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CARTESIAN TENSORS

NTRODUCTION

‘ensor analysis may be regarded as a generalization of vector analysis . It is of great value to
T an engineer in two ways . First . it allows complex mathematical and physical relationships to

sed in 2 compact way and simplifies the mechanics of the development of theory . Second , it

reater understanding to vector notations and also establishes certain invariance properties with
and simplicity . It is of great use in mechanics , fluid dynamics , elasticity , differential geometry ,
gnetic theory | general relativity theory , and numerous

other fields of science and. engineering .
apter ,

we shall discuss Cartesian tensors i.e. tensors whi

0 rectangular Cartesian coordinate systems .
t complicated .

s reader

ch are expressed in terms of components
At first sight , the notation of Cartesian tensors is
The aim of this chapter is to provide a familiarity with the notation which will
to study other texts and applications without difficulty .

e start the actual studies of Cartesian tensors , it will be

important to give some basic ideas
s , definitions

 ransformations , etc. ) which are useful in the study of Cartesian tensors .

SUMMATION CONVENTION

Consider an expression a)x;+azx,+a;x,

(1)
3
which can be written using summation sign as z ajx;j (2)
=i
1t the summation sign and write it simply as ajxj (3)

s understood that the repeated index (or suffix} j represents the summation from 1 to A

 the form (3) is much more convenient than the onginal form (1) . This situation occurs so

y that it is convenient to adopt a convention which avoids the necessity of writing summation
his convention known as the summation convention is as follows :

r a suffix appears twice in the same expression that expression is to be summed over all
— \.’_/\,
‘the sulfix namely ,1,2,3.

DUMMY AND FREE INDICES

An index \_.vhrcE‘E‘ chca.tcd In a given expression '_.Lso lh?t the w::vcnnon a}?pll_gs ) 1S
jummy indc?[(whllc an index occurring only once in a given cxpression s called a free index and
: Cmm——

S ————
inply any summation.f

x.)

or example, in the expression A Bjk, k is dummy index while ) isa
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XAMPLE § ) Write each of the following using summation convention .
(i) 2 P A X ey, (ii) 3”bn+a,,b,,+lu;‘.;;
3¢ dé 5‘
(iii) (x1)7+(x3)  +(x,)? ) Fpantpdnvee,
OLUTION: We have
) duXaTapxytagx; = a,;x;
) anbutapb,+ab, = a1iby;
i) (x,)]+(x,)1+(x,)1=x,x,+x,x,+x,x,=xiXi
v) ;xi'dx.+aaf dx,+:x¢3d =§‘£‘idxl'
XAMPLE (2): Write out explicitly the following summations and compare the results :
(i) ai(xityj) (i) Bjxjragyy
OLUTION: We have
) Bi(xityi) = ai(xyty ) +ay(xa+yy)+ay(x;3+y,) .
S Lty tarxatagy e +ayy,
i35 ajxj+akyk=a.x.+a,x,+a,x,'+a.y,+a;y;+a3y,

he two summations are identical except for the order in which the terms occur .

OTE: (i) A repeated suffix may be replaced by any
ample ,a;b; = a,b, = a,b

other sujtable syinbal not M m

a Since in each expression summatjon over the repe:;

) No suffix may occur more than twice in an expression

. For example
cause of the differences in the three quantities : :

RijXj ® aj %) Ta[3Xy Ta{yXy
ajixj = (atantay)x;

BijXi T &1jX taix;razix;

Vpurting | = 1 in these equations , we obtain entirely different expressions ﬁ;
i) An expression of the form a; (x ; + yi) is considered e a
mposition of the meaningful cxpressions a;z; and x;+y =z
varded as occurring once in the term (x; + y ).

} DOUBLE SUMS

An expression can involve more than one summation indices . For
nmation taking place on both i and j simultancously . If an express
ices | there will be a total of 37 terms in the sum ; if there are three

' .
is0 00



/gCTOR AN :
v (he expression 3,jX,1 BT o -
puagy Wi e I o'

cXAM e given EXPrESSIOD represects e double sum w (“&h‘

-OLUTION L i saitenest A i)

. en logically by first swnming oV . J S‘.nce ' ﬁ‘-?“
an be Wit ssion is the sum of three terms That is iy
mldinSj fixed , the gived expic , P
2 x.xj“3:1"1‘)*3‘1“\’?3””” .
‘ .
adnjcxmontthHb hasmcrcpcacdmdu ) which unplies summatiog _ “”gs

