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Resnick, Halliday, Krane

Q.1 Define simple harmonic motion. Write down its equation of motion
and solve for displacement, hence calculate its time period, velocity,
acceleration and energy? (PU.2007,2011,2014, SU. 2014)

== e

SIMPLE HARMONIC MOTION

The to and fro motion of a body in which acceleration is directly proportional 10
the displacement and always directed towards mean position is called simple harmonic
motion. The body executing simple harmonic motion is called simple harmonic
oscillator. o

EXAMPLES
©®  The motion of simple pendulum is SHM.
® The motion of spring mass system is SHM.

SIMPLE HARMONIC OSCILLATOR

Consider a block of mass m is attached with one end of a Sp_ring. The other e of
spring is fixed to a support. The bloc}c is free to move to and fro over a fﬁcﬁonleﬁs

horizontal surface as shown in fig. i '

MEAN POSITION

The position x =0

when block is at rest is called'mean_position'bé‘:ausé.sp TR
e g SRR
not exerting any no force on the blogk. : ring§

P T
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RESTORING FORCE
h \0\\ 'h?‘i‘!\ axomal ! roe on the 0“\\\ towands ﬂkh( \\h[Lh OXte
rough distance x NealONIROMIE position). The spring exerts a foree on the U the
NI pasition when applicd force is removad. blogk ru\ &
\1‘
This foree s oqual in magnitnde o the appliad foree by Opposi
\.nud \r\ﬁﬂ ll)l‘(‘(‘ ar h‘\ll\l‘lhn force, T 1;\\\,.

NMean ponition

\~-Q
¥ TRV YY TS |
li BUL‘JJJJJE& m
1
DRSS EARABY AN
{ ;J;..;JUL..!‘_..'..;‘J‘ “',-“;J:_.‘ JAS om
_ i

— <+«

15 Xa Ym Extreme
position (\)

m

Eutrense
ponitian (B)

VIBRATORY MOTION

The block moves towards mean position under spring force. It £ets maximun
velocity when reaches at mean position  and does not stop there due to ineria by
CONUNURS t0 move towards extreme posiion(B). The velocity of block becomes zer &
extreme position(B) due to restoring force.

The acceleration is directed from extreme position(B) to mean position becaus
velocity of block is going to decrease when block is mov ing from mean position @

extreme position(B).
Now block moves from extreme position(B) towards mean position due to sprf:
force. The \LIC‘LIl\ of block increases irom B towards mean pOSlllOn and bt‘CO'ni‘
maximum when reaches at mean position. The acceleration is again directed %
sitio?
mean position. In this way acceleration of block is always directed towards mean pos

during its to and fro motion.

. EQUATION OF MOTION _
: LY
The block attached with spring having spring constant k takes to ﬂﬂd fro

‘ under restoring force F given as | 0
F = —kx 1
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alive SN means lcslmln[._, force ¥ and dhpl,u,gnu,m X are dlways in

¢ nepd
ll:r"v“”" Now apply Newton's second law of motion
l‘ "
‘pO‘" o= ma
)
I’ e (2)
‘ = ']] "—T ----- 2
dt

compare ¢4 (1) and eq (2)

dx
m =57 - kx
dt
8]
____‘,d'.‘('l -k‘\' = ()
dt m’

This 15 called equation of motion of simple harmonic oscillator.

LOCITY OF ll/\RM()Nl( OSCILLATOR
The LL]UdllOﬂ of motion of simple harmonic oscillator is

dx k. o_
T m* T Tk
d (dx) + - 0 " m
dV
dt +ox = 0
dVdx -
d_taéerzx = 0
av 2
de = —@m X
vdv = ~@? x dx
Iiegrating on both sides i
[Vvdv = -o° fxdx.
T2 o
5 = -0 (2) + C
V2 = —e?xi+2C . aeee-- (3)

‘Whe |
mon tre C s integration constant. Its value can be determined by initial boundary
¢ Velocity V = 0 when x = xm ;
. (0) =L gy X m + ZC*.T": '
IO S gt
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2,2 2
V2 = (!)"(X m= X )
The velocity of harmonic oscillator is

2 2
V = i(o\/(.\"m—x )

MAXIMUM VELOCITY

The velocity of harmonic oscillator IS maximum at mean posttion(x = )

Vnm\' = tw \](xzm—o)

