i=1,2,3) _
A . ' e ; . .
The proper ‘transformation can be obtained from the identity transformation by continuously rotating the
coordinate axes . On the other hand , the improper transformations cannot be obtained by that process .

- The improper transformation can be obtained from the identity transformation by two types of
discontinuous or discrete operations . '

(i) REFLECTION: This is the operation in which the new coordinate system Oxfl x’2 x’3 is
obtained from the original system Ox; x; x3 by inverting ( reversing ) the direction of one of the axes of
the latter , the other two remaining in their original position as shown in figure (7.6) .

' . e
X era_--x:; 1.5 : ers
,‘X;
4
4
rd
ra
’,
’ T
7 2 Tl
0 > D Ty > 0
X5, X g ; g » !
o X3 O X2 : X2, X2
1
' bR 1
Xy . ' (a) [ e Xl 2 4 X1, X! : -
53 ; AT PR I : (b) fiae B g (c)
In this case , the transformation will be Figure (7.6)
’ ‘ ’ '
X1 =-X1, Xz2=X,3, X3 = X3

2
-
]
>

X2 ==Xy, X3 = X,

or xl=X|, Xo = Xa, X3 =—X;
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The corresponding transformation matrix T will be

-1 0 O 1 0 o 1 0 0
0 1 O0for |0 -1 Olor [0 1 o
0 0 1 0 0 1 0 0 -1
Note that for each of these matrices del T = _ 1.

(i) INVERSION: This is the operation in which the §%

new coordinate system Ox'l x'2 X'3 is obtained from the | xi
original system Ox, x , x 3 by inverting the directions of all /’
the coordinate axes of the latter as shown in figure (7.7) . : L
The transformation equations in this case will be : #

’ 7 ' xzi
X1=-x1, x2=-x2: x3=_x3 4

'

The corresponding transformation matrix T in this case will be

-1 0 0 Xy |
T=| 0 -1 o0 : 4 D
| 0 0 -1 ‘

Note that for each of these matrices del T = -1 .

] = - —— -

hod
W o

Figure (7.7)

11~ TRANSF ORMATION EQUATIONS
(a TRANSFORMATION EQUA'I_'IONS FOR COORDINATES OF A POINT
.f/Consider two rectangular coordinate systems K
and K having the same origin O as shown in figure (7.8),,)_ _{3_ - P::I':'j" :?))
We first find the transformation equations expressing the s | AN

. X
’ ’ ’ 2 0 . 3 ¢ ;
coordinates X, X, , X3 of an arbitrary point P in the NS be _"x
'I
A,
e;

’ - it i
system K in terms of its coordinates X, X, X3 in the

—_— —_—
. system K, and vice versa. Let r and r be the

position vectors of any point P in the systems K and K

respectively. Then T = T

LAY L rA! A A A :
or X1€; +Xs€5 +X3€3 = X1€1+X2€9+X3€3 Xy

T ! Figure (7.8)
or x,-é,- = xjé;, i,j=1,2,3 (1) x"
’ 1 , R P

For the components x j » take the dot product of equation (1) with €; , we have
r r r ¥ 3 ’
"Xj(éj.%)': xi(gi.'gj)
(8§ .8:)x;
x'j = £jixXi @

Where £ are the direction cosines of the jth — axis of the system K’ with the ith — axis of the syst

Equation (2) is called the equation of transformation for the coordinates of the point P from the » ./ .
to the system K.

..
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Equation (2) when written in full represents the following three equations:

’
x;=fnx1+fpX2+£€3Xs

’

X, = £uX1+€nX2+inX;

’

X3 = uX1+lnXx,+ X,
which may be written in matrix form as

X [ €n €0 £15][x,
X2 |=|fu £n £xn||x;
X €y £y £ lLlXs
It should be noted that these equations are formed from the transformation matrix .
The inverse transformation law for the coordinates of the point P from the system K to the system K
is Xi= fjiX’j : : 3)
St
since * £jixj = £ii(LjkXk) = £jitjeXk = 8k Xk = Xj
Equation (3) can also be obtained by taking the dot product of equation (1) with e i, since
J(°J 81) = x; (€i.€i)
or Xi=Ljj x'j
Equation (3) can equivalently be written as
Xj=4ijXj :
Equation (3) when written in full represents the following three equations :

n

’ r r
Xp =X +€yx+€5 X3

14 ’ ’
X2 =X +€nXo+fynX;
_ ’ A r
x3=£’13x1+£23x_2+{33x3

which may be written in matrix form as

X1 £yl 3 | ] x) ' ‘ | g

X2 | =4 €n &3] x, _ ;
LX3 by £33 End] | ‘
(b) TRANSFORMATION EQUATIONS FOR UNIT VECTORS

We next find the transformation equauons expressing the unit vectors ¢ , &, , 3.0 i e

system K’ in terms of the unit vectors e, ; cg c; of the system K and vice versa . %
From vector analysis , we know that -
= (—A.-QI)SI"'(A .32)a2+(z .33)33
= (A.&)8
Setting A.=3’ we get ai'=(gj'-gi)i"\i=fji$i : ' 4)
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Equation (4) when written in full represents the following three equations :

A’ A A
€1 = fu°1+£1282+f1333

A A A A
€2 = 52151+-32262+323e3
’

€y =

>

A A A
£y €1+ fne,+85¢,

Similarly , from A

(A.31')3|'+(K.3;)e2 +(A €3 )63’
(A ei)e

we get eJ g (ej.e1 )c, = i,‘,c.
Equation (5) when written in full represents the following three equations:

Setting A = 31- ;

A ¥a N AT A
€ = Elle[ ']“zg]eg +£3|ﬁ3

_ Al L, A A
2= Efpe; +€pe, +656,

> o>

Al
€3 = f136| +£a3ez +4"33

'Equatlons (4) and (5) are the required transformation equations .

EXAMPLE (10): A set of axes Ox 1 X . X 3 is initially coincident with a set

407

)

Ox;x;x3. The set

Ox'l x'; x’; is then rotated through an angle 6 in the positive sense about the

X3—axis. Show that
’

X1 =X;€080+x,sin0
x'z = —xlsin9+x;éos9
X3 = X3 '
SOLUTION: Since the rotation is ahout X 3 — axis , therefore x’3 - axis coincides with x ; — axis
as shown in the figure (7.9) . If the angle x10x. —xQOxz—B then ,
£”=cos(x.0x|)—cosﬂ . P
£, = cos (X ,Oxz) =.cos (90-8) = sin 0
€13 = cos (X Ox3) = cos 90° = 0 ",—"x;
fz';=cos(x’20x,)=cos(90'-|:8)=—sin6 _ ca e { "
£n=co§(x'20x2)=cosﬁ | e':
- £33 = cos (X2 0x3) = cos90° = 0 s/ '{’ ”»
Ry =-cos(x'3 Oxy) ="cos 90° - 0 X4 y E_..f"
£y = co‘s(xfsoxz) = c0s90° = 0 0\: .
By = cﬁs(x'_;,Ox;) = cos0° = 1 '5‘\\
The transformation matrix is givenby | \\\' _
| | cos® sin® 0] IRRaE) L
[ti;] = |:—8319 coose (l)] X A
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and thus the transformation equations for the coordinates become

r

X, =Xx;c080+Xx,sin6

;s .
X, =-X,8nB+x;cos6

’

X3 = X3

Note that effectively we are dealing with a transformation of axes in two—dimensions only and we can Write
* the transformation matrix as

(6] = [—co.se sinﬁ]

sin® cosB

Prove that Eikljk = 8y = Exilkj.

PROOF: Weknowthat &7 = g8,
A8/ "Z""f;dmvi"mm: oWl T o fjiej

or e j = {jx e k
Taking thc dot product with 3 i’ , we get

AT ATY

ei .&;j —fjke..ek-e kljx ' won (1)
Also , 3,’.3; = 3ij (2)
From equations (1) and (2) , we have SR

fikfjk = 8jj ) 3)
Sifrnilarly,wc know that J = fucl'
or e; = fkiek’-l
Taking the dot product with € j» we get

31.3j=fgigk’.3j=£kifkj' & e
Also Qi.ej = 3jj (5)
From equations (4) and (5) , we have

£ilkj = 8ij (6)

[NOTE¥ The relation £y ¢ = §; j implies six orthonormality conditions . ‘Write the relation as
L€ +lialja+ izl = Oij

: (A)
Ifwetake i=j=landi=j=2andi=j=3 innn'ninrelation_(A),weget
(hrtn+t=1
En+ip+ls =1

53 (1)

532|+£322+£32,3 = 1
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ffwetake i=1,j=2andi=2,j=3andj=3
Enlant+tflpnlp+f;zfy =0
Eyn €y +lnlyp+lynly =0

£y €n+E€pbp+lyly=0

Similarly , the relation £y;
relation as

Eliflj+fzifzj+f3if3j = 8i.i

409

J = 1 inturn in relation (A) , we get

(2)

Fri = 8:: impli ;
kj = Oij implies alternative form of orthonormality conditions . Write the

(B)

Ifwetake i = j=1andi=j=2 and i = j = 3 intumn in relation (B) , we get

2 2
Pt =1
2
f12+f§2+e§2 = 1

Z 2
'€13+£23+f§3 =1

@)

Ifwetake i =1, j=2andi=2,j=3andi=3,j=1 intuninrelation(B), we get

Cpnlp+lnly+lsyln=20
Cpli+lnlntlnly =0

Cpnly+lnly+éniy =0

@

It should be observed how the orthonormality conditions given in ciluations 1), 2, @3), and (4) are

formed from the transformation matrix .

713 TRANSLATION AND ROTATION

Let the coordinates of a point P be (X, X2, X3 )
in the system Ox X X3 and the coordinates of the point o
in this system be (a,,22,23 ) . Shift the system
Ox; X, X3 to the positions O’x'1 X'z x'3 through O as new
origin to form a new rectangular coordinate system as shown

r ’

in figure (7.10) . Let the coordinate of P be(X,,X2,X3)
in this new system . We know that under the translation

only , the axes remain parallel through O, so that the

coordinates of P are  (xj—aji), 1 = 1,2,3. Under

. ’
orthogonal transformation , these become X j so that

x’j = fji(xi"ai)
= fjixi+dj (1)
where d; = -£jiaj .I | .