Now ¢al Ht-k.z f

a«.xx :..'a”xlxlf’al:xlXx*al}xlx)*.llx]‘l’lﬂ‘]l,?.n.lll Tﬂtﬂo
Thel et g :
’)‘1""‘12‘111'11"
™ groned
F first , and thea over e
The result is the same if one sums over | Urst, - .
= . . , b
EXAMPLE (4): Write (he following eXpression usiag summalica coaveation . P
,“buva“bnﬁ'axbg;*‘nbn"‘:xb:l*‘nbu’lub,q
SOLUTION: The given expression can be wrinien as e
l ! =2 on
(a“b.,?t;,b,;**a],bu)*(lnb::’h:bn"115:1)'(11113;"3;3,-
= 251 b *31‘b:i*313b31:3'Jb1‘ =, 0, *
gy Nyt X

74 SUBSTITUTIONS
Suppose it is required to subsumic Y

substinution would lead 10 an absurd expression like Q.= 8424, % )%y

esnttw

—_y =
N T

The comrect procedure is first 10 identify any dummy ndic
coincide with indices occurring in the man expr ession . Chm,lﬂsm

found in the main expression , one may mcncarwomuxw:&
Step (1) Yo T 2a,,x,, Q=bgjy,‘~iw:scclhllmcm—."

Step (2)  Change the dummy :acex from ) 1o £ .10 2et y, = dwefes

Step(3)  Subsutute and rearrange to e Q = by 2asRe )%, T

/ = | jorms @ * &
EXAMPLE (3): I v = a,;x2j,.express ihe quadral Q 4

X - variables.
SOL .
UTION: Fustwrite v, = a, ¢, Y © Mysea

ncnby ul
. substitut B . G a,s ¥
ol I ?.,‘(311’«4!\3;5‘5) g‘qa" "

1.3
> ALGEBRA AND THE SUMMATION CON

Cenain routine algebraic manipulations in 1€ASOTS can

HOWcm . Some
care should be tak The following &€
fepcaumysmmm ool
(n
o io](l,*y’) z 3.,!,*1" : ) 2 ¥
3 :
oy it ‘”x'll““l.l 2) (3
(%) \ o ,

(aln‘a | e 7. Py
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A st generaly s 21j0 31 TR P B LT T
gor! that on the lefit side there are no free indiess , by 1w

on i .
varorwsccmd~ | mm""

!
yl’dﬂ

g i

m“mbsﬁmtionopcmorwﬁnen 8;j,1s defined as 56; - {; :"j
,|‘and6n=5n’5n"6n 36.)!"6.')‘0 P
-+ Using the definition of Kronecker delta , calculate 6” X|xj.
Wehave Bijxixj = 5|jx|xj+52jxﬂj"‘5ajxlxj

Ll + 8 X, Xy * 8y XX + 8 X)X+ 8 X,y x, . G e #

$85xy X, + 8 X)X+ 85Xy,

h hlxl*OXII)*’OXI"; +1x;x, "OX)X;'*DX;!""Gini?"’ "

| - ary
Show thay i Iy,%;, ¥y are independent variables, then ;—;‘

w‘hvg. ifi-‘-‘j ax;: ax;

= sl

: ox; Ox;

ey

‘imdx. : | N
j e mdependent vaniables .




when

EXAMPLE (8):

(1)

(iii)

™)
SOLUTION:
Gy S5ikd i.k =

). 2' 6|k82k

e U
r 0jxd,y =
It therefore tollows i Jl; di;

ikBjk = §;;.
Show that

We hav ¢
ha\c (') 83i=6”+82!+8n=]+|+l=3

518 k+82k81k+65k53k, k=1,2,3
5, 6 ‘ B
(8848138 )+8383)+ (8080 +00dn+dndn)
+ (8385 +83208,+830d
; 1)
5||5n+5u5n+5n§n=(‘)(])+(|)(|)**(1)(1)

(iii) 5ii8jkdx) = Dikbki =6ii=3

(iv) 6ij6klAik=5ijA;,=Ajl

v) 5ij djk

T RECTANGULAR COORDINATE SYSTEM

From vector analysis ,

' ?thangulaf coordinate system in which we take Ox , Oy, Oz

as the coordinate axe
ale axes re

these coordin

In tenscr analysis .

qiem in which ¥

A s

€1y 1> ;
in fgure (12} » This system of

Aix = ik Ajk = Aii-

we are familiar with the

A
g and 1,

Schlivcly . as shown in figure (7.1) .