/ k
Vnm\ = &Xm n—]

MINIMUM VELOCITY

The velocity of harmonjc oscillator is minimum at extreme position(x = x,)

N 3
Vimin = 0 (X'm = x%m)

me = 0

DISPLACEMENT OF HARMONIC OSCILLATOR
The velocity of harmonje oscillator is

a = roed, x?)
™ e .

dx '
iz 5 = odt NP
V0 = x3) VO, - O
Integrate opy both sideg

Integrate on both sides
X

= = . . X | .

o) = avs [ () g

; Where ¢ is integration constant Where ¢ is integration constant .
X ! antas
= = X
= Cos(at+¢)

—
X
=

X, = Sin(ot + ¢)

Xm Cos(wt + 0) X = Xnu Sin(ot + )

- The eq X = xm Cos(at + ¢) js ¢

he displacement of simple harmopj, oscillator ¥

motion starts from extreme position The eq x = the displaceme?

simple harmonic oscillator when
consider motion is started from extre

= Xm Sin(ot + ¢) is

Here we °.

e position.
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Put this value in eq(3) ,
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otion starts from mean positiop,_ Shal
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TUDE
e displacement of simple harmonic oscillator is given as

X = Xy Cos(ot +¢)
fhe maximum displacement of harmonic oscillator from mean position is called
le.
Amplitude = x,, Cos(ot + O)max=  Xm (£1)
Amplitude

+ Xm

he term (ot + ¢) is called phase of the motion. The constant ¢ is called phase

e displacement of simple harmonic oscillator when ¢ =0 is
X = XmCos(wt+¢)

X = XpmCos(ot+0) = xnCosot

’

he displacement is maximum at time t =0

X = XmCos(0) = Xm

'he displacement of simple harmonic oscillator when ¢ = - 90° is
X = X Cos(ot+¢) = xm Cos(at - 90°)
X = X (Cosot Cos90” + Sinot Sin 90°)
X = Xp Sinot

The displacement is minimum at
D

x = XmSin(0) =0

It simply shows two motions may
same frequency and same ampl'ltud.e
ffer in phase. The phase behavior 1s
in Fig, '

AR FREQUENCY A

ND ANGULAR FREQUEITJCY -
ibrations completed in unit time 13 called it fime is called angular
The amount Of)w’['}r)e ot of otations completed in unll ik
: Z)- ate
eflacl)l'e%\:‘;izn(gar frequency f and angular frequency ® aReR

o
f = 21
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Tang
TIME PERIOD OF MOTION \

The time needed to complete one vibration is called tjme period of Motiop 7
reciprocal of linear frequency is equal to time period of motion. The time afier WhiChg
function repeats itself is called time period of periodic motion. The time period o

et bt e 2 ‘
periodic motion is o It can be proved as

The displacement of simple harmonic motion Is
X = Xu Cos(ot+ ¢)

2n
The displacement of simple harmonic oscillator after time ( t+ -(T)-j I8

2n
X T NmCOS{(D(I’*‘X +¢

X = XpnCos(wt+2n+9)

X = XmCos [(ot+¢)+ 2m]

X = Xm[Cos(wt +¢) Cos2n — Sin(wt + ¢) Sin2n]
' | X = XpCos(ot+¢)

.. . RN S o .
It shows function is repeated after time E . Hence time period of periodic motion8
RS 27[ . . ;
= The displacement of simple harmonic motion is x = x,, Cos(ot +.0). It mis

3
B
P

“Satisfy equation of motion of simple harmonic oscillator. i

-

d’[xy Cos(wt + )]  k A
de? + - [xn Cos(wt+¢)] = 0 ]
; BT K ~ .
[Xm Cos(wt + 0)] + m [Xm Cos(wt + $)] =0 A

‘ -

k ‘»‘:{;%

o

The tim; period of simple harmonic motion is given as ?j

- 2n L

sty i

put valueof® : , 3

31

m iy

T = 2n\[% 2
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QUENCY OF HARMONIC OSCILLATOR

The reciprocal of time period js equal to frequency
]

f=?
] k
f = — —
27 m

PHICAL REPRESENTATION OF DlSPLACEMENT, VELOCITY AND
ELERATION OF SIMPLE HARMONIC OSCILLATOR
harmonic oscillator is

X = Xm Cos(mt + )
Differentiate with respect to time
dx
dt
V = —px, Sin(ot + ¢)

This is the velocity of simple harmo
1With respect to time.