Equation (1) illustrates the transformatio

preserving the right — handed rectangular character of the axes .

r -
w3 o P (x4, X2, X3)
’ 4 r
v (x4, X2, X3)

T
\ ,w"xz

X"

n of coordinates under translation of axes followed by o bl
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410 |
7.14 INVARIANCE WITH RESPECT TO ROTATION OF AXES

Consider two rectangular coordinate systems K and K having the same origi’n 0’ but’with axes
rotated with respect to each other as shown in figure (7.8). Let (x;,X2,%3) and (X1,X2,X3) be th
coordinates of an arbitrary point P in the systems K and K respectively Let ¢ (X1,X2,X3) be the
value of the scalar point function ¢ at P in the systcm K and ¢ ( X 1 X 2, ' 3 ) be the value of thjg
function at the same point in the system K .

I ¢(xi,x2,%3) = ¢ (x;,%5,x5) whete x;,%2, x5 and X1,X2,X3 are related by the
transfonnatlon equations (2) or (3) on pages (405) and (406) , then ¢ (x;,X;,X3) is called an invarja
with rcspect to the coordinate transformation or rotation of axes .

Similarly , a vector point function A ( x 1,X2,X3) is called invariant with respect to rotation of axes if
A (x1,%2,%3) = A" (x,X3.%5). This will be true if

A A A
Al(xl,Xz,X3)Cl+A2(X|,Xz,X‘3)32+A3(xl:x29x3)33

’ ’

= A (thzsxs)el +A2(11,X2,X3)€z +A3(X1,X2,X3)33

EXAMPLE (11):  Show that the quantity x f + xi + xi = XiXij is invariant under a rotation of
axes . y

SOLUTION: Let (X;,X2,X3) be the coordinates of a point P in the system K and

( xl ; xz , x3 ) be the coordinates of the same point in the system K . Then we know that the
transformation equanons are :

CXj = £jix; (1)
Also x'j='fjkxk (2)
Multiplying equations (1) and (2) , we get

x’jx'j = (f'ji-X')(fijk) = fjifjexixg
= djkXiXk = (0ikXKk)Xj = Xjx;
or x’1x1+x2x2+x3x3—x.x1+x2xz+x3x3

J'

2 ) 2 2
or xl+x2+X3—xl+X2+X3
which shows that the quantity X 1+ xz +X3 = XjXj is invariant with respect to rotation of axes .
NOTE: This result expresses the fact that the distance between the origin O and a point P does not

depend upon the system of coordinates used in calculating the distance

715 SCALAR INVARIANT OPERATORS

Let D denote a linear partial differential operator which involves only the rectangular Cartesian
coordinates X, X2, X3 as independent variables . For example , we might have

GRAGHE o anlaticin s Epeiidon
3=ax,+ax2+zax3 o axf+3xz dX20 X,
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. The operator D .is called a scalar invariant operator if its form is unchangcd under a rotation of the

coordinate axes . Thus , for example , if the first of the operators above is invariant ( it is not , infact ) ,
. ’ ’ L
then upon changing to new axes Ox | x , x 5 it would become
’ 9 d d
D = ; t+ 7 +2 ’
0Xx, 00X, O0X;

The following theorem concerning scalar invariant operators will be required .

THEOREM (7.6): Let 3 be a scalar invariant operator , and define its operation on a
vector field A by DA =2 (A1,A2,A3) = (DA, DA, DA,)
Then prove that A is a vector field.

PROOF: Let A; and A’j be the components of A in the system Ox ; x, x3 and
Ox'l xrz x'3 respectively , then -

Aj=¢5iA;
Using the property of invariance of the form of 2 and also the linearity property of 2, we have

DA = D(LiAi) = £5; DA;
showing that the components of D A transform according to the vector law under the rotation of the axes.
Thus it follows that D A is a vector field .

THE LAPLACIAN OPERATOR V?

The most important of the scalar invariant operators is the Laplacian operator
92 9% 3?7 d__d

ax2 axi ax: _ 3xidx

Formally , the Laplacian operator is the square of the del operator .

V=

THEOREM (7.7): Prove that the Laplacian operator ~ V” = 3x. a_
is invariant under a rotation of the axes .
PROOF: The invariance of the Laplacian operator follows from the fact that the compo -
of del-operator transforms as a vector . Under a rotation of coordinate axes Ox'| x'2 x'3 , we have
9 _d_ it 308 d
} = f and gy y - f k._—

OX; J‘Bx, - IR 8 xk
Thus _QT 'i; = (E,—a—) (fjk“ﬁ“)

BXj axj ] 9Xj 09Xk

S g g o 9 2
= 15i% “ik 5 dx;i Xk kdxi 9xxk axiaxi

Which shows that the Laplacian operator V 2 is invariant under a rotation of the axes .
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The alternating symbol written € ; ; x is defined as

I if i,j,k isacyclic permutationof1, 2, 3 3 1
€ijk =1 -1 ifi,j, k isan anticyclic permutation of 1,2, 3
0 if any twoof i,j,k are equal 2
Thus €13 = €33 = €35 = |
(3 21 = € = E 2 = --I
321 213 13 . . 3 1

€m3 = €131 = €33 = ..., - 0 : Figure (7.11)

Prove that €Eijk €, mk = 8i,5jm = 5im5j:

PROOF: We know that
A A A A A A A A A
€1 1Xe, =e;, €2Xe3 = ¢, €3Xe| = e, (1)

Using the definition of the alternatin g symbol we can write equation (1) as
A A A
€iXej.ex = Eijk .
Thus 'E','j-kefm-k = (Sixéj.é‘k) (sexgmogk)
= (gixsj.gk)gk.(gcxgm)
= (Sixgj).(gfxgm) [sincc(z;gk)gk= K]
A A i '
=..(cl-xej)xc,.em
. [(gl.gr)gj-(gjogf)gl]'gm
(si-gc)(gj-.gm)"(gj'.gf)(gi-sm)

8ira.jrn-airrl_"?'je

]

ALTERNATIVE METHOD
We have to prove
EijlEfm]+€ij2€5mg+Eij3“EI(lm3 =.8i0jm=0im8jp 1 (A)
Case (1) (a) when i =j but £#m (b) wheni=j but £ =m
For these cases we may easily verify from equation (A) that LH.S. = 0 = RH.S.
Case (2) When i # j, £ # m and the pairs (i,j) and (fs“"_)'arediffél‘entfromeachother.
For example, (i,j) = (1,2) and (£4,m) = (1,3), then from equation (A)
EmEm+EmEm+En€Epn =818,-58138y '
or LH.S. = 0 = RH.S.

Scanned with CamScanner



VECTOR AND TENSOR ANALYSIS

Case (3) When i # j, ¢ # m butthcpairs (i,j) and (¢, m) are identical
can have the following pairs of values in any order :

1,2; 1,3; 2,3; 2,1; 3,1; 3,2
The first pair gives rise to the following possibilities :
i=1,j=2, £=1,m=2
i=1,j=2, =2, m=1
i=2,j=1,: €=1,m=2
i=2,1=1, "1=2, m=1
For these possibililies'. equation (A) gives
LHS. =1 = RHS.
LHS. = -1 = RHS.
LHS. = -1 = RHS.
LHS. =1 = RHS. _
The resuh may easily be seen to be true for the other five pairs also. -

Hence equation (A) holds for all possible values of i,j, ¢ andm.

413

., Thus i,j and £, m

NOTE: Each side of thé theorem is a tensor of order 4 , therefore equation (A) is equivalent to a set of

3% = 81 scalar equations .

EXAMPLE (12):  Prove that

(@ €ijkdjk =0 (ii) €EijkEijk = 6
(iii) EijkE-gjk-=25iz : (iv  €ijk€,mkdjm = 230i,
(V) -Eiksemp;F'Esikesmp=fksiepsm (vi) EeljkﬁjjzAt=Ak
SOLUTION: . We know that | N
(i Eijks‘ik=ﬁijj=€i]1+Ei‘l32+Ei33=0+0+0=0

(i) | We know that
| ﬁijkﬁmk=5ieﬁjm.—5im5jc' .
Setting i. =i and m = j inthe above relation
€ijk€ijk = 0iidjj—dijdji = (3)(3)-8;;=9-3=6
(iii) Put m = j in relation (A) we get
€ijk€ejk = 8ir8jj—8ijdj, = 381~ = 28i,
- (iv) ..eijkermkﬁjm = (8i8jm-0imdj¢)djm
= Sifﬁﬁ—ﬁimw |
= 8i(dmm—-0imdm, = 38i,-0i. = 28;;

(A)
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(v) Eijsfmps=EsikEsmp=EksiEpsm

A cyclic permutation of the suffixes in €y does not change its value .

o) LeijiericAc=7(28k)A, = Ay (since €ijk€ jk = 28, from equation (3))
: _

cknow that a scalar is a quantity whose specification ( in any coordinate system ) requires just
one number . On the other hand , a vector is a quantity whose specification in any coordinate System
requires three numbers called its components . Scalars and vectors are both special cases of a mope
general object called a tenscr of order n, whose specification in any given coordinate system requires 3"
numbers, again called the components of the tensor . In fact , scalars are tensors of order 0, with 3° = |
component , and vectors are tensors of order 1 with 3' = 3 components . The order or rank of a tensor
is effectively the number of suffixes used in it .

By a scalar ( or zeroth order tensor ) is meant a quantity uniquely specified in any coordinate
system by a single real number ( the component or value of the scalar ) which is invariant under changes of
the coordinate system i.e. which does not change when the coordinate system is changed . Thus if ¢ is the

value of a scalar in the coordinate system K and ¢’ its value in another coordinate system K , then

r
I ’ ’ ’
or ¢(x|,xz,x3)=¢(x1.x;,x3)
Thus a tensor of order zero is-called a scalar invariant .