ALD :
),k the unit vectors along

in stead of this system we take the

e have Ox1, Ox,, 0x3 35 the coordinate

2. the unit vectors along these axes

e system K we need another

(ii) A 5o e
(i\'), Sllsk{Alk“‘

I

141 +1

]

3
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DIRECTION COSINES

Q. a,
;

be the angies which the
vith the

POSiion vecior

L Ggure (7 4)

pOsilive dwections of Ox,

 Ox,, Ox, respectively
Tbhen

; are called the dwection Cosines of the vecior
. 1V ‘.A.‘;btt . we v‘iiic
{ - oA, \"' L\\“)il'v. <) CO0s Q,
- - -
W Ff = \;(.’I;C:’\zf‘ \l.'
' ¢ X of fCOs ' = Xk 3
Ruarly , rcosay = x 1. and rcosa ) X,

WLIOn fon

X,

5 A
| I COS% \1](|

£ 4

ore . 8 unul YeClor in

”y

30 {ram the above equations |

y
i

-
LAY

) il
COs "a, *cos'a

.

i | .
{"{)',)'l

5 we have shown that

{ and thai the sum of the squares of the

TE: The dwection cosines of the x,

¢

We

o dn it

o ik o

JEFINITION OF ¢},

X;.and xy in tquation (1), gives

A ~
'rcos.x,t;'rmsa,c,
AT T
the dwection of ¢ s ey e,

X
cosa;, = = cosq, =
: 2 1
. Ry *Raex, 2
2 * cos c,*““‘?‘““f;)w
:

I

the uait vecior Wi the direction of

direction cosines js vty

= aXi$ are |
~8Xes e 0,0 .

the cosine of the angle between the yh

the three quantities cos a 1, C0s a,

X
“J, nd cosq, = h,

has wus fGlTiPODtm' ®

0,0, Similarly . e directic
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CTOR AND TENSOK ANALYSIS
 OF AXES |
ORTHOGONAL ROTATION OF ol :
| Consider WO rié,ht-mndtd reclanguias c,ootK e ;rg‘ >
ems K and vin .%
quX)lDdOX xpxy (ie sy along the coordinate axes :

. it veclois
ne origin O and with un

At 2" a5 shown i figure (7.3) - RotaE 8y

e
C;.C)mdcl.CI; J = l i ﬁxm
X3, UK} always -
siem Ox ;X2 X) about O (with Ox,, Ox, 4
Cati.
ative 1o cach other) so that it coincides with the systedl Ox X3%; /
-h a movement is called a rotation of axes. /

Let the direction €OSInes of Ox, relauve IO the axes

¢(,,0x;,0x; be &y, ¢lu.to respectively . Furnhennore,,
lnlﬂd

note the direction cosines of Ox', and Ox', by {u.ln.
P l:l ) (3] : RSPCCI!VCly We may ccnvcmcnlly SW this Ox .

e adjacent table . In dns table , the direction cosines of Ox:
lative to the axes Ox ,, Ox,, Ox; occur in the first row | the

rection cosines of Ox; occur in the second row , and thase of

X3 in the third row . Furthermore , reading down the three colun
twm , 1t 1s seen that we obtain the direction cosines of the :

!n.OXz.Ox, relauvetothcaxcs Ox,,Ox, Ox respccuv y

e tab
le of direction cosines is called the transformation mntn

Ty Em B3
T"[fij]-“- Ly il (n“

-En g by ]

e transpose of T is T' = [e] fu e 8
) i (n lu (n
‘-ll] (;3 tn

id TT'__ l“ l|2 tl) (“ [31

5 zll ln ! ( it '
~ lll L | sz 5” {22 {1.} e




il e e RO S

e 3

¢ 1 unit matnx 1, its principle diag
, onal elements bei '
‘ Ing unity and all

s that the um&pOStd matrix l. 15 the iny
inverse of T an
d s0,asi
’ n r

(1 i the

Ty M

g orog! opal matrix . Since L ¢ T bave the same determinants . the relati :
. 0

",n’lpfﬂ “(!T) .‘ w(bat dﬂT-"b' nTT

9

\

e e
. caie of an orthogs nal rotahion of rectangular coordinate wh |
axes as sho
- = | e | in figure (7.5
(6, *t,andakso e, Xxe, = ¢; meaning that a nght - handed system Ox , x
I