The displacement of simple

V =

nic oscillator. Now differentiate this equation

dv
B = T |
a = - q)z'.\',,, Cos(wt + ¢)
a = —@x

This is the acceleration of a simple harmonic oscillator. The graphical behavior of
dcement, velocity and acceleration is shown in Fig. |

H a
AL AT Y
Xe | e —rt =t
1, 0 '
Xs 0 \/ s \’/;z&l

-0 X,

. f : imple harmonic
The graph shows magnitude of maximum dlSIﬂElf?f’fnent Or;] _?‘m; aghitade 8
T 1S Xp. The magnitude of maximum velocity is wXn while mag
UM acceleration is o2
ation is @ X, S . b
. maximum when
¢ Velocity “is zero while magnitude of acc.eleranor?telsdirection to that of
“Cment g maximum. The acceleration is directed in opposi
"“Cmeny, |

. : imum

. . i illator is maxi

d_The acceleration is zero while velocity of simple harmonic osc
'SPlacemen ig Zero.
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Halh ay
N
Q 2 Discuss law of conservation of energy in simple harmomc Motjgy

LAW OF CONSERVATION OF E ENERGY

The energy can be transformed from one kind to another kind ip  an jy,
system but it can not be created or destroyed. The total energy of such 5 System rg, ty
constant. This is called law of conservation of energy. | My

The total mechanical energy of simple harmonic oscillator is conserveg alihy,
it changes between kinetic energy and potential energy. b

ENERGY CONSERVATION IN SHM

Consider a block of mass m attached with one end of a spring. The o

spring is attached with a support. The blocl\ is placed on horizontal smooth s

her end g
Ul'face i
free to move.

The rest position of block is called A =55l Fi=o
mean position'(x = 0). The force actmg on ﬂ ﬁf@ﬁ.mm&f m’ﬁ l
block at mean position is F; = 0. The ‘ :
block is extended through distance x when

force F, = kx is applied on block towards
right.

The work done is stored as potential energy in spring given as

PE = Average force x distance -
_ Fi1+F, e 0+ kx
N

PE = > kx

The total mechanical energy of the system is

Total energy = -PE +KE"
TE

1., 1
2kx +2mV

P
TE = 7k +5m (dt)

The displacement of simple harmonic motionisx = = . xm Cos(@! 9

. . J.
TE = l k[XmCOS((Dt + (1))]2 + -l_ m["O.)Xm Sin(o! K ¢)

i

Z(wt + ¢)

TE 2kmeos(mt+¢)+ m @ X°m Sin
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kg I
TE .= 5 kx*n Cos* (ot + ) + 5 kx2, Sin®(ot + $)
1
TE = 3 kx*m [Cosz(mt +¢) + Sin*(ot + ¢)]
' 1

‘s constant. Now put

cL0CITY :
: s total kinetic energy of simple harmonic oscillator 1s

|t show
e of total encray:
A . ' 1 .
TE = 5k'm

Il

: : 1
1 2 1 (2
TE 2kx +2mV

.~ On comparing

1 | -
5 kx2v+'2‘mV2 = —2-kX2m
|k
vV = % _n_,l'(xzm"xz)_

This relation shows velocity is maximum at mean position (x = 0) while velocity

210 21 extreme position (X =+ Xm).
“AIMUM & MINIMUM KE
The kinetic energy of spring mass system is

1 1 2
KE = 5" mVZ‘ =3 k(xzm -X")

P l Wu s . . . .
0, Shows kinetic energy is maximum at mean position(x = 0)" while kinetic energy

Oal extreme position(x = £ Xm)-
MUM & MINIMUM PE

The : :
Potential energy of spring mass system 1S

I S
PE—ZI\x

i
mu exst Potential energy is zero at mean POSlthH(h = 0) while potential energy 1 is
reme position(x = £ Xm)- ,

e e .‘,ux-.

_m
Scanned with CamScanner




340

Ry

[M.B.D] WAVES & OSCILLATIONS For B.Sc. Classes Based on Resnick, Hallig

CONCLUSION

. The total energy remains constant at extreme position or mean positio
position during simple harmonic motion although energy changes between ki

and potential energy.