An entity ( quantity ) representable by a set A of three (i.c.3') numbers ( called components )

relatively to a coordinate system K is called a first order tensor , if its components transform under
changes of the coordinate system according to the law

WM A FANLT L

A j=£ ji Aj ) : (1)
where A'j are the components of the quantity in the coordinate system K and £ji is the cosine of the

angle’ between the Jjth - axis of _K' and the ith — axis of K . Equation (1) is called the transformation law
for the components of first order tensor ie. vector. Equation (1) represents the following three equations :

‘qul"‘flz{ﬁz"'flsAsj‘
A2=£?|A1+f22A2+f23A3
As =3 A1+EnAr+EyA,
- which may be written in matrix form as
A’i In £ £ A,
Ay |=|€a £n f€n|=|A,

A £31 €3 &3

>
|

)

3
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The inverse transformation la’w for the components of the first order tensor in the system K in terms of
its components in the system K is

Aj = ;A “)
since £jiAj = €5;(£jkAx) = £jifjkAx = 8ikAx = A
Equation (4) may equivalently be written as

Aj=LijA; ©)
Equation (4) or (5) represents the following three equations :

A= EnA +L A+ 65 A
A2‘= £12A'1+522A'2+f32A’3 , (6)
A, ﬁl3A'1+£23A'2+£33A’3

which may be written in matrix form as
A £y € Ex || A | - :
_Az =|£n €n fn|]| A, L ' @)
A; £i3 £n €xnd| A

A quantity representable by a two suffix set A;; of nine (i.e. 3 ? ) numbers ( called components )
relatively to a coordinate system -K is called a second order tensor , if its components transform under
changes of the coordinate system according to the law

A’mn = fmifnjAij _ (1)

’ o - - ’ . .
where A mp are the components of the quantity in the coordinate system K and £, is the cosine of the

. angle between the mth — axis of K~ and the ith - axis of K. (Similarly for £x;)

The inverse transformation law expressing the components of the second order tensor in the system K in

terms of its components in the system K s :
Aij =fmif_njA’mn I | . 3)

since fmifnjA’mn = fmifnj(fmr-gnsAr;) = (ﬂmifmr)(fnj_fns)ﬁtrs
= SirﬁjsArs-z (airArs)ajs
= Ajsdjs = Ajj

Equation (3) can be written equivalentlyas Amn = £imfjn A’ij

NOTE: (i) The nine components of a second order tensor can be written in the form of a 3

Ay A Ap
i AZI Agz 'A23 .
Ay Ay Amn
or briefly [ Ajj], where Ajj is the element in the ith — row and jth — column of the above matrix

- SRR
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(i) Equation (1) when written in matrix form becomes
Ay An Al bu o L | TA, Ap
Ay An Ap|=|ta n ty5| Ay Ay
Ay Ay Aund Lin fn f3]1 LAy Ay

oo [A]l=[T][A][T]

Equation (2) is easier to use than equation (1) itself
(iii)

equation (1) to determine its components in another coordinate
components of a tensor vanish in one coordinate system , they also
EXAMPLE (13):

product AiBj (i
SOLUTION: Let Cij = A;iB;

then we have to prove that C

Given the components of a second order tensor in the coordinate system K

|

CARTESIAN Teygo,
A | fn fu G
A b £ Uy (2)
Ay d [ £y £y £y

y We Can use

system K. In particular , if a]| the
vanish in any other coordinate systen, |

Prove thatif A; and B j are two first order tensors i.e. vectors y then thejr

»j =1,2,3) isasecond order tensor .

(1)

ij (1,j =1,2,3)are the components of a second order tensor . Since A i

and Bj are the first order tensors , their equations of transformation from the system K to K are

A’m = fmiAj
B'n = Enij
Multiplying equations (2) and (3) , we obtain
AmBy = fnifnjA;B;
Cig = €mifnjCjj
where C'mn = A'm B'n
Equation (5) shows that C;

PROQF:
K respectively . Then

or

4N

A

0ij =
A ALY A
mi€j and €p = fnjej )

A A ’ A
€i.€j and dpp=¢€p

Also we know that &' = ¢

B A PR ERN

SO Smn = €m.€p
= fmi.enj(éi.éj)
= Imifnjdij |
which shows that §; j is a second order Cartesian tensor .
- NOTE: (i) The nine components of the Kronecker delta tensor 9 ;
1 0 0
‘ 0 0 1

i = AjBj are the components of 2 second order tensor .
i i p :

.en

(2)
€)

@
)

’

j can be written in the form of 3 x 3

___-‘
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(ii) Since x j are the components of a first order tensor ( i.e. position vector ) it follows

0Xi

that a— = 8 is atensor of order 2 .
.|

THIRD ORDER TENSORS

A quantity representable by a set of three suffixes A ; jk of 27 (ie. 3 %) numbers ( called

components ) relatively to a coordinate systtm K is called a third order tensor , if its components
transform under changes of the coordinate system according to the law

A’m_np=zmifnj£pkAijk _ (1)
where A'm np are the components of a quantity in the coordinate system K and £pj is the cosine of the
angle between the mth - axis of K and the ith — axis of K. ( Similarly, for £, jand £pk).
The inverse transformation law of equation (1) expressing the components of the third order tensor in the

_ i
system K in terms of its components in the system K is

Aijk=fmifnjfpkiﬁl®, . (2)
- {!
since {mlfnjfpkﬁmmp = fmlfnjfpk(fmrfnsfplArst)

(frrufmr)(fnjfns)(fpkgpt)Arst

= (aii_rajsakt_)Arst : : A -

= i7‘>i1'5js(8ktArst) YO

= 8ir(djsArsk) (,1 0\]
= dirArjk = Aijk \/,' 7 i

Equation (2) can be written equivalently as
Amnp = £im£jnfkpAijlk - ' | 3)
Note that equation (2) represents components of the form
A, Az, Ans, A, ete ,
EXAMPLE (14):  Prove that if Ai,B j»and C g are three first order tensors, then their
~ product AiB;Ck (i,j,k = 1,2,3) is a tensor of order while
AiB;Cj (i,j = 1,2,3) form a first order tensor.
SOLUTION: Let Djjk = AiB;Ck (1)
then we have to prove that Djjx (i ] k=1,2,3) are the components of a third ordci ¢
- Djjj are the components of a first order tensor .

Since A i »Bj, Cx are first order tensors , their equations of transformations from the syster

’ . (
Am = ‘emlAl
B'., = €4jBj _
_C’p = t’kak
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" where (i,j.k,p,q,r=1,2,3).

418
Multiplying .(2) , (3) , and (4), we obtain |
A’mB’nC'p=fmif’njfpkAiBjCk 5
4 . . 6
or D"‘"P=fmifnj€kal_|k ()

Whel'c D’mnp=AmBnCp

Equation (6) shows that Djjx = AjBjCy are the components of a third order tensor
“Ifweset n = p in equation (6) , we have :
tmifnjlnkDijk

Dmnn =
4

= fmidjxDijk = £miDijj
= AiB;C;j are the components of a first order tensor .

Let €jjx and € 'p qr be the components of the alternating symbol in the systems K

PROQF:
r
and K respectively . Then
A A A A A A A A A :
€2Xe3 =€,, e€3Xe, =¢€,, e;Xe; =¢€; ; '
‘ (1)
A7 AT A7 A’ AT A? A’ AI A ! 5 -
€; Xe; =g, , €3 Xe;, =e,, €| Xep; = ¢,

Using the definition of the alternating symbol we can write equatlons ( 1) as
| 2

IA!A! ’

A
ep xeq «Er = qur

’

Now 'e\P'= fpigi, sq =€qj3j, and 3;=frkgk therefore ,

r AT A?

. qul' = ep xeq «+Cr
= (fp:el) (fq_]eJ) (frkek)—fplqufrke Xe_, Ck

Of . €par=fpifgjfek€ijx _ 3) -
From equation (3) it is clear that € is a Cartesian tensor of rank 3.

HIGHER ORDER TENSORS

A quanuty representable by a set of n sufﬁxes Aj i, il of 3™ numbers (_called

n : 3

components ) relatively to a coordinate system K js said to be a tensor of order‘( rank ) n, if its

components transform under changes of the coordinate system according to the law .

'ejn nAl -...i (1)

AJllz !Jl'l!-h z

are the components of the quantity in the coordinate system K and ¢ §yiys et have

where Ajlj vig

the usual meanings ,
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NOTE: Given the components of a tensor of order n in the coordinate system K, we can use equation (1)

. . - £ . :
to determine its components in another rectangular coordinate system K . In particular , if all the
components of a tensor vanish in one coordinate system , they also vanish in any other coordinate system .

78~ ALGEBRA OF TENSORS i
LADDITION OF TENSORS

The sum of two or more tensors of the same rank is the tensor whose components are equal to the
sum of the corresponding components of the individual tensors. Note that the tensors of different ranks
cannot be added . Also addition of tensors is commutative and associative .

SUBTRACTION OF TENSORS

The difference of two tensors of the same rank is also a tensor whose components are equal to the
difference of the corresponding components of the two tensors . Note that subtraction of tensors of
different orders is not defined .

LE)XKNIPLE (15): If Ajk and B jk are tensors of rank 2 , prove that

(§)) Cjk=Aj.!,;+Bj:k
(ii) Djk = Ajk-Bjk
. are also tensors of rank __2'.
SOLUTION: (i) Since A jk and Bﬂj K are the second order tensors , their equations of
transfonnatlon from the system K to K are
A'mn = £mjfakAjk i o
. Bmn=fmjfakBjk | @)
Adding equations (1) and (2) we get
A'mn+Bmn = £mjénk(Ajk+Bjk) .
or" *" Cmn =€mjEokCjk (3)
where C'mn = A'm,.+B’mn :
" Equation (3) shows that Cjx = Ajk+Bjk is-also a tensor of rank 2 .
(i) Subtracting equation (1) from equation (2) , we obtain
A'mn-Bmn = L’mjfnk(AJk Bjk)
' (C))

or Dmn-fmjfnkD]k

where Dmn=Amn—B mn

From equation (4) it is clear that Djx = Ajk— B jx is a tensor of rank 2 .

This shows that the sum ( or difference ) of two second order tensors is a second order tensor . In general ,

the sum ( or difference ) of two tensors of order n is another tensor of order n.
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MULTIPLICATION OF A TENSOR BY A SCALAR
The multiplication of a tensor of any rank by a scalar yields another tensor of the same rank

EXAMPLE (16):  Prove thatif ¢ isascalar and A ;; is a second order tensor , then

Cij = ¢ Ajj is also a second order tensor .