haaded when rotated to Ox y x 3 x 5. Thus in this case

a v s F -~ T

f';;»t‘] X€y ® €4 .€ = |
deme an orthogonal transformation to be one whose matrix Torddy) ot

dfor whichdet T = +1. thamnsformanon would leave a right — handed system of :
and would likewise preserve left — handedness . However , a nght - handed orthogc
cordinate axes specifically requires that det T = + 1. This transformation is ca:
ed o-thogons! ( or proper ) transformation . A transformation which is not right — hande:
handed ( or an improper ) ransformation .

/ "htntbcucs Ox,x,x; and Ox.x,x, comcudc ie.xs = X, x, = X3, X
diremoncosm:nthcmfomauonmw:x T are 8§

= X
ev\r!'vmmevﬂucsoldn I wh
.= 0 when i 2 )] and so for this particular case

')

} e
o 1 0] o EEEES

e 0
OOCst(ofucsisrighl—handcdzndl)nomcrlcﬁ—handcd,itisimpossiblctobringlhemtm
 bry a rotaton .

HTM?M(I)canbrniﬂmmﬁl“aSi
f) 0'? l, ln(ﬂ"lﬂln‘lnl” llll]l"llll))+!|!ll3
" .??‘ )
1 ? 1 tni 4”;:](3:"’2)(‘3
!“"”*"7'!}&[“](?] [:‘*li,§{1} &N 2
N nn ¢ ;
ity -
+ ! I;‘(n!:) {5 b
“'“!z-‘[-.:f::‘{n{n (hln 7 ol ¢ 5 : 0_1
S by 19

h
"Phes the follywing six equations called the orthonor™?
(?_‘.)_ 4 .\ (,,ln+¢'nln



VECTOR AND TENSOR ANALYSIS

EXAMPLE (9): Show that the transformation
L e
. Tl
(i) LB 0 \ﬁ \j’i is orthogonal and right - handed .
i s G
L 3. 1
On the other hand , the transformation.
o e
4 T3
(i) Twg O g is orthogonal but left — handed .
o ]
fgn o SN
O N
\2
i A Y
SOLUTION: (i) The transpose of the given matrix T 1s T = ol
T
L4~
S T T o VR 5
_\—[.—2' 5 ~2 \]5 _\ﬁ L= 0. .0
andso TT = 0 \2 \2 3w |
' T bl b
fu \ﬁ el | | \ﬁ L4
gl Gl
o B 5
0 - . = |
We note that det T = \fz \ﬁ
L )
arn
' : oht d.
d so the corresponding transformation 15 orthogonal and right g
and S
% \3 |
g
3 e T = 3 l
(i) The transpose of the given matrix is | EZE 0 7
et g g
- o
- "1 _l. “ﬁj
1 )[i 0 p) 0 2 _
e el T e
) = 0 0 ] ﬂ 0 ’I'
Bnd SO TT 2 2 0 o l-—
i S 0 a
2 T T A ?
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1
2

I
|

Wenote that det T =

0

N"i—] O N
)

and so the corresponding transformation is orthogonal but left - handed .

710 PROPER AND IMPROPER TRANSFORMATIONS

Since for an orthogonal transformation , det T = + 1, all coordinate transformations are
into two classes . One class consists of those transformations for which det T = 1 and are called
transformations ; the other class consists of transformations for which det T = — | are called im
transformations . Under a proper transformation , a right - handed ( or lefi — handed ) svstem |
right — handed ( or left — handed ) after rotation . Under an improper transformation , a right -
system is changed into a left — handed system and vice-versa . The transformation for which T
unit matrix , is called the identity transformation . Obviously , for the identity transformation

i i L

X1 T Ky X TR K™ X
or X =y (e I Gk

The proper transformation can be obtained from the identity transformation b
coordinate axes . On the other hand , the improper transformations cannot
The improper transformation can bc obtained from the identity trans
discontinuous or discrete operations .

y continuously rotatj
be obtained by that pr
formation by nwo tyg

(i) REFLECTION: This is the operation in which the new coordinate system Ox, x
R

obtained from the original system Ox , x; x , by inverting ( reversing ) the direction of one of the
the latter , the other two remaining in their original position as shown in figure (7 6) a