W

N or g,
Ctic Qnergy

Q.3 What is torsional oscillator. Show that its motion is SHM and f
time period? (PU. 2005, 2008, 2009, 2012, SU 2013)

nd jtg |

TORSIONAL OSCILLATOR

A mass or disc suspended from a fixed support by a thin torsion Wire whey |
twisted about its axis in horizontal plane is called torsional oscillator or torsiong

pendulum.

EQUATION OF MOTION

Consider a torsion wire whose
onc end i1s attached with a center of
disc and other end is fixed to a solid
support as shown in fig. The rest
position of disc is called mean
position. Now take a point P on the
rim of disc and draw a radial line OP.
This radial line is called reference
line.

Rotate the disc in horizontal plane through angle 0,, such that reference line QP !
reaches at line OQ. The wire gets twisted and torque is produced. The line OQ on dis¢ |
moves towards reference line OP when wire is allowed to untwist. The twisting of Wi
creates a restoring torque. The line OP oscillates between OQ and OR under this

restoring torque.

T oc O

T = k0

T = —-k0

_ e e ang
The negative sign means direction of torque is opposite to the direction of

displacement.

|
|
|
The magnitude of applied torque is directly proportional to rotation angle 6. ]
|
|

. ' on
Where « is constant of proportionality called torsional constant. It dependsj:ﬁ is

properties of the wire. The twisted wire will exert a restoring torque on the dis¢ %

equal in magnitude but opposite in direction to applied torque ) 1
______ (
uld

- g B T M B e ;
-~ e SR TN o g
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1= la
d*0
v= g oo &)

and ¢q (2)

-xk0 = 1757

Compart' €q (] )

=7 + *}SO = 0
This is called equation of motion of torsional oscillator.
ULAR VELOCITY OF ANGULAR HARMONIC OSCILLATOR

\‘G ; . . .
. The equation of motion of torsional oscillator 1s

dO L K92 0
]
d(do) K
21_( ) = -79
K
dl B _IO
dod0 _ K,
dt do <
K
odo = —'I‘OdO

Integrating on both sides

K
[odo = —‘I-I(—)de
o’ K6’
El '(1}2 i
®° = (?} 6’ + 2C° = s ErE (3)

W
. here C s integration constant. Its value can be determined by initial boundary

d(}p
f " The angular velocity o = 0 when 0 = O,

(0 = _(T)ezm + 2C -

2C = (}f') ezm : ' -

it e B Wk T T S e
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Put thi_s value in eq(3) ~ X
o = (%] @n-0) .,
The velocity of torsional oscillatoris ,
o = = '}IS N C 0%) l

MAXIMUM ANGULAR VELOCITY -

The angular velocity of torsional oscillator is maximum at mean Position( 9

0= 0)
K [
Omax = X )\/7_1— (0" =0)
Mmax = £ Oy \/.?

MINIMUM ANGULAR VELOCITY

The angular velocity of torsional = oscillator is minimum at extreme position
(0=0m) \

. :K = i . '.
Omin =. S T \/ (9",“—01“ = 0

DISPLACEMENT OF TORSIONAL OSCILLATOR

The angular velocity of torsional oscillator is

U? = i‘\/TT— l(:ezm _ (_)2) ,

do

? 1 .
- dt B * _]— N (ehm_oﬁ.)

0 __ __[x,
0% —-0%) e’

Here consider only —ve part bec
Integrate on both sides

(9 K
Cos (O.J - \/‘T“ﬂl’

| 1
. . . ) Gyl {
Where ¢ is integration Constant, Pyt ¢ = \/—.‘Iﬁ_ called angular (requel
term o here is not angular velocity, . : e

: . atjon.
ause motion is stated from extreme positi®
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LN
Om
8 = 0O, Cos(ot+9)

angular displacement of torsional oscillator. Here O is
t called amplitude of angular oscillation.

= Cos(ot+ §)

= Uation iS Ca]]ed
e !
ular displacemen

1 OF MOTION .
niE PERlOD cillates about mean position. The total angular range 1s 20m(fromOQ
> s

& The disc O>° ‘10 complete on¢ oscillation is called time period of torsional
Thc IlmL’ [al\cn * .

jlator 27

T:

- )
i a
B 27

Q)

put value of ® ]
7 1 Z / =

REQUENCY

" The reciprocal of time period is equal to linear frequency

p——

1 [x
I

)

_ L
=7 n
NGULAR VELOCITY o '
. The angular displacement of torsional oscillator 1s
‘ 6 = 0, Cos(ot+0)
do
3 dt
This is angular veloci ty of torsional oscillator at any time.

