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In this scction we solve some of the lincar first-order models tha

introduced in Section 1.3,
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= Growth and Decay The initial-value problen:

dx

— =k, X)) = X,

dt
where k is a constant of proportionality, serves as a model for diverse
involving either growth or decay. We saw in Section 1.3 that in biologi
tions the rate of growth of certain populations (bacteria, small animals
periods of time is proportional to the population present at time 7. Knowi
ulation at some arbitrary initial time fo, we can then use the solution of (1
the population in the future —that is, at times ¢ > t,. The constant of pr
itykin (1) can be determined from the solution of the initial-value probl:
subsequent measurement of x at a time f1 > to. In physics and chemistry
—that is, a reaction whose rate, o

amount x of a substance that is ur

or 'rcma.in.ing' at time ¢ The decomposition, or decay, of U-238 (ur:
radioactivity into Th-234 (thorium) is a first-order reaction

m Bacterial Growth
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Notice in Example | that the actual

played no part in determinin number Py of bacteria present at time =0

g the time required for the number in the culture to triple.

The time neces S
el sary for an initial i ; . .
triple is still aovaimiety z'ﬂahogzlorgulauon of, say, 100 or 1,006,000 bacteria to

As shown in Fi

n Figure 3.1.2, the ex i i i

A4, ponential function e** increz ncreases
for k>0 and decreases as ¢ incr INCrcascs as [ increascs

(whether of populations. b reases for k < 0. Thus problems describing growth
value of k, whereas onbs, actenia, or even capital) are characterized by a positive
’ problems involving decay (as in radioactive disintegration) yicld

a negative k value. Accordi b ,
i._1 .2 Growth (k > 0) and a decay constant (k < 0)'mg!y, we say that k is either a growth constant (k > 0) or

0)

;}—m*g:;u;% lllnlgf;‘ymc?s tl}e half-life _is a measure of the stability pf a radioactive
o amo eA alf-life is simply the time it takes for one-half of the atoms in an
Th unt 4y 10 'dismtcgratc. or transmute, into the atoms of another element.
The longcr the ha.lf-hfe of a substance, the more stable it is. For example, the half-
life of hxgh!y radioactive radium, Ra-226, is about 1700 years. In 1700 ycars onc-
half of a given quantity of Ra-226 is transmuted into radon, Rn-222. The most
commonly occurring uranium isotope, U-238, has a half-life of approximately
4,500,000,000 years. In about 4.5 billion years, one-half of a quantity of U-238 is
transmuted into lead, Pb-206.

/ DV N (1all-Life of Plutonium

A breeder reactor converts relatively stable uranium-238 into the isotope plutonium-
239. After 15 years it is determined that 0.043% of the initial amount A of plutonium
has disintegrated. Find the half-life of this isotope if the rate of disintegration is pro-
portional to the amount remaining.

SOLUTION Let A(/) denote the amount of plutonium remaining at time £ As in
Example 1 the solution of the initial-value problem

dA
— = kA, A(0) =4

isA() =4 o¢*t. 1£0,043% of the atoms of Aghave disiﬁtcgrulcici, then 99.95%7“43 of '-.l_:c
substance remains. To find the decay constant k, we use 0.9995 /:40 = A(15 ;-ﬁha_t is,
0.999574, = Ape"*. Solving for k then gives k = X In 0.99957 = —0.00002867.
Hence AN = Ao »-0.00002867 Now the lllalf-hfc is LE): oﬁgﬁgpomlhnlg xi%l?;} oi\ 6u'm%".t
which A(f) = 3Ag. Solving for ¢ gives 340 = Apg™00008M, op 3 = ™" . The
ast equation yields

In2

{ = —————=24,180yr. - =
0.00002867
: ienti he University of Chicago
o Dating About 1950, a team of scientists at the Univers! ik
1-‘:1 E;;?coc%emist V?flllard Libby devised a method using a radioactive flsotplpc czll C:},r{
it i f carbonaceous fossiirzcd Mt
! of determining the approximate ages o o s
bon%s‘ alr}:\:oansof carbon dating i based on the fact that the radioisolope urbunﬂl i
g rode ced ‘?,, the atmosphere by the action of cosmic radiation on NI lé.ﬂO::
a1 ;] the amount of C-14 10 the stable C-12 in the atmospl‘lcrc appears to be :};“w
r'.;l:t’omd as a conscquence the proportionate amount of the isotope prescnt “;ics &
3 ; ot} When a living organism &5
‘ :<ms is the same as thatin the atmosphere. : i
"Lgsg'gt;g: of C-14, by breathing, cating, of photosynthicsis, CCases. By ;‘)’:{:‘(’j‘ﬂ;
st rtionate amount of C-14, say, in a fossil with the congmn:'f:‘ o it 885-
it i i ' le cstimall
: here, iL 18 possible 1o obtain a rgasonab‘ e gl W 2
E@ii’.‘hﬂ: :‘m on the knowledge of the half-life of C-14. Libby's ¢&
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Problem 12 in Exercises 3.1.

m Age of a Fossil
L i

A fossilized bone is found to contain 0.1% of its original amouat of C-14. Determip,
the age of the fossil.