X), x:

}XJ' a3 4

(a) (b) b x;

[n this case , the ransformation will be Figure (2.6)




- : T willbe ;
= <Sormanion M

X © The comespoadmg | i

E i slua]t -] W@ 0 -1

e . - -

= . : b

T Noee Sar for cach of these manKss o hich the 1“
: Q) INVERSION: This is e op -

Y o, aed from the
pew coordimate sysiem Ox X X s obua

| '
ongmal sysiem Ox , x; x, by mverung the dJuecnions ol

Se coordinate axes of the lamer as shown i figure (1.7)
The transfonmaion equaboas @ thus case will De - - c_)_ ?
‘ | " /n
“:"’xl, x:,“l), x,‘-l; // :
= - . / H
T‘.::amagmfumnmmzmemu‘mfmlbc i :
[-1 0 0O X, :
re v - o} y
0 0 -1

' JNote tat forcach of these matrices del T = -1 .
j/:.n TRANSFORMATION EQUATIONS
@ TRANSFORMATION EQUATIONS FOR COORDINATES OF A POINT
Consider two rectangular coordinaze systems K
=d K Baving the same origin O a5 shown in figure (7.8) . X
We B3t find the wansformation equations expressing the ;
P T of an arbitrary point P in the
system K * terms of its coordinates »x |
System K | and

-lll‘] Inl.ht
viccvcrsa.(l_cl T amd T be ke
Position veciors of a0y powt P in the systems K and K

fespecuvely. Then 7 = &

. « A . 4
RK.¢, + -~ - #
s x’clf‘icl =l.¢;*lz§1'x~31 ‘,; .
of 'p‘.— A . 3
; W 7_.
' mec d"? Mw"

components x
. x,,lakethedmpmmcxofequmon(l)wﬂh 3,'.

or




for the coordinates of the pont P from the system K 1o the sy

< roasiormation law
| 3)

= () = Giliexe T St
sa;wumn“numdwmﬂt..

me :.) - 23 (O;-Ci)

|- ey
"Uhm—‘vﬂvh-ﬁs
tl - lu"'g . ” :
;ielymm-uwhhﬁﬂ equations
g - (u‘.l""“,.l“‘,

. * '.
lz"u“Olu!,"n 3

e = Lormg of the unit vectors h.‘!-" ;

!uunym whﬂ'“ S i e
T— N e e w T




VECTOR AND TENSOR ANALYSIS

t“)/

Equation (4) when w
ritten in full repres
ents

i p he following three equations :
€ :’llc +(;e;+{,,c,
ANt
€, =(ll€|+f11cz"'(a)€3
,(: ' = f b . & & 2y
) e tlpe,+dye,

Similarly , from A = (K-Gn')€|'+(x,€,')"';(" N
(A.8)8
Setting :{ = SJ , we ge‘ 8) (CJ 4 C,

& l,,c, (5)

Equation (5) when written in full rcprcsans the following three equations:

Al

Fal
Gy ™ fncl *’lecz *fnca

A
1= e, +ine, + 056,

o> 0

3 (|35I+[IJCI+(JJCI

Equations (4) and (5) are the required transformation equations .

EXAMPLE (10): A set of axes Ox’, x', x4 18 initially coincident with a set Ox , x; x5 . The sel
Ox', x', x'; is then rotated through an angle 0 in the positive sense aboul (he
X3—axis. Show that
x', = x,cos0+x,s5in0
x', = —x,s5inB+x,cos0
I'J = 39
SOLUTION: Sincc the rotation is about x ; - axis , therefore x 5 ~ axis coincides with % | - axis
as shown in the figure (7.9) . If the angle x10x, =%x30x; =0, then '
2y %y
£y, =cos(x,;0x,) = cos 6
iy = cos(x',Ox,) = cos(90-8) = sinB
F ' 0 3 ¥ '0‘5
1‘3=COS(X|0X;)=COS9O =0 4
’ 2 - | 6 {
ln=c05(Xsz|):cos(90+0) = —sin 0 / i
£y = cos(x,0x;) = cosB A
’ 0 i / ,I
{1 = cos(x,0%,) = cos 90" =0 A “
Y 4
' 0 X
¢y = cos(x;0x,) = cos90 = 0 3
0 pss .
' 0 3 :
£y = cos(x;0x;) = cos 90" =0 ) '
’ 4] = ‘\
[n-_:cos(x]()x,)=c050 | b 3
» . . \
tion matrix is given by \
The transforma . B
cos® sinf 0 s .
[[.-]= —sinB cos® 0 }tnmc(l‘l)
') 0 0 g