= -0, Sin(ot+ )

*'L\R ACCELERATION
The angular displacement of torsional oscillator is
0 = 0 Cos(ot+d)

do - )
praialitet Om Sin(ot + ¢)-
o - .
B = —o Bm Cos(wt + ¢)
@ = .- [0y Cos(ot + )]

- s angy| @ = -0’ :1Jation
- 3 L. . _ i . . 1
3 Ar acceleration of torsional oscillator at any time during 0SC1id
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» Halljg,
APPLICATIONS

The torsional pendulum is used to find value of G lln (,d\‘tndlbh bal;
torsional pendulum is used for time keeping such as balance wheel of me

chanicq Watg

Q.4 What is simple pendulum. Write its equation of motion and shqy, h
motion of simple pendulum is SHM. Calculate is time
frequency? (GCUF. 2013)

SIMPLE PENDULUM

The metallic bob suspended by a weightless inextensible string is calle

d Simplg
pendulum. -

LENGTH OF SIMPLE PENDULUM

The distance between point of suspension and center .of bob is called length of
simple pendulum.

MEAN POSITION

The bob at rest when no result

ant force acts on it is called mean position o
cquilibrium position.

MOTION OF BOB

Consider a bob of mass m attached with

. . Gt (ol
a string. The string is hanged verticall
from a support as shown in fig. ;

Pull the pendulum from mean

- .. . kes
position (o position A . such that string ma
small angle 0 with vertical. The b

iy i
- ob starts moving towards mcan position :Snn
restoring force when released. |t 8Cls maximum velocity at mean position and doc-8
stop due to inertia byt continues 1o move
tlowards extreme position B.. The velocity of
bob becomes zerg al position ‘B due 1o
restoring force.

It means velocity of boh 20 on
decreasing from mean positi

Yl ime On to position B e
so acceleration is directed from.position Bto nex
mean position. ’ , @

r . ~ .. '.""-....,,_, ‘. o
Now bob _n‘loxcs’ from Position B s posllion ol
towards mean position. T he velocity €0 on : : mgSind e

. . f‘, B . [‘jlcaﬂ,
mcreasing from B towards mean Position an( ; card ﬂ“i
: e v o
becomes maximum at meap Position. The acceleration is avain directed 107 5 1 “
g .

position. In this way bob continue

; an pos!
. ; . 115 10 and fro motion about me
motion of simple pendulum is SHM
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OI\ OF MOTION OF SIMPLE PENDULUM

followed by bob when it moves from mean position to position A is
[ circle having radius L. Ihc arc length S and chord length x are
| for small angle.

n dI'C 0
ately €qud

th (orces acting on bob when it is at position A are

@ Weight of bob acting vertically downward

@ Tension acting along the string

fIOLUTION OF WEIGHT FORCE

L Resolve weight force into components mgCos0 and mgSin0

The component mgCos0 is L{]“Ld radial component and component mgSin0 is

le tangential component,
~ The radial component of weight is balanced by the tension force

. T = mgCosO
1 The lang,(,nual component provides restoring force to the bob for oscillations
' F = -mgSind

\ The negative sign means direction of F is opposite to direction of increasing 6.
otsmall amplitudes Sin0 = O

F= -mgo6  ------ (1)
.~ The Newton's second law of motion is
. F=ma  ==---- (2)
Compare eq (1) and eq (2) |
| " ma = -mgb
a= —-gb

The relation S = r 0 for circular path gives S=L8

- aff)

' Fﬁrsma“ angles, arc length = chord length i.e. S=x

°TOTEL

d’x g
d = '(L)x

d X .x ;
a + gr 0
S cal
p en llfl’sn‘iquatxon of motion of simple pendulum. The solution of €q of motion
0 '

I simple harmomc oscillator is
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r 1 a”]da
J,

This is called displacement of bob measured from mean positio, l 4
a
a

during motion. Here x,, is amplitude and ¢ is phasc constant. This Cquation g, ny by

motion of simple pendulum is SHM.

