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10.7

Distinguishable
Permutations and
Combinations

Certain problems involve finding different arrangements of objects, some of
which are indistinguishable. For example, suppose we are given five disks of
the same size, of which three are black, one is white, and one is red. Let us find
the number of ways they can be arranged in a row so that different color
arrangements are obtained. If the disks were all different colors, then the num-
ber of arrangements would be 5!, or 120. However, since some of the disks
have the same appearance, we cannot obtain 120 different arrangements. To
clarify this point, let us write

B B B W R

for the arrangement having black disks in the first three positions in the row,
the white disk in the fourth position, and the red disk in the fifth position. The
first three disks can be arranged in 3!, or 6, different ways, but these arrange-
ments cannot be distinguished from one another because the first three disks
look alike. We say that those 3! permutations are nondistinguishable. Simi-
larly, given any other arrangement, say

B R B W B,

there are 3! different ways of arranging the three black disks, but again each
such arrangement is nondistinguishable from the others. Let us call two
arrangements of objects distinguishable permutations if one arrangement
cannot be obtained from the other by rearranging like objects. Thus,
B B B W R and B R B W B are distinguishable permutations of the five disks.
Let k denote the number of distinguishable permutations. Since to each such
arrangement there correspond 3! nondistinguishable permutations, we must
have 3!k = 5!, the number of permutations of five different objects. Hence,
k = 5!/3! = 5 - 4 = 20. By the same type of reasoning we can obtain the fol-
lowing extension of this discussion.

First Theorem on
Distinguishable Permutations

If » objects in a collection of 7 objects are alike and if the remaining ob-
jects are different from each other and from the r objects, then the number
of distinguishable permutations of the n objects is

n!
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We can generalize this theorem to the case in which there are several sub-
collections of nondistinguishable objects. For example, consider eight disks,
of which four are black, three are white, and one is red. In this case, with each
arrangement, such as

B W B W B W B R,

there are 4! arrangements of the black disks and 3! arrangements of the white
disks that have no effect on the color arrangement. Hence, 4!3! possible
arrangements of the disks will not produce distinguishable permutations. If we
let k denote the number of distinguishable permutations, then 4!3!k = 8!,
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since 8! is the number of permutations we would obtain if the disks were all
different. Thus, the number of distinguishable permutations is
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The following general result can be proved.

Second Theorem on
Distinguishable Permutations

If, in a collection of n objects, n; are alike of one kind, n, are alike of an-
other kind, ..., n, are alike of a further kind, and

n=n +tn+ - +n,
then the number of distinguishable permutations of the n objects is

n!
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EXAMPLE 1 Finding a number of distinguishable permutations

Find the number of distinguishable permutations of the letters in the word
Mississippi.

SOLUTION In this example we are given a collection of eleven objects in
which four are of one kind (the letter s), four are of another kind (i), two are
of a third kind (p), and one is of a fourth kind (M). Hence, by the preceding
theorem, we have 11 =4 + 4 + 2 + 1 and the number of distinguishable
permutations is

11!
— = 34,650.
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When we work with permutations, our concern is with the orderings or
arrangements of elements. Let us now ignore the order or arrangement of ele-
ments and consider the following question: Given a set containing n distinct
elements, in how many ways can a subset of r elements be chosen with » = n?
Before answering, let us state a definition.

Definition of Combination

Let S be a set of n elements and let 1 = r =< n. A combination of r ele-
ments of S is a subset of S that contains r distinct elements.

If S contains n elements, we also use the phrase combination of n ele-
ments taken r at a time. The symbol C(n, r) will denote the number of com-
binations of r elements that can be obtained from a set of n elements.