7__”
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4Us

and thus the ransformation equations for the coordinates become
.\', = x,cos0+x,;sinb

X, = =X,8in0+x,cos0
\ el £

Note that effectively we are dealing with a transformation 0

the ransformation matrix as
’ [ cos® sinB ]
[¢ij] = ~sinfB cosB
y (6 OR'HIQN()RMA LITY CONDITIONS

'(!HEUREM (1.5)2 Prove that [',Lf]'y - 5.1 - (Li[hj~

PROOF;" We know that S * ¢ 8,
or g1 Lk ek
. & AT

[aking the dot product with e , we gel
wp Sk \
e .¢ ;ejkci €k 'llk(Jk of
At A1 ‘»‘_ //)? ] ‘ ; A

Also, ©j.8)} = 8jj O - e R

From equations (1) and (2) , we have

Livlje ™ bij

'

’ N /
Similarly , we know that € = {;; E.

A

A
or ei = lyictx

. A
[aking the dot product with e, we gel

A

i 6j= tiiy .5 = Lyily,
Also ei.&j " 0ij
From equations (4) and (5) , we have
(xilyxj ™ Oij
WOTS: i rcl.ﬂirm [lk (” b'l “’llphts 51X mlhmmm’m]l(y condition e«
(tlljl'lul])’l.,(“u&” g
lfwclnkci"j"landi-,“zam“‘rﬂ_
(hotprtn= )
i ethedy® !

1
l“‘)t’_)',u‘hl

f axes in two—dunensions only a

W
Vilte the relation

30 urn i relation (A), we gel

SIANT ENSORS

CARTE

nd we can wrile

(4)
(3)

(6)
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Suniany

relauion as

(Il’»J,tll{lJ ) J i}
=2 ad it =)= > BUEEW
- 2x a [ a1}
ifwetake i = )= 1 and 1 = ) J
2 z 2’_\
(ll?!h"zli
2 2
[»:'122'[;.1“
. 1
dpytintly = |
“WC(lkClzlJ:_'_ﬂJ[—_ }“1-‘-‘_.1 s 3
l‘[‘)?[zl(ll?[J!}:U

Culnténly+tlnly =0

4

(plytinlytint; =0

It should be observed how the

formed from the ransformaticn matix

TRANSLATION AND ROTATION

Let the coordinates of a pount P be (x,,x;, x3)

»
~

In the system Ox ; x, x, and the coordinates of the paint O

/5

In this system be R P L Shift the system

() g 3 k o ' s .
Y1 X%y 10 the positions O x 1 X3 x5 through O as new

ongin 1o |

"lelll 1o lorm a new rectangular coordinate cysiemn as shown

In figi ( . , :
ure (7.10) . Let the coordinate of P belns . %2 . %73
G this fnew

sle ) [ P SR .
yslem We know that under the wanslation

‘x.lll‘)«‘ the
v MIC dXes remamn }JHH!C[ ”‘UOU;’F} O 50

-

(.u(m]llm(("a of P

mc(\.,‘;‘}_,_ | 7% "Hineds
\‘)llhupun - ; ‘
Bonal Nsiop
ARi0rmanion | these bacc ' :
i), d CCOme X $9 thal
]
X '»
) Eri{ % md i)
w4
J1&;* @ »
J (1)

Wlltlt a .

g {’ 1 4,
i

L‘lq aligg (l; allutllblc\ L

: nmvmﬁ the righy . hand
¥ tadide

d recian ; 1
“angulas character of the ares
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t ansfnr - erari Sl
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fax

-0 7
o ‘ .
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e
; ons (4
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4 . e cOOTCED
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*  a vector pout |
y, & i ‘
e B S A
A{xy,%X2,%>
= A.(x;,.%2.
AMPLE (11):  She
312

Let
¥ 1'1 ‘.1'3 ) \SC L‘)‘

b = -
formation equahons
5% !’)i'\}
0 X 5= !_l‘ Xx
*rhving :q‘-_‘z'.if:'_ﬁ(
Lixg = &S
0;\’ = 5

‘JH'

N

0 ,
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|
A}UAﬂCE WITH R};S_PECT TO ROTATION OF AXES
'v" ANLE oy : ' :
s gular coordinate systems K and K having the same origin O but with axe
120 S

55. ;Weﬁ!owﬁ”mﬁm“mﬁme (7.8).|Let (x1,%3,%5) and (x, %, % ) beth
!{ g . ; o e
ﬁ‘f‘” ;_:’t‘"ﬁf," ['Om
Y, icotar POt fnction § at P inthe system K and & (xy, %, %) be the value of this

i
int i the system K .