This solution must satisfy the eq of motion of simple harmonic oscillatoy

d2[X.nC(Zisth)l + ¢)4,1+ j[.i_[xm Cos(ot + §) = 0

——wz\ [XmCos(ot + d)] + f‘ [xm Cos(ot + )] = 0
o = %
o= [E

TIME PERIOD OF MOTION
The time taken by bob to complete one vibration is called time period of sim

pendulum.
T =

. L
T=2n\/‘_—
/ g

The time period of .simple pendulum is ind
amplitude. The time period depends upon length of simp
pendulum having time period 2s is called second pendulum. :

The formula for-time period of motion of simple pendulum when amplit#

oscillation is not small is

0 3 L ) g e |
T =2n»\/t 1+ —1.' Sinze—m+—'1—§‘f'Sin4—’ln" B et
81 2 2 224 2

This shows time period increases with increase in amplitude.

FREQUENCY
' The reciprocal of time period is called frequency. Its
ey 1 | ‘
f = T
. »
f= —Af8
BE 2m L
The frequency of second pendulum is 0.5 Hz.

APPLICATIONS
It is used as timekeeper. It is used to find value of g.

ependent of mass of bob
le pendulum and value of g

(Hl)

SI unit is called ™
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. restoring torque when rele
! velocity at mean position an

T
ity shape is pivoted about an horizontal

 pody when center of mass C is below point P is S 4
S SNinfl :

- alled
. gistance between pivot point P and center of
of mass C is d.

3 Now pull the physical pendulum from
~ mean position to new position such that line CP

makes a small angle O

JPTER - 1] OSCILLATIONS
347

&~

What is physical pendulum. Deriye ;
;jod. Also find . ¢ Its equati : "
periot the length of the Cqui\-ql]cm ‘on of motion and find its time
' simple pendulum?

(PU. 2002, 2009, 2011 >
e - 2013, Su 2011, 2012, 2013, GCUF. 2012. 2013).

CAL PENDULUM

A rigid body which swings free
£ Ings freely about some niv . -
some pivot point is called physical

PCndulum. All real pendulums are called physical pendul
nysical pendulums.

UATION OF MOTION

Consider a rigid body of mass M having

at point P as shown in fig. The position of

XIS

equilibrium position or mean position. The

with vertical. The bob

stats moving towards mean position  under

ased. It gets maximum
d does not stop due M ’

o inertia but continues to move 1o and fro about

| ™Mean position
The restoring torque is given as
¢ = -FdSin0
r = —Mgd SinO
For small angular displacemems 0 =~Sin0
- —MgdoO T ()
The general formula of torque is "
T = fa Tty R T T (2
Compare eq (1) and eq (2)
= — (Mg
e - "0
42 )
i - “o = 0
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PurMgd=x
d-0 Ko =0
Wt

This is called equation of motion of physical pendulum, The ol

equation of motion of physical pendulum is '
0 = Oy Cos(ot o)

pendulum at any time t frop ...

7
5

[t is angular displacement of physical q frud .
Where 0, is maximum angular displacement called amplitude of angular s

while o is called angular frequency.
This solution must satisfy the eq of motion of physical pendulum,

4 {8 C?;‘:m ul)] + IL [0m Costot +9)] = 0
. ) K . _
— o [0 Cos(ot+.0)] + 7 [0,y Cos(ot+¢)] = 0
2 _ K
0" =
e K
o = ]

TIME PERIOD OF MOTION
The time taken by physical pendulum to complete one oscillation about =
position is called time period of motion of physical pendulum

1= =
)
Put value of ®
T = 27t‘\/I
K
T = 27[ —-l__. < o .-1:‘.3
Mgd
ROTATIONAL INERTIA
The time period of motion of a physical pendulum is
. . "\ Med
Squaring on both sides
T2 — 2 I A
N Nggd) |
[ = Mgd;l" |
: dn° - |

A
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R
Ecﬂ‘ngE

. *~ T 23 0m 1 3
This is rotationzl iner

] - M 3
ool p—:r.du,um about an axi
R R

o - h1 =11

- — B rea Y 3

T aenmeters O TIENL SICT aTT Meast
et o=t

“ .-

-

gMPLE PENDULUM AS SPECIAL CASE

The simple pendulum is a special case of physical pendulum. Assume that pivol
~oint of ;h}s-iczl ;ﬁenduium_is a poin} of suspension for simple pendulum and center Of
s of physical pendulum is mass of the bob of simple pendulum.