SOLUTION: Since Aj; is a second order tensor , its equation of transformation from the System
KtoK is
| A"mn= emitninj : : (1)

Mulﬁ'plying_cquation (1) by the scalar ¢, we get
¢ Amn = Emifnj (§Ajj)
o' e, CEARGCh )
where C'm n=¢9% A’m n
Equation (2) shows that C; i = 0Aj; isalsoasecond order tensor .

In general , multiplication of a tensor of order n by a scalar gives another tensor of order n.

(OUTER ) MULTIPLICATION OF TENSORS

The product of two or more tensors is the tensor whose components are the product of the

components of the given tensors . The order of a tensor product is clearly the sum of the orders of the
given tensors '

\MPLE 17): If Aj jk and B, are two Cartesian tensors of rank 3 and 2 respectively ,
provethat Cijkmn = AjjkBmp is also a tensor of rank 5 .

SOLUTION: Since Ajjkx and B, are tensors , their equations of transformation from the
systems K to K are o

Apqr = £pitqjfekAjji ' (1)

Byt =€smlinBmn . | @

Multiplying equations (1) and (2) , we get-

A'pqu st = fpiquzrk fs_mftnAijkB_mn i
or Cpqrst = LpilqjlrkfsmZtnCijkmn ’ 3)
where C’pqrst = A'pqu st - = ' - '

- which shows that Cijkmn = AjjkBmp called the outer product of Ajjy and By, is a tensor of
rank 3+2=5. , ‘ | '
NOTE: (i) The tensor multiplication is non — commutative . For example ,

Cijkmn = AjjkBmn # B;nnAiik=Cmn_ijk . _
(i) The outer product of two vectors i.e. tensors of the first order , i sometimes called a dyadic tensor
or just dyad._ .
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719 CONTRACTION OF TENSORS

The process of setting two indices in a tensor equal and summing over that repeated index is called

contraction . For example , the three possible contractions of a third order tensor Ajjk are Ajik,Ajji

and Ajjj.
_~CONTRACTION THEOREM Y /

’ OREM (7.11): The contraction of a tensor of order n (n=2>2) leads to a tensor of ordern—2.
PROOF: We prove this theorem for n = 3 i.e. for the tensor Ajjk.

By hypdﬂleses , Ajjk is atensor of order 3 . Therefore,

Let us contract w.r.t. j-and k. Place the corresponding indices q and r equal to each other and sum over
this index . Then
Apqq = £pifqjfqkAijk
= £pidjkAijk = fpiAijj
which shows that B; = Ajjj is a tensor of rank 1 i.e. a vector .
NOTE: (i) We have seen that contraction can be applied to a tensor of rank 2 or higher .

(ii) We know that contraction of a tersor of order n (n22) leads to a tensor of ordern—2. This

tensor of order ( n — 2 ) can then be contracted again ( provided thatn 24 ), giving a tensor of order n—-4,
and so on , until we obtain a tensor of order less than 2. In fact, repeated contraction of a tensor of

order n eventually gives a scalar if n is even and a vector if n isodd.

»\ye/ (INNER ) MULTIPLICATION OF TENSORS

The process of multiplying tensors ( outer multiplication ) and then contracting the product w.r.t.
indices belonging to different factors is called inner multiplication and the result is called an inner product
of the given tensors . For example the cxpression A B is the inner product of the tensors A and

Bjk- Similarly A;Bj is the inner product of two vectors Aj and B (i.e. A and B )
bemJPLE (18): If Ajjx and Bmp are two tensors of rank 3 and 2 respectively , show that
: their inner product AjjkBin isatensorofrank 3+2-2 = 3.

d B are tensors , their equations of transformation from the

SOLUTION: Since Ajjk an
system.K to K are :
Bt = Lsm?taBmn )
Multiplying equations (1) and (2) , we get
3)

qurB’st = ?piﬂqu.-kt’smfm Aijkan
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By contraction ( letting p = s in-equation (3) and summing ) , we get
A'pqu'pn = FpifqjfrklpmLinAijkB g
= fqjfrcfin(£pifpm)AijxBmnp
= LqjfrkftndimAijxBpny
= £gjfrk€inAijxBis
which shows that Cjkn = Ajjk B, called the inner product of Ajjx and B mn is atensor of rap 3,

By contracting w.r.t. j and n or k and m in the product Ajjx B my,, we can similarly show that any
inner product is a tensor of rank 3 .

COROLLARY: The inner product A;B; of two vectors A; and B j (i.e. K and ﬁ) is a tensor of

rank zero i.¢. a scalar . For this reason A i B is called the scalar or dot product of A and B .

GENERALIZATION

If Ai‘lig ceoi o and lejz »e+j, are two tensors of rank m and n respectively , then any of

their inner products is a tensor of rank m +n-2 .

\Jl/ QUOTIENT THEOREM

With the help of this theorem we can decide whether a
set is a tensor or not .

\;HEOREM (7.12): _If an inner product of a quantity X with an arbitrary tensor is itself a tensor '
then X is also a tensor .

To illustrate this theorem we consider the following example :
\,E:@u: (19: If A

ij Bj isa vector where B is an arbitrary vector » then prove that the
2 - suffix set A i; is also a tensor of rank 2 .

SOLUTION: nlet Cijr=1A

qQuantity representable by a multi — suffix

iiBj, Cp = ApqB'y where Aij,Bj,C; and Apq,B'g, C)p are
the components of the 2 - suffix set and the two vectors in the systems K and K respectively .

- Nowsince C; is a vector , therefore
C'p = £5iC;

o ApaBa=LpiAiB. .. )
Also B j bcinganarbii:rary,we‘have B'q = £qiBj
or Bj= £qu’q ‘ @
From equations (1) and (2), we get

ApqBg = €pitqjAijBy

or (A'pq—f,piquAij)Bq:o
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e

Since the vect s i i : L ’ o
| or B is arbitrary , the vector B q 1s also arbitrary so that B g # 0 and the above relation is

| true only when
Apg=LpilgjAij =0 {‘\ -
or  Apg={tpilgjAij A

showing that the 2 — suffix set A; j is a tensor of rank 2 .

GENERALIZATION

If Ai}il""im Ji1dginp lejz““jn is a tensor of order m , where Bj,j,-j, isan

arbitrary tensor of order n, then prove that A ; [igeee is a tensor of order m+n ..

i dyig i

\ZJZ/Sﬂt'MI\{ETRIC AND ANTI - SYMMETRIC TENSORS

Atensor Aj l.i2 i is said to be symmetric in a pair of indices i; and i, ( say)if

Ailiz""in = Aizil‘"'in i (1)
" while it is said to be anti — symmetric in the indices i; and i, if .
: Ailiz ..... ‘n=_Ai2i1"'in 2

A tensor is said to be symmetric ( anti — symmetric ) if it is symmetric ( anti — symmetric ) in all possible
pairs of indices . Symmetric and anti — symmetric tensors occur frequently in mathematics and physics .
For example , the interia tensor , the stress tensor , the strain tensor and the rate of strain tensor are all

symmetric , while the spin tensor is an example of an anti — symmetric tensor .
THEOREM (7.13): Prove that the Kronecker tensor §jj is a second order symmetric tensor and
the alternating tensor €jjk is a third order anti — symmetric tensor .

PROOF: We have aij=2i-sj=éj-gj=8ji
which shows that 8 is a symmetric tensor.. %

Also, Ejjk = —€jik = —€ikj = ~Ekji

which shows that € jk isan anti — symmetsic tensor .

NOTE: A synunf;tric second order tensor A jj can be written as a matrix in the form

' An An Ap
[A;j]:I:Alz' Axn Aza]
- Aig_ An Axn
has a matrix of the form
0 A AIB]

Ai:]l=|-Anr 0 Ay
(A |:-A13 -Ay 0

i

. while an anti — symmetric second order tensor

t components , while an anti — symme!

Thus a sy:hmetric second order tensor has only 6 independen . |
Also in an anti — symmetric tensor

second order tensor has only 3 independent components .

components on the leading diagonal are all Zero . [Aii = -Aiior 2Aii =0 or Aji= 0]

B _m}——_...
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THEOREM (7.14): Prove that every second order tensor can be represented uniquely as the sum of
a symmetric and an anti - symmetric tensor .

PROOF: Let A;j be asecond order tensor, then we can write

1 1
Aij = 7(Aij+Aji)+5(Aij-Aj))

Bjj+Cij
1 : :
where Bjj = 5(Ajj+Aji) = Bjj is symmetric.

1 1 o .
and Cij =5 (Aij-Aji) = -5 (Aji-Ajj) = - Cjj, is anti - symmetric .

- INVARIANCE OF SYMMETRIC AND ANTI-SYMMETRIC PROPERTY OF A
TENSOR |

\}:ﬂio/REM (7.15): If a tensor is symmetric ( anti - symmetric ) w.r.t. a pair of indices in ope

coordinate system , then it has the same property in any other coordinate
system.

PROOF: We prove this theorem for the tensor Ak
If Ajjx is symmetricin i and j , then
Aijk = Ajik ' {1}
Also A'mnp = fmi-enjfpkAijk_ ..
0 EmifnjfpxAjix [usingequation(l)] ' - "
= fnji‘fmifpkAjik?A'nmp

’ r. i 1 : .. , e . .
Thus Apnp = Anm p showing that the tensor is symmetric w.r.t. the same pair of indices in the new
coordinate system as well . '

.. . . . L . . . H ’
Similarly , in case the tensor A ; jk 1S anti—symmetric in i and j we canshow A p = - A’n mps

\_## FUNDAMENTAL PROPERTY OF TENSOR EQUATIONS

THEOREM (7.16): A tensor equation which holds in one coordinate system holds in every
coordinate system i.e. the form of a tensor equation remains the same in every
rectangular coordinate system .