{ P inthe systems K and [K respectively. Let ¢ (x,,x,,x,) be the

‘g_\gu.'?‘ﬂw

! ’ 1 L
) 8 $ (x,,%x3,Xx,y) where x;,Xx,;,x, and X),X7,%; are related by the

ations (2) or (3) on pages (405) and (406), then § (x,, x,, X, ) is called an invariant

¥ -

et coordinare transformation or rotation oflaxes .

octor point function A (x;,X,,X y) is called invariant with respect to rotation of axes if

e

Ny ) K'(x'.,x',,x',). This will be true if

b4
" 1
ol

> s A : A
‘s;‘.‘u,‘z.la)ﬁl*’A)(Xx.X:.X))C:“’A:(Xt.Xz,xl)cs

:A'{ ' ' ' A ' ’ . ] A D ' ' ! NS B
; ;.X],!),I))C| +A1(X|.XI,XJ)CI+A)(xlvx1:x3)c)

WLE (11): Show that the quantity x: + x: L x; = 1;x; isinvariant under a rotation of
I

3xes.

MON: et S X1 N0

P in the system K and

) be the cc?)ordinates of a pomnt
that the

the . same point in the system K' . Then we know

1, x', ) be the coordinates of
fmation sguations are -
‘ o)

5" (j;x;
()

X}~ lix Xx
ithying equations (1) and (2), we get
).—: (jit"kXiXt

* '
%i%3 = (l“xi)([jtlk

B;xx;xk:(é.klk)!i="i"

' +
Igl:‘(112+131}=xlxl*xzx7 N
¥} leg HoUEN p 1
TP T

rotation of axes .

Y ) P 2 oint I8 -ant with respect 10
h shows that the quantity X * X3 2%y KA js invarna pe
bor . | -

. TE: This r=suh expresses the fact that the distan<
inates used in calculatin

e berween the origin O and 2 point P does not

Biad o he distance .
P99 upon the system of coord gt

TORS

P15
iiALAR INVARIANT OPERA ectangular Cartesia®
D depote 3 linear partia} differed :
Srates o sk ok example , WE 3y
1. K894 nmmm For i

ol 5’ ___Q--&""""__—-
Yax, 9x20%

Y involves only e !
ght have

- - s e ]
Cxl' axz 31; ax,



YECTOR AND TENSOR ANALYSIS

The operator
coordinate axes . Thus | for example

v, |
is called a scalar invariant operator if its form is

then upon changing to new axes Ox', X 3 x', it would be
1% - . scome

: d

ax; ax'l ax')

f l‘ ¢ l - »

unchanged under a rotatio

if 5
the first of the operators above is invariant (itispot, i

THEOREM (7.6): : -
(7.6): Let D be a scalar invariant operator , and define its operation
vector field A by D A = D(A,),A1,A3) =(DA;, DA, DA,

Then prove that D A is a vector field .

PROOF:

Ox'. x', x', respectively , then
A'j = LA

Using the property of invariance of the form of D and also the linearity property of D, we have

. A'j = BD(LjiA7) = lji':.DAi

showing that the components of DA transform according to the vector law under the r

Thus it follows that 2 A is a vector field .

THE LAPLACIAN OPERATOR V'
5 is the Laplacian operator

The most important of the scalar invariant operator
P ahe g
V=gt e
ax, axl OX3y axi axi

ly , the Laialacian operator is the square of the del operator .
vl = ,_a_.. __a_ ;

= dx; 91;

-

Formal
Prove that the Laplacian operator

THEOREM (7.7):
ariant under a rotation of the axes.