The distance between pivol poim and center of mass becomes lengih of
seighiless string of simple pendulum given as

3 . ~ s g .
he rotational nerma of 2

1 14
3 - = . - 3 -~ oy
1 be determined By above formula because

d = L
The moment of inertia of physical pendulum takes the form
| = Md
I = ML

The time period of physical pendulum is

’ 1

Under above stated conditions

i

fL-
T = 2n Mol

T = ‘71’\/Z
.-'J g

This is the time period of simple pendulum. Hence simple pendulum is a special
€ase of physical pendulum.

CENTER OF OSCILLATION

The resulting simple pendulum will have the same time period as the physical

::’;:dlmum when mass of physical pendulum is concentrated at proper length L from the
ol point.

Time period of physical pendulum = Time period of simple pendulum
L ’ |
L _ _1_
g  Mgad
I
. Md

“SCiI[al'The point lying at distance L. = I/Md from pivot point is called center of
'on of the physical pendulum.
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Q.7 What is damped harmonic oscillator? Write its equation of motion and find
its solution, also calculate its amplitude and frequency. (GCUF.2013)

DAMPED HARMONIC OSCILLATOR

The oscillator whi_h moves in a resistive medium under restoring force is cale
damped harmonic oscillator. The amplitude of damped harmonic oscillator grﬂd.ﬁ-’{”,"
goes on decreasing and finally becomes zero when it moves to and fro in 2 resist
medium. The energy is dissipated during damped harmonic motion.

EQUATION OF MOTION

Consider a block of mass m whose one end is connected with a spring 2
end is connected with a massless vane. The free end of spring is attached 10 ¢ y
support while vane is immersed in a resistive fluid. The block is placed on frictio™
horizontal surface as shown in fig.

a fieé |
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CEN TR AR
"'“:fr,,‘:}:‘;!__}‘l} 3 h, .;'._u‘}c %' ? ‘!i i ;h‘\;}'

Vane

Fd =- hv

Now displace the block towards righ through so

h vane moves to and fIO me Lil\l‘l.l\ulllulll and release. The

g Wit unde

:N 10‘ ¢ I spring force or restoring force.
" The restoring force or spring force acting on block is
Fr = —kx

- . 1 ) ¥ et evY Ay = » ¢ )

The damping force experienced by vane when it moves in resistive medium is
| given @S :
: Ft| = -—-bV

Where b is constant ofproportionality. It depends upon propertics of resistive
aedium such as density and shape and dimensions of vanc.

The net force acting on the system is
| : Net force = F; + Fy
| Net force = —-kx-bV
" The acceleration produced by net force acting on the system is given by
Newton's second law of motion as

Net force = mass (acceleration)

| d> d>x
—]\\—bd: = my7

dx bdx ko
d Tmdt Tmt
This is called equation of motion 0

SOLUHO\I OF EQUATION OF MOTION
The equation of motion of damped harmonic
B d’x b dx k 0

vt Loy =X
dt mdt T m \

f damped harmonic oscillator.

oscillator 1s

Il

p _b_ k
ut o= 2B an —;=m

dz\( dx , L e )
Qe 2[3 +o'x = 0 :
A" [t must satisfy the equation of

Mg 4‘\' . . . S e v = A
Uigy, UM that solution of this equation 15 %

R
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i y"'\r
d‘%’ll ro’ (Ad) =0 :
0

2 L
d*(Ac”) + 2P

dt”
2 Wt
it (At + 2[3;1(/\0“') + o (A
.
W 2Pt ot =

The roéts of this quadratic equation arc

2B+ \/4[’)2—4(02

o= 2

p= -p=x \”32"0)2
o= -p +\pP-0 and pp = —[}_\/m

. ' ; . SR . 2 5
The damped oscillatory motion 1S only possible when o~ > p= Means o
force is greater than damping force. Under this condition m

\[B_:—_ﬂ? =\[(—l)((02-[33) = i\/&TB—2 = g0y

Where

0 = o - p?
Now values of p; and 1, are

= -p+ie and  L=-p-i0
' The corresponding solution of equation of motion of damped harmonic oseilli
is

X = - X1+X»
Ae gL A» et L. (2)
= ApehPrion, Asel=P-io)t
e‘l"[Alcim’:+A2_e—im'l]
= ¢ "[A(Coso't + | Sinw't) + A, (Coso't - Sl
.r]]c,disb]ﬂcell]()nt . Of-‘:j ,“;' ‘e (A, +.Az) Cosm't + (A} — Ay) | Sinw'tJ’ ,ns-\‘

amped harmonic oscillator must be real. There™ &

side of aboye ¢ : g A
el 9 must be real, This is onlv nace: 1A, are comf
onjugate of each other. i ¢ A, ; Y possible when A, and Az !

qf].ﬂb & Ar=a-ib

./'
Il

- S A
!