PROOF: We prove this property for the simple tensor equation . ) ’
Let  AiBijk = Cjk . | W
‘be a tensor equation where A, Bjjk 4o i i represent the components of the three tensors w.r.t. the
system K. We will prove that equation (1) has the same form in another cqordjnate system K .
Multiplying both sides of equation (1) with £ ;2 , we get

EmitokAiBijk = fmjfnkCijk | @)

where i,j,k are dummies .

e
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THEOREM (7.14): Prove that every second order tensor can be represented uniquely as the su

m of
a symmetric and an anti - symmetric tensor .

PROOF: Let Ajj be a second order tensor, thén we can write
1 1
= Bij+Cjj

1
where Bjj = 5 (Aij+Aji) = Bjj is symmetric-
1 1
and Cij = 7(Ajj-Aji) = -2 (Aji-Aij) = =Cjj, is anti - symmetric .
\JJ&/ INVARIANCE OF SYMMETRIC AND ANTI-SYMMETRIC PROPERTY OF A

TENSOR
\MEM (7.15): If a tensor is symmetric ( anti - symmetric ) w.r.t. a pair of indices in ope

coordinate system , then it has the same property in any other coordinate
system.

PROOF: We prove this theorem for the tensor Ak
If Ajjk is symmetric in i and j,‘then

. (1)
Also  A'ppp = EmifnjlprAij
4 = fmiﬁnjfpkAj;k i [usingequation(l)]
= €njtmifprAjik =-A’nmp

Thus A'mnp = A'nmp

showing that the tensor is symmetric w.r.t. the same pair of indices in the new
coordinate system as well . '

Similarly , in case the tensor Ajjk is anti — symmetric in i and j we can show A'm np =~ A

nmp -
\;./{ FUNDAMENTAL PROPERTY OF TENSOR EQUATIONS

THEOREM (7.16): A tensor equation which holds in one coordinate system holds in every

coordinate system i.e. the form of a tensor equation remains the same in every
rectangular coordinate system. : ;

PROOF: We prove this property for the simple tensor equation . _. :
Let Aiﬁijk =ICj|; 0
be wemor et phete" ATV IR represent the components of the three tensors w.r.t. the
system K. We will prove that equation (1) has the same form in another coordinate system K .
Multiplying both sides of equation (1) with ¢ iZnk, we get ’
imjﬁnklA{Bijk=fmj£nijk @

where i, j,k are dummies . _
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! ’ 3
, and C be the co
if Ap,Bpmn mn mponents of the same tensors w.r.t. the system K, then

Crmn = fmjfnkCjk

Nowsince AiBijk = OiqAqBijk N
= £pifpqgAqBijk
Using equations (3) and (4), equation (2) becomes @
_‘fmjfnkfpiquAqB-ijk = Cun
But A’p = fpqAq and Brpmn = {pifmjlnkBijk
Therefore A’p B’Pmn = Cmn (5)

which is of the same form as equation (.1) .
COROLLARY: From equations (1) and (5) writing Djx = A{Bijk—Cjk., Dmn= A Byma-Con.

r
wehave Djx = 0 and Dy = 0 for m,n = 1,2,3 which shows that if the components of a tensor
in one coordinate system are all zero , then the components in every coordinate system are also zero .

ZERO TENSOR | -

A tensor whose components relatively to one coordinate system and , therefore , also relatively to
every coordinate system are all zero is known as a zero tensor .

725 ISOTROPIC TENSORS
" A tensor is said to be isotropic if its components remain the same in all rectangular Cartesian
coordinate systems under orthogonal rotation of axes .

Note that tensors of order zero ( i.c. scalars ) are all isotropic . Since there are no isotropic tensors of
order 1, therefore , we will discuss the isotropic tensors of second and third orders , which are of particular

importance in tensor analysis .

THEOREM (7.17): Prove that the Kronecker

PROOF: We know that the equation of transformation for the second order tensor Ajj is
(1)

tensor &ij isan isotropic tensor of order 2.

Amp = Emifnin_j
Let  A;j = §;j inequation (1), then

Amn = fmifnjdij = fmifni = dmn

sform into themselves under the tensor rotation law . Thus 8

_ Which shows th . nts §jj tran
at the compane il of all the isotropic tensors . Note that

is an isotropic tensor of order 2 . This tensor is t
the only isotropic tensor of order 2 is a scalar multiple of dij-

he most important

THEOREM (7.18): Prove that the alternating tensor €ijjk is an isotropic tensor of order 3.

PROOQF: " e quation of transformation for the third order tensor is

; 1)
Amnp = €mifnjlpkAijk
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Let Ajjk = Eijk inequation(l),then
£mifnjépk€ijk

A,mnp = g
fu”fnzfp3+‘€m2frl3"—’pl+'€m33nlfp2“€m|€ﬂ3fpz_!mz il P3-£"13v":'n21!’p|

fmi £n1 fpi
= |[€m2 fn2 fp2 )

f‘m3 En_-, f-p3
If any pair of suffixes m,n, p are equal , the determinant (2) has two equal columns and hence vanisheg
Now m,n, and p can take only the values 1,2 or 3. If the values of m,n, and p arein cyclic order
saym =1, n =2, and p = 3, the determinant reduces to the value 1 . Since the interchange of any
pair of columns in a determinant changes its sign , therefore if the values of m, n, and p arein g
anti - cyclicorder (say) m = 2, n = 1, and p = 3, then the determinant has the value - 1.

Thus the following are the combinations of values of m, n, and p for which the value of the determinant

is not zero . : _
Cyclic Order X : Anti - cyclic order
m=1,n=2,p=3 m=2,n=1,p=3
m=2n=3,p=1 m=1,n=3,p=2
m=3,n=1,p=2 - m=3,n=2,p=1

Similarly , for the other combination of values of m, n, and p , the value of the determinant will be either
1 or — 1. Thus it follows that , for all possible values of m, n, and p, the determinant has the same

value as € mnp -
r
Hence Amnp = €Emnp :
which shows that under a rotation of axes , the tensor law is satisfied and each one of the set of the
numbers € jjk transform into itself . Hence, € is an isotropic tensor of order 3 . Note that the only

isotropic tensors of order 3 are scalir multiples of €.
ISOTROPIC TENSORS OF HIGHER ORDER

Similarly , it can be proved that an)'! fourt_h order isotropic tensor with components Ajjk, can be

expressed as a sum of the products of delta tensor in the form

Aijky = A0ijOk,+1dikdj,+908;,8

‘where A, 1, and 9 are arbitrary scalar invariants .

The most general isotropic tensor of order 5 is a linear combination of 10 terms of the form €;jx 6 ;m-

The most general isotropic tensor of order 6 is a linear combination of 15 terms of the form §; jOk,Omn.
The most general isotropic tensor of order 7 is a linear combination of 105 terms of the form

- EijkO,mdnp
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i.e. Ty . U 1iy === i, isalso a tensor of order n+1.
PROOF: The law of transformation for the given tensor is
"jn=Ejlilgj2i2""gjninAiliz""'in (1)

where all the symbols have the usual meanings . Differentiating both sides of equation (1) w.r.t. X we get

9, d d x
— Ay sk = f: . PR Fop oy i .. . =ap .
3x Jpdg =g _]lllszlz ...... h“'“axp A,llz...lnax,k where p is dummy .

, y 4
Also we know that xy = ExpXp or Xp= F.kpx'k

dx
so that ‘—,E = fxp
dXk
H 0 ’ 9
ence x’k Aj|j2 """ jn = Ejllg ?.ln n ka Jx Alllz ----in (2)
which shows that 'a-i— Ai,iz «e.nip iSatensor of order n+1.
P
NOTE: (i) If the partial derivative of Ai’li2""in Wt Xp is denoted by Ai,i, ....'i“ . then
equation (2) can be written in the form
, " : .
Aj, S £j1i| PfjninﬁkpAi_l “-ip.p (3)
Diffefcntiating both sides of equation (3) w.r.t. x’m we can show
Ajigorinkm = Giiy e figinfkpdmaAiy iy pg
92 ) : | ,
: . TR % IR which shows that A ;. ... i is a tensor of
(threAll--n]n,pq anaxP 1 In 1,0, ln,pq

order n+2

99 .. ™ _

(ii) If ¢ isascalar,then 7 or ¢ i is a tensor of order 1 i.e. a vector .
dXi . ,

INTEGRATION OF TENSORS
Integration of a tensor with respect to the coordinate direction yields a tensor of one order higher

unless integration is combined with a contraction . For example ,

I Amndxp I(fmlin_]Alj)fpkdxk =fmifnjépk (I Al_]dxk) andthus JA,Jd}n )

is a tensor of order 3 . However(J. A.]dxj) is a contraction of (I A,dek) and is

thus of order 1 i.c. one less than A . Integration of a tensor w.r.t. a scalar , for example volumc or
surface , can be shown to yield a tensor of the same order .’
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THEOREM (7.20): Prove that if A and B are the components of two first order tensors

A and B respeqtively »then A;Bj is a zeroth order tensor .

PROOF:

—

~ Since Aj and B are the components of first order tensors , therefore under he

transformation law from the system K to K', we have

A'm = fmiAj (1)

By= fnij (2)
Multiplying equations (1) and (2) , we get

AmnB, = €mifnjAiB; : (3)
Setting m = n in equation (3) , we have '

AmB'm = fmifmjAiBj=8;;A;Bj = A;B; )

which shows that A ; B is a scalar or zeroth order tensor .
NOTE: (i) Equation (4) can be written as

A 1B +A,B,+A 3B’y = A\ B, +A,B,+A,B,

showing that the scalar product of two vectors is invariant under the orthogonal rotation of axes .

(i) We have already proved that A ; B j are the cbmponcms of a second order tensor , whereas in the

above theorem we have seen that A j B ; is a zeroth order tensor . So the difference between A;iBj and

A ; B must be carefully observed .

Let A and B be two vectors with components A;, Az, A; and B,,B,, B; respectively,

then C = AXxB = (A2B3;—A3B;,A3B,-A,B;,A;By—A,B,).