S IS 1INV
% PROOF: The invariance of the Laplacian operator follows from the fact that the com
of del-operator transforms as 2 vector . Under a rotation of coordinate axes Ox ;X Xy, we have
2 - l,ié‘@" atid TP ,k‘a'?("
ox; X JXj k
22 - () (0301
3] x'j d x'j Xi d Xk
g 2 R et
Bidie o gt 1oy Bxp, PRI
is invariant under a rotation of the axes .

o 2
S which shows that the Laplacian operator 4

Let A; and A'j be the components of A in the system Ox ; x; X

otation of th
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RELATIONSHIP BETWEEN AL TERNATING SYMBOL AND KRONECKER DELTA

THEOREM (7.8) Provethat €y €, wy = 8,8 dimdy,
PROOF We know that
N\ A\ \ \ N \ \
g. X ¢ e, e X ¢, e, e;Xe, ¢,

Using the defunton of the alternating symbol we can write equation (1) as

i X€@j.¢ = €1k

- A\ \ \ \ A \
i hus Ciyk €S mi ™ lfl\fo~‘\)k‘;\cm-rl)

N N N A Y
- \c,\r,.r;\:\\.(c:\r\m)
\ \ N \
\r,\r,)\(c‘.\r,,,) [\m.c(.\}\)“
\

\ \ N\
\t‘.\t‘;)\r(.cm

\

N \ \ \
- [\t“(l‘cl \fl.f\‘)c\ll,cm

k(\‘.\':)(f\) r\m) ((:,f\,)kf\| r\m)

0:,8 5

¢« 1 m

!II\‘\|(

\LTERNATIVE METHOD

We have 10 prave

£ ¢ e t ' :
- Rl 4ok Hi%em) ""‘I"“i h'.‘\ln\ i\un\\ql

(.Q\(ll) (hl‘ “h"" P - } l“l‘ ( & m (ll) \\‘h(" | &

] But ¢ =

For these cases we mmay easily verity trom equation (A) thar | HS
Chse(2) When 1 # ), £ # m and the pats (1 1) and (¢

Forexample , (1,0) = (1. 2) and (¢, m) «

s 2 s A 2 4 &

in

Al

“"U=RHE:

boX), then from tquation (A)

.m) are diflerent from

(1)



NOTE: Each side of the theorem 15

1% = §1| scalar equations .

EXAMPLE (12): Prove that

i Et,iéjk:
(1) Eijk€jh
(¥) €Eiks€Emps

SOLUTION: We know that

=~THR
34 1328
- #F > ;.a‘,, b 3 - !
T B s
3 Whe ’ . —_—
1",‘ # ,“/ et . - = < - l:‘., _;u;—""‘-" >
e B . ~a1rt O "x‘fc.‘ ‘%,‘—4
-~ - aid = -
s> u‘-'- h.*" - »
3 "—:,!5:_4-\" ‘ - 1 3 2
A - 3 ] J N [ .
- 3 \ 5 s i =
-~ . -~ -
" y 3 »
. Mnanng DOSSIDINNSS
st TISL ,L: :'—"‘"""*cr
%o Br __:: FCS 15 ¥
= 7 f ® 5" 5
- y B
- ] TR N e
= ~ 3 e of &
= J ]
- " j = ; = 3
— = 4
» 21 [ '.'.3 éi'::
= hece possibilities , CQUAICE LSS
o e = 1 34
M N - B NI 2
- ] -
1 o 1] ©
i 4] € = - | = g !
LHS = -1 " K H.S
LHS. = 1 = RHS
| ' be 1 for the five paus aisg
— ) . Wty = » rue (00 1“_.., UUA-. t -
The result may easily be se<g 10 be ue (¢ :
for all le va fi,j,{-andm.
- ., . “Ade n < ) ‘VANJ:SOL L'J‘[
Hence equation (A) BQIAS {or all-pessitic

a tensor of order 3,

g (i)

(vi)

{ £ - = 2 —- “ < - - .i -'- v 2
{1 '_‘J.\.)JA (,“ t‘l LBt - H < L,?U \) U
(1) w € KNnow (hal

Sy kS imk \-ngJ:‘..“Qx:.GJZ

Seting £ =i and m = |

éljlcl]k

6||6JJ"6|

10 the above relation

iBia = L3P )-8 0 9-3 =0

Put m = j in relation (A) we get

EIJIE(IK=6.16"1"6‘]6](;36.{"6.,‘26.(

iy ¢ -
W) t‘lltlmi‘&jm

(3i:8 m~bind )Nl

Bichindin=h oubo e

o)

)
* 1 