SOLUTION The starting point is again A(f) = Age®. To determine the value of
the decay constant k we use the fact that %Ao = A(5730) or %Ao = Ape’ % The

last equation implies 5730k = In % = —In2 a_nd so we get k = —(In2)/5730 =
~0.00012097. Therefore Aiz: = A “O77 With A() = 0.0014; we have
0.0014¢ = Age 900012097 3n4 - 0.00012097¢ = In(0.001) = —In 1000. Thus

In 1000

! = 57,100 years. =

= 0.00012097

* ‘The _c.late found in Example 3 is really at'the border of accuracy for this method.
The usuai-carbon-14 technique is limited to about 10 half-lives of the isotope, or
roughly 60,009 years. One reason for this limitation is that the chemical anal;'sis
?gfri?:a tglobtam an accurate measurement of the remaining C-14 becomes somewhat
o I::ZO::; ‘i‘c Pt?m‘ 0.0014,. Also, this analysis demands the destruction of
b ccgi 8 ths e of the spccupcp. If this mcasurement is accomplished indi-
distin,gu i atchtual r;dpacuﬂty of the specimen, then it is very difficult to
axdintion” T fc::mlc tr}al\dlamon from tl?c specimen and the normal background
separate the C-14 fr Y the use of a Par_tlclc accelerator has enabled scientists to

om the stable C-12 directly. When the precise value of the ratio

: es“‘: accuracy can be extended to 70,000 to 100,000
dates of several million s » SUCh as using potassium-40 and argon-40 .

Jd7
- k( ‘\‘ .

e i .-;). (2)

Proportionali
1y, T(7) is the temperature of the object for 7 > 0,

15 the ambient tem
object, | perature—.that js,
n Example 4 we assume that 7,, i:conth;t‘“:mm of the medium around the

- tem
10 8 room temperar eI 18 200° F. How long wii " Me8sured at 300° F. Three
; tureof 700 py , O ONg Will it take g
: e for the cake to cool off
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EXERCISES 3.1
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Growth and Decay

A - - . - at

1. The population of a community is known (0 increase :
» rate proportional to the number of people presen

st time £ If an initizl population Fy has doubled u;
5 years, how long will it take to triple? To quadruple?

v

2. Suppose it is known that the population of the commu-
nity in Problem 1 is 10,000 after 3 years. What was the
initial population P,? What will be the population in
10 years? How fast is the population growing at ¢ = 10?

=+ The population of s town grows at a rate proportional to
~ the population present at time ¢ The initial population of
“ LO S increases by 15% in 10 years. What will be the pop-
: \ \ ulation in 30 years? How fast is the population growing

| / att=3Q? WCL\

#. The population of bacteria in a culture grows at a rate
P owl proportional to the number of bacteria present at time 1.
After 3 hours it is observed that 400 bacteria are present.

“it Afler 10 hours 2000 bacteria are present. What was the
¢ ; initial aumber of bacteria? Nt iy o

. | /5. The madioactive isotope of lead, P5:209, decays at & rate.
' proportional to the amount present at time r and has a half-
hife of 3.3 hours If 1 gram of this isotope is present ini-
tally, how long will it take for 90% of the lead to decay?

6. Initiaily 100 milligrams of a radioactive subsmﬂ}; bt

present. After 6 hours the mass had decreased by 3%. If

the rate of decay is proportional to the amourt

substance present at time f, find the amount rer
after 24 hours.

7. Determine the half-life of the
described in Problem 6.

8. (a) Consider the initial-value problem 44

A(0) = 4o as the model for the decay of 5 g
tive substance. Show that, i,:he e A8

radioactive s

OfﬁIeWisra-(hz)/k .
(®) Show that the salugj of the initial-val,

" Part (8) can be written 4() = ggg-T. T\

S present
annual rat
(a) Find 1
5 yea

" accoul
contin

(b) In how
have d
(c) Use a
part (a)
that is
quarter
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