We now show that the components of C=A X B are given by

Ci = €ijkAjBx for i=1,2,3 (1)

Now C,; = Elj’kAjBk
C, = €;jkAjBk
C; = €3jkAjBk

Thus (AxXB); ='€ijkAjBk

¥

h—__

€inA;B3+€,3A5B, = A;B3-A;By;= (Kx'ﬁ)l :

€31A3B1+€;3A,B; = A3B-AB; = (Kx]_i)z

€A B2+€3A2B, =AB;-A3B, = (Kxﬁ)s
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NOTE: From equation (1), we have C;¢&; = EijkAjBkai
ie. C = EijkAjBksi
or AXB = €A jBkgi where now the summation is over all the indices .

THEOREM (7.21): Prove that

(i) the components of AXB ie. C; = €k A Bk transform as the
components of a vector under a rotation of the coordinate axes .
(ii) A x B is invariant under the rotation of coordinate axes .
PROOF: () Let €jjk,Aj, By be the components of a third order , and two first order

s . ’ ' ’ . s
tensors in the system Ox; X, X3 and €mpp, An, Bp be their corresponding components in the system

ro ’ .
Ox | X 3 X 3. Then the laws of transformation are

El'nnp=-fn'llifrljlfpl\:"'-:ij]s{ (1)
A'n =fnjAj= fnrAr . 5 7 (2)

From equations (1) , (2) , and (3) , we get :
EmnpAaByp = LnilnjlpkEijk LacAslBy
= £mi(£njlnr) (Lpklps) EijkArBs
= Em_iajrakseijkArBs
= fmi€ijk(8jrAr)(3ksBs)
fmi€ijkAjBk :
Cm = €miCi (4)

’ r ’ r
where Cp, = EmnpAan

Equations (4) shows that the components of A x B transform as the components of a vector .

(i), AXxB =€ijkAjBk3i
. Now ElmnpA’nB’p=fmi5ijkAjBk (5)

(6)

A r A A
Also €m =fmi€i = £mrer

From equations (5) and (6) , we get

’

_E’mnpA,nB’pgm fmieijkAjkamrgr
= £n‘ni."-’mr‘f—_ijl(A‘:\jBl_cgr
= airﬁijkAjBkgr :
= eijkAjBk(airgr)=€ijkAjBkaj

which sinows that A X B is invariant under the rotation of coordinate axes .
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Considering A . B x C as the scalar product of A and B X C we get
A.BxC = A;(BxC);

T Ai€ijkBiCk = €5, A;B;Cy (1)
THEOREM (7.22): Prove that
0 X.ExE=E.ExX=E_§{x§
(ii) A.BxC=axB.¢

PROOF: @ Since€ijx = €ju; = €4y, therefore ,

€ijkAiB;jCy = €jkiBjCyA; = €xijCkAiB;
Using equation (1) above » We get

A.BxC =38, CXA =C.AxB
(i) K.ﬁxa = EijkA'B'Ck
= ('EleAB)Ck_(AXB)ka XxB.C

W ECTOR TRIPLE PRODUCT -3 15~ 19

THEOREM (7.23): Prove that Ax(BxC) = (A.E)E_(K.E
PROOF: | We have

[Kx(ﬁxa)]i

£

S’

eijkAj(BxE)k
o EijkAjEkmeme=EijkegmkAchCm

= 8i8jmAjB, Cm—8imdjAjB,Cpn.

AjB;iCj-AjB;C; _(A,c,)B ~(AjBj)C;

= (A C)B; (A B)C;
which gives the three components of the required formula for i = 1,2, 3

HenceAx(BxC) (A.C)B- (a.B)C

\HE DEL - OPERATOR $-1\-Qe18 45t "Q"Wt F?MO

In Cartesian tensors , thc del — operator denoted by V is defined as

_ A 3 - A 8 A a _A___a_
V—C]a 1+ezaxz+c3 aﬁxj—-el Xi
;\_—
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THEOREM (7.24): Prove that

(i) the components of the del-operator V (i.e. 59—) transform as the components
Xi
of a vector under a rotation of the coordinate axes .
(ii) the vector del-operator V is invariant under the rotation of the coordinate axes.
: i 4B 3 -
PROOF: ® () Let 37~ and — _be the components of the del — operator V in the system

1 X
J

. roor 2 . -
Ox;x,x3 and Ox | X X3 respectively. Let x; and x'j be the coordinates of a point in these systems ,
then we know that ‘

’ r ) ’
Xy =4 yX +£€ X2+ 73 X3
" # r ’ . »
X2 = EpX1+€nXo+fnX;

X3 = LsX 1+ LXK+ LnXs
Using the chain rule , we have _
d ) aX| 0 axz, -0 ax;
¢ = y + P ’
axl axla;, ax28x| axSBx.
0 9 0

= flla_}h+flza;;+ﬁ|3'a'x_3

3 ;
- or.. 2. 1
‘Ell axi ; ()
5 0 d axl_ 0 BX2 d 8x3
Sumdarly,_ax,2 = 31133'2+3Xzax'2+3xsa?;'3
3 ) )
= fz'ax.”naxz””axs

! " @

= Gisg
1

0 d dx;, 0 0X; _0 0X;

d r = ; T T ’
o ax,  Xigx, 9%23x, 9X13x,

P 9 dJ
fala_xl'l‘fazaxz'*fssah-

From equations (1) , (2) , and (3) , we get |
B — "
0X;j axj.
which shows that under a rotation of the coordinate axes , the components of the del operator V transform
as components of a vector . It is often called a vector operator .

v .

Scanned with CamScanner



432

|

CARTESIAN TeNg

(ii) Let 9 and —a— be the components of the vector del - operator V in the system Ox, X3x,

0Xj 0Xj

and Ox'; x'z X’g respectively . Then we know that
d
]
0Xj dXij
. A x
Also 3_,' = (jiei = £jkek

From equations (1) and (2) , we get

4 a A ( a J
ei— = (f:re Y
]axj ( jk k) '“axi
s 0
= fjkfjiekﬁ
s By b 2l _a 8
- ki kaxl"' .laxl
278 . 2v D Ar @ A d A D 2
or e] axfl‘}‘ez ax12+e3axf3—e[ax2+cza 2+ejax3
or ¥ =¥

(1)

2 e

which shows that the vector de] - operator V' is invariant under the rotation of the coordinate axes .
Lo S0l mnd agk Ledwe
\A{ADIENT 5~ '

Let ¢ (x,;,x;,,x3) be ascalar point function , then we know that

_A a¢ A a¢ -'i_f\ aq’
X|+e2 sz €3 8x3

In tensor notation , equation (1) becomes
3,2
' Ox;

The components of V'¢ are given by

Vo=

vey L8
( ¢')1"‘ax_, l=1,2,?/

NOTE: (i) From equation ( 1.) it is clear that the operator V is given by

ke 0 AN D
=9
T 7ax;
(ii) For any arbitrary vector A = A13;+A232+'A333 we write
- o Bl s 4R etdiie.
A._V = A]axl+A2axz+A3ax3
L 0
B Ajax,—

(1)

)

. (3) )
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. )
THEOREM (7.25): If ¢ (x1,X2,X3) is a scalar point function then 8_¢ are the components of a
Xi

first order tensor ( vector ).
PROOF: Let (X, X2, X3 ) be the coordinates of a point in the system K and ( xfl X2,X3)
the coordinates of the same point in the system K , then
Xj=¥fjj X'j . B (1)
where £jj is the cosine of the angle between the jth-axis of the system K  and ith—axis of the system K.

Differentiating equation (1) w.r.t. x’j , we get
xi -

B i £ii ,
ax; )
5 d ) 0
Also from calculus tb’ - ¢ 8x| ¢ axl.,. 00 9x;
dXj 3xlax Tax, ax dX3 axJ
9¢ 9
- 28 2% 3)
9Xj dx j
From equations (2) and (3) , we get
d9¢ d 9¢
— = ¢ 4

0X; j 3 dXxj “@)
Also A j = £jiAi z : (5)
Compaﬂng equations (4) and (5) , we see that Ex_ are the components of a first order tensor .

1
THEOREM (7.26): Prove that
; d
(i) the components of V ¢ ( i.e. -3?4,) transform as the components of a vector law
i
under a rotation of the coordinate axes .
(i) V ¢ is invariant under the rotation of the coordinate axes.
d¢ 09 ,
PROOF: (i) Let -'a:' and a—;‘ be the components of the V ¢ in the system Ox ;X2 X3
. i Xj

and Ox ; X2 x', réspcctivcly . Then we know that
Xy =&y X1+ € X2+ €3 X3
Xz = €12 X1 +£nx’2+fszx’3
X3 = £;3x'1 +'€23x’2+£’33x’3

Using the chain rule , we have

d o 3 0¢ ax; d¢ axz 34’ axz

ax'l g axl axl axzaxl ax:" axl_

0 0 99
- fua ¢ +flza: +£'33x3

= fnaa¢ (1)
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aq} aq) ox; 0¢ ax; a¢ ax3
Similarly , ¥ = 9x1 9% aXzax, ax38x
20 d¢ 09

leax +fzzax +fzsa X,

2= £2laxl (2)
aq) £ a¢) Bxl a¢ ax-, B¢ ax:,

+——-——-——-

= +
ax3 axlax3 axz Bx; ax38x3

o a9 d¢
f”Bx +f3zax +£33Bx3

and ,

. 96
= ‘€3la (3)
From equations (1), (2), and (3) , we get
: a¢ 5 B¢ :

I 7= Jlaxl 4)
which shows that under a rotation of the coordinate ax:es , the components.of the V ¢h transform as
components of a vector . :

" a¢ a¢ . v y ¥ ! ’ ’
(i) Let é—x- and a_,— be the components of V ¢ in the system Ox, x 2X3 and Ox; x, x;

i Xj ‘ ;
respectively . Then we know that

d0 20 - .

— _ 1"5_7 _ A (5)

an ] Xi ; ) . J i
Also E‘,-':fjiéj:e,—ké‘k' (6)
From equations (5) and (6) , we get 4 Y

, 99 ( 'a¢)
A
ei 7= €;re £
jaxJ ( jk k) jla i .
a¢ A 34) A aq’
= £ fjicy axl‘—aklek Axg ™ Py |
100 ,,00 ,,30 00 , 30 4 20

A e SRR Ll A RO
* elax'l+ezax'z+esBx'3_e'8xz+e26xg+c3ax3
or V¢ = V¢ .
vi{hich shows that V ¢ is invariant under the rotation of the coordinate axes .