'
X

Hence

X = =Bt
e "2 ’
(2a Cosqyt 4 (2ib)i Sino't]

X = o B
e
[2a Cosgyy — 2 b Sinw't]

-

.
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put
2a = x, Cosg .
2 = xpSing
X = e—m[‘(m Cosd Cosm'—H(B)

This is solution of equation of motion
; of . :
i acement of damped harmonic oscillat damped harmonic oscillator and called

: or. Whe i : .
sibout damping. Square eq (A) and eq (B) and adq tir%:é" lfaf:gid R S oF motian
Xy = 2 ;12 " b2 m-
The term ¢ is called phase constant. Divide ¢q(B) and eq(A) to find its val
XmSing  2b : .
XmCos¢p ~ 2a
N '_ 2
Tan¢ = )
¢ = Tan™ (g)

The term @' is called angular frequency of damped harmonic oscillator. Its value

‘Sgiven as
, . 2 2 _ _k (_b )2
o0 = ‘\/0) —ﬁ = \/ m 2m

USPLA | |
FLACEMENT OF DAMPED HARMINC OSCILLATOR

dThe displacement of |
armonic oscillator is
bt

X= " R
- Xme 2 Cog(e't + ) D
) dis The Eraphical behavior

‘bmpe

‘ t
iaxm()ngiace"{ent of damped
udiagramoSClllatOr is shown
=Xem

FEATURES ‘
. Th OF DAMPED OSCILLATIONS I

8 / ye > 5 at
}damplimdamped oscillations have two major features called frequency of osciliation

of motjon.

i
)
*Ik
e
‘ P TR
e
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FREQUENCY OF OSCILLATION
The angular frequency of damped harmo

!

®

ol - p? \/\Zm

The frequency of damped oscillations o is smaller than r“qllencv

oscillations when resistive friction is present. It means resistive fricjq,, ]0 u:

oscillations.

The term b = 0 when resistive friction is absent. In this Case freq,
damped oscillations is equal to frequency ® of un(hmped oscillations,

r

0

!

)]

k \/\
‘\ﬁn E 7m J

0]

AMPLITUDE OF OSCILLATIONS |
The amplitude of damped harmonic oscillator is

Amplitude =

bt

, 2
X]]] e - m

mck
N
nic oscillator is '

(1).

It is exponentially decreasing function of time and becomes zero after infini:

time. The amplitude of damped oscillations is equal to amplitude of undamped

oscillations when resistive friction is absent(b = 0)

Amplitude
Amplitude

0
Xm€

Xm

MEAN LIFE TIME OF OSCILLATIONS |
The time interval(t) in which amplitude of damped harmonic oscillator dros

to p times of its initial value is called mean life time of dampedvoscillations.

Amplitude of damped oscillation =

The mean life time of dam

properties of resistive medium.

I :
o (Initial amplitude)
~ o 1
xm e im = — Xei

{ 4-., c

< be

e = C:'"
bt

Lne) = 3m Ln(e)

o 2m

b
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(AL PAMPING

1 vyt . e Xy e '
when mean Jife o . , 'l s
e condition ‘ tme of damped ovcillations has its o

eal damping.
nped oscillatory motion is only possible wher, e e

The dat
- foree.
pl"g for¢ , 5
m” - P)‘
k (l) \2
- 2 |
m \ZmJ

koo
> G

m
b > 2/ km
The frequency o of damped oscillations reduces to zero when b =2+, k.
ad 1 \2
o = 7 L_[2-. km_) = )
m om )
e value of minimum

 Hence displacement of damped oscillations becomes zero. Th
lime corresponding to critical damping is given as

2m 2m
T.= o ST T
b 2\/ km
m _ -
in designing such

NEINneiTs

dem s
-~

The oty . :
gy, ctical damping is important for mechanical ¢

N a\'-' .
"¢ shortest possible time.

fin
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