Pl A1-Q01% - Fy 4s¥ Leckae
\_PBIVERGENCE 5~ |1~ Final -
If (A;,A,,Aj3) are the components of a vector point ﬁmc'tion K. then by definition
;.. 3A| aAz aAS A i
VoA = T T ax G

el
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THEOREM (7.27): Prove that if A; are the components of a first order tensor i.e. vector A then

dAj &
-a_x-l is a second order tensor . Hence prove that V. A is a scalar quantity .
J
PROOF: Let Aj and A p be the components of A in systems K and K respectively , then
Differentiating both sides partially w.r.t. x 4, we get .
dAp _, A;
0 x'q P x'_q

But from the chain rule of calculus
90Ap _ , .[aAi Ox, dAidx; JAjdxy
ax’q PI| ax, Bx'q dX3 Bx'q d X3 ax’q '
0Aj axi
dxj ax’q

= £p (1)

’ BX'
Also we know that x; = £4jX4 therefore 5—,"‘ = £gqj
JA dA;
Thus equation (1) becomes ——= = €5 fqj —
dXgq 0Xj

dAj - .
- which shows that — are the components of a second order Cartesian tensor .

0Xj

dA; Aj
If contraction is applied to a—l by putting i = j, then x * is zeroth order tensor and therefore a scalar
Xj I

which by definition , is the divergence of A.

is invariant under a rotation of the coordinate axes .

e DA
THEOREM (7.28): Provethat V. A = 3 x-l
. - l

1

PROOF: Let 53_ and A; be the components of the del-operator and the vector X
' ’ xi .

respectively in the system Ox; X»X3,and —— and Aj be the corresponding components in the system
: =
- i

! ’ ’
Ox | X2 X 3. Then the laws of transformation become

) d

% > - 8.. —
; axj J]axi

Hence , since the coefficients £y are independent of x;,X2,x3, therefore
4
il 16 nN;
(fjiBXi) (£jxAx) |

dXj
dAx _ 0Ax JAj

Fediiix gy, B8 Sip%

and A'j = £k Ak
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0A} A, 9A, A, dA; JA;

i.C. r rl r - +
dx; 9x, 9x3; OXi 0Xz 0X;
showing that ¥/ . A = 3A is invariant under a rotation of the coordinate axes .
Xi
Firod
URL 5 -11-1G a5t Loctuse
p
\ ) y j )
If (Aj,Az,A;) arethe components of a vector point function A , then !
sz_(am 9A; 3A, dA, JA, aA,) VA = . 2
- ax2—ax;;’aX3_aX| Bxlhaxz 2% 1 .o c‘)}c
We now show that the components of V x A are given by A ﬁ
Ak N &
Cizﬁijk fori=1,2,3,
0 X;
: _ dAk A, A, 0A aA2
Since C|=E|jk-a_x'j_—613 Ax +El328x32— ax; (VXA)]
dAk dA dA; 0A aA; —
Ci= €50 T— ax_, = € _a__l'+52l3ax3 = Bx; = A (VXA)z :
dAk dA dA,  3A, A
Ci = €35k 9x; = €32 'a_"z+fszlax] a.x: l- (VXA)z.
dA
Hence (VXA); =€ —,i=1,2.3.
0X;
dAy ,
NOTE: Thccurlltsclflsglvcnby VXA = E”ks;—el

where now the summation is over all the indices .

THEOREM (7.29): Provethat VX A is a vector quaniity .

L4304 . dA
PROOF: We know that a_x-P- is a second order tensor and € i jk 1s a third order tensor .
Therefore their outer product is a fifth order tensor .

aA
€ijx = 3¢, 82 third order tensor .
Xq i

If we apply contraction by putting p = k , We get

Again , if we apply contraction to tlns third order tensor by putting’

dAL

q=j,we obtain €y "a—x'- as a first order tensor ( or a vector ) which , by definition , are the
: i _

components of VX A . Hence VX A is a vector .

THEOREM (7.30): Prove that

dAk

_—B X; transform as the components of a
vector under a rotatlon of the coordinate axes .

(i) the components of VX A ie. € 1jk

(i) Vx A is invariant vector field under the rotation of the coordinate axes
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. dAx
PROOF: (i) Let €jjx and X be the components of a third order and second order
]
- » aAE . . -
tensors respectively in the system Ox1x2x3 and €y p and 3 x their corresponding components in
& n
the systcrr; Ox’l x'z x';; . Then
€mnp = fmilnjlpkEijk (1)
QA dAy
o £svfru A (2)
axt '
From equations (1) and (2) , we get
’ aArs BAV
€ = Emilnjfpk€ijkfsvlru —
mnpaxr mitnjfpk€ijkfsviru dxy
dA
= fmﬂfnj’fplcﬁsw*"r\.r Eijk 5. . - (3)
U
Let p=s and n = r inequation (3), we get
., 9A dA
Emnp'_a'E = fmlfnj’-’pkfpvfnuéuk 3x =
dXn Ku ;
dA
= fmi (£njfau) (Lo pv) €ijk 5
Xu
JdAy
= fn:nsjuskveuk D
A JdAk
4 e Res L B — . 4
Emnpaxrn mi Eijk % 4)

which shows that under a rotation of the coordinate axes , the components of V X A transform as the

components of a vector .

# . OA
(i) Let Eijk.%f-\—k be the components of V X A -in the system Ox,X2X3 and Emnp '5—,2 be its
§ ¢ ]lj i | Xn

’ r r
components in the system OX | X ; X 3 , then we know that

e DA dAx

Emnp;x_z—fmneuk 3x; )
n
Also €m =fmi&i=42mr e, : : (6

- From equations(1) and (2) we get

] aA'E ’
Emnp ’ 311'1 = fmiEuk (fmr )
0Xnp
BAEA

Y fmifmr Eijk axJ €r
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|
o
-
m
i
-~

or VXK'=VXE

which shows that V X A is invariant vector field under the rc;tation of axes

\}m‘( M (7.31): Prove the following formulas using tensor methods :
7@ Viow) =oVy+yVe |
(i) A A

V.(eA) = ¢(vﬁA)+(‘V¢).X

(iii) vx(¢X)=¢(VxK)+(V¢)xK

(iv) V.(AxB)=B.VxA-A.VxB
@’2‘ vx(ixE)

_/@ )

V(A.B)=(A.V)B+(B.V)A+AXVXxB+BxVxa

(vii) V.V =_é¢-,ii

. V.(VxA) =0
O

Vx(V¢) = 3,
Vx(VxA)=V(V.A)-V?]
~ PROOE: We know that
YRS a(qnp) a\v ._a¢
® - [Vowl;= axi ax; ¥ ax;

[V(Mf)] =0(VW)irw (Vo)

'whlch gives the three components of thc requnred formulasfor i = 1,2,3.

Hence
V(oy) =¢Vy+yVe o
_ ._!23
. 2y 20AD | 24y, 20 St
@ V.(eA)=—7" = ox tAley. I3 152,53

¢(V A)+A (Vo) [smce A WV = A ai}
J

(idi) [VK(&A)] —Euk i)‘q)A)k = E:_]k ¢ ‘

-
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dAy d¢
= Eijk,:¢ “—+—- Ak]
5 d x axj
0A
= ¢€ 1_|k k+£,]k(V¢)JAk

¢ (VXA ), +(VoxA),
which shows that all the three components of the required formula are equal (fori=1,2,3).

Hence Vx(¢K)=¢!VxX)+(V¢)xK.
(iv) gV(Kx]_?:)ﬁ\ Bx (A:r:B)1

——

= aXi [EijkA'BIE]

aB 0A;
Ellk(AJ ax; ﬁ Bk)

BB dAj
i 1

dA; e
= Aj(—€jik_a{)§k)+(6kl‘] o x JBk '& .g’) ’{L\%\
i =5

—AJ(VxB)J+Bk(V7xA)k

B.(VXA')—A.(V)(B)
- = ~ Ay g L=

) [_V-X(AXB)]i e Gijta_”(AXB)k'

. | a b -

g = E'Jkezmk [A: 3 T Bm Bx_i]
0B JdA,
) : 9B QA N
‘ 5155;m Ara m+51f51mBm 3% = P
X j

IA,
-aimajr;\/&a—{smanam /

n

dX;j 90X
0B dA;j dB; dAj

"'BJm ma_"s_lf ta ‘alm]?’maxJ

0B; BA| BB, Qf.l
_.l -B;
BJan Alax, 0Xj

—.A V. B+(B V)Al (A V)B;-B;V. A

"“'-\._____,_,_-—-—-—-———

n
=g
=
>
b
cu

[
>
e
Q.J
l—
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which shows that all the three components of the required formula are equalfor i = 1,2,3.
Hence Vx(Kxﬁ) = K(Vﬁ)—E(VK)+(§V)_A-—(KV)E
(vi) '[_:&:x.Vxﬁ]i = €jjk Aj(?_xl_i)k

e B e
s,

oB

oax,

= €ijk €;mkAj

9By

(6“:5}[" 6|m8.l£)A
Xe¢

9B
= 8idjmA;—= o N5 maj,Ajéa—B—'“
Xy

9B aB
AJ J \/

ox; axJ

dB; -
=A§_J (AéV)Bi_w | : “

" - _ JA N
Similally [ B xVxA ], = Bjs—.x-:l—(B V)A;
. _ 1

Hence [KxVxE]i+[§xVxK]i = A,331+B13AJ
: X
—&.\____’__.-r——"-'

(KZV)Bi“(E-rV_)Ai’
gjwj)_(A.v)Bi-(ﬁ.v)Ai /
=-%-(E.E)-(K.V)Bi~—("ﬁ-v)a‘\iv/-

oo [v(A.B)], =(A.v)B;+(B. V)A,+[AxVxB] +[BxVxA]

which shows that all the three components of requlred formula are equal for i = 1,2,3 . Hence

V(A.B)-.(A.V)B+(B.V)A+AxVxB+Bx.VxA
i) V.(V9) = & (Vo)
3 (M)_ %¢ 3¢

Oxi \9xi/) 9x;9x; 3 2=¢'“
o079
Thuswehaveprovedthat V.(Vo)=V=—
xl

2

9%
which implies that V2 = e 5 and is called the Laplacian operator .
) 1

-y _ @ (ouTy L. 0 dAk 3’A
(viit) V.(VxA_) = aXi(VXA)i__ a\xil:Euk axj]=6i"jkax-a;, :
. . - l J
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3
92 A 9% A 92A A
= o Lo ] _0 Ay =
=8z ax,8x2+6m-3x28x3+€3123x3ax| .
' 92A 91A 92A
0.5 9 A . .
+El3zaX|aX3+E'3naX3aX2+EZHaXZaxI-0‘
) 9%A 92
where we have assumed that k Ak
BX'BXJ' dXxjodXxj
3 (99 9% ¢
ix Vx(V = € \% =€ — | =€jip—
@ [Vx(Ve)]; = €ijig J( Ok = €ijkg ,(axk) I rren
fromwhich [Vx(V )], = € T
9%¢ 9% ¢ 02 ¢ 9% ¢
= 6123 +El32 —] - =0
axzax3 ax33x2 aJCzan aX3ax2
Similarly [Vx(V$)], =0 and [Vx(V¢)], =0
Hence VXxV¢ =0 '
x) [Vx(VxK)]i=e”k (w;'xl«s.)k
jL 0Am) _ ... 2Am ,
= E”kaxj (Ekffﬂ ax,,)” En_]k E"mkaxjax( [
9 A
= (i pBim=8imis) T —
( irOjm m jf) aXJan
9%A m 9’Am
Slf'Jm?:ﬁxjaxE = ”axji}xE
B o gRap Ty (azAj) %A
- BXjaxi_aJCja)Kj T 9xi \ 9Xj .axj?

[V(V A)]. - (v?4),

wlnch shows that all the three components of the required formula are equal for 1 = 1,2,3.

Hence Vx(VxA) = V(V.A)—VZA.

7.28/
~ GAUSS DIVERGENCE THEOREM

INTEGRAL THEOREMS IN TENSOR FORM

A
Let V be the volume of a region R bounded by a closed surface S and n the outward drawn

unit normal to S. If A is any vector point function with continuous first partial derivatives , then

Isj A.nds =II{IV.Kdv

)
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In tensor notation , A =Ajejand n =nje; sothat A.n = Ajn; and V'A"""""sothat
. Xi
. J' _[ ‘ dA; |
equation (1) becomes Ain;dS = —dvVv (2)
S R dx;
STOKES’ THEOREM

Let S be an open two - sided surface bounded by a simple closed curve C. If A is any vector

point function with continuous first partial derivatives , then

éK.d?=J‘I(VxK).ﬁdS 3)
c* ey -

A
where n is the outward drawn unit normal to § .

A A

. e A el A — —
In tensor notation, A = Ajei, n=nje;, and dr = dxje; sothat A.dr = Aidx;,

— dAk A -
VXA = eijk_a‘x—!sei. and (VXA).R = EijkaAk

3 x. n;j. Thus equation (3) takes the form
j

J
- dA ‘
@Aidxi'—‘.[]‘ Eijk'ﬁ'_k' njdS )
- 7.29 EIGENVALUES AND EIGENVECTORS OF A SECOND ORDER TENSOR

Let Ajj (i,j = 1,2,3) be asecond order tensor and suppose Xj is a vector . Then the inner
product Ajx; is also a vector. Suppose the vector X is such that a scalar A can be found so that
Aijx;j canbe v-vritten as a scalar multiple of x;
ie. Aijxj = Axj, (i=1,2,3) . (1)

We can write equation (1) in the form
Ai-jxj = Adjjxj
or  (Aij-Adij)x;=0, i=1,2,3 | ' @
which is equivalent to | .
0
5 ] 3)

The system of equations (2) or (3) has a non - trivial solution if and only if | A ij=Adj;l=0
| An-A  An A ‘
or Ay An-A  An =0 ' _ ' )
' A An  An-h .
Equation (4) is called the determinantal equation or characteristic equation of the tensor A j - This
equation being cubic in A gives three values of A denoted by A, , A, , A, which are called the

(Au*l)x} + Apx, + A x;
Auxy + (An-A)x; +  Apx;
A3 X, +  AnXz  + (Axp-A)x;:

o n
o
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- eigenvalues ( or characteristic values ) of the tensor A ;. Thus a tensor A ;; ( of rank 2 ) has three
eigenvalues in general ( which may not be all distinct ).

The vectors corresponding to the values A,,A,, A; of A are called the eigenvectorsof Ajj.

Since the system is homogeneous , it is clear that if X is an eigenvector of A ij, then K X , where K is

any non — zero constant , is also an eigenvector of A;;j corresponding to the same eigenvalue .

REPEATED ROOT OF THE CHARACTERISTIC EQUATION

In general , the'characteristic equation will have three distinct roots for A , each leading to a single
eigenvector which is linearly independent from the other two . That is , the eigenvectors corresponding to
distinct eigenvalues are linearly independent . If , however , the characteristic equation has a repeated
root , A is said to be an eigenvalue of multiplicity 2 . We shall show that corresponding to such an
eigenvalue , there may.be one or two linearly independent eigenvectors . A tensor with only one
eigenvector corresponding to the repeated eigenvalue is said to defective .

INVARIANCE OF EIGENVALUES

- THEOREM (7.32): The eigenvalues of a second order tensor A j j are independent of the
coordinate system .

PR60F: Let Ajj,xi, and X, be the components of a second order tensor and two vectors
in the system K. Let A'm ns x'm , and x’n be the components of the second order tensor and two vectors
in the system K , and let A be an eigenvalue in the system I_{’ , then we have
Aoy = AXS - 1)
Now . A‘_’mn= PmifnjAij . 2)
x’; = f npXp | . | (3)
Xm=fmqXq | (4)
Substituting from equations (2) , (3) , and (4) in equation (1) , we get
ﬂmifninjfnpﬁ_p = AfmgqXgq
Multiplying both sides by €mr, We get
fmrfmifnjfopAijXp = AlmrfmqXq
Sri le;Aijxp = larqxq_l
ariAij xj = AX,
or 'Arjxj'=?bx.- or Ajjxj = AXj
which shows that A is also an eigenvalue in the coordinqte system K.

EXAMPLE (20):  Find the eigenvalues and eigenvectors of the second order tensor
13 -3 5§
0 4 0
-15 9 -7
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SOLUTION: In this case , the characteristic equation is 0 4 ; A 70 \
-15 &,

[}
o

Expanding with the help of second row , we obtaip
(4-M)[(1B3-2)(7-2)+75] = ¢

or (4-1)(A*-6A-16) = 0

or ~ (4-A)(A+2)(A-8)=0, Therefore, A =-2,4.8.

Thus the eigenvalues are A, = -2, Ar=4,2%,=8,

Corresponding to the first eigenvalie A =

-2, the above equations (3) take the form
I5x,-3x3+5x; =0

(1)
0x;+6x,+0x; =0 (2)
-15x1+9x2—-5x3=0 (3)

From equation (2) we have x 2 = 0, therefore equations (1) and (3) become
- 15%x,+5%x3 =0
-15x,-5x3 =0

which are practically the same equations . These can be written as :—: = :3—1

Soif x3 = 3 then X =-1

and corresponding to Ay = -2, the eigenvector X = (-1,0,3).

Corresponding to the second eigenvalue A, = 4, the above equations (3) become
9%X1-3Xx3+5x3 =0 | @)
‘0x;+0x,+0x3 =0 (5
—-15x149%x,-11x3 =0 ’ (6)

Equation (5) does not help us to find the values of xy,x,, aqid X3. So practically we have two equations
tofind x,,x,,x;. Multiplying equation (4) by 3 and adding it to (6) (to eliminate x, ) we obtain

' X -1
12x,+4x3;=0 or ;j=—3—h

So if we take x; = 3, then X =-1 andhenceﬁromequations 4)or(6) x, = 2.

~ Thus c'orresponding to A, = 4, the eigenvector s X' = (-1,2,3).

Similarly corresponding to the third eigenvalue A5 = 8, the above equations (3) are

5x1-3X245x;=0 )]
. 0x;-4x,+40x3 =0 (8)
-15x1+9%x2-15x3 =0 9)
From equation (8) we have x, = 0, therefore:equations (7) and (9) become .
Sx1+45x5; =0
~15%,-15x; =

‘which are practically the same equations .
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These can be written as L = _1
X3 1

Soifj(] = 1 then X3 = -1
Thus corresponding to A3 = 8, the eigenvectoris X = (1,0,-1).
730 EIGENVALUES AND EIGENVECTORS OF A SECOND ORDER

REAL SYMMETRIC TENSOR

REALITY OF EIGENVALUES .
THEOREM (7.33): Prove that the eigenvalues of a real symmetric tensor A ;j are all real .
PROOF: Let A be an eigenvalue of a real symmetric tensor A j j so that there exists a non

zero vector X suchthat  Ajjx; = Ax; 1)
Inner multiplication of both sides with X ; gives

Ajjxj Xi=AX ix; ( bar stands for complex conjugate )

: AiiXixX;
o o iRm 2)
XiXj :
Now XjXj =X, X;+X2Xs+X3X3 = leﬂ2+l}r.2|2+lx3l2 is real

A]SO 'AinjEi: A”;‘lxl -
= Ajjxjxi (since Ajj isreal)

Aji xixj (interchanging the dummies i and j)

= Ajj Eixj- (since Ajj is symmetic )
which shows that Ajj X x; is real . Now since the numerator and denominator of equation (2) are real ,

therefore A isreal.

ORTHOGONALITY OF EIGENVECTORS

THEOREM (7.34): Prove that eigenvectors of a real symmetric tensor A i j corresponding to two
distinct eigenvalues are orthogonal (i.e. perpendicular to each other ).

PROOF: | ~ Let A; and A, be two distinct eigenvalues of A jj. Then there exist non — zero
vectors x; and y; such that | X _
Ajjxj = A X ' (1
Ajjyj=Miyi . )
Forming the inner product of equations (1) and (2) with y; and x; respectively , we get
CAijXjyi = Axiyi | (3)
Ajjyjxi = AyiXi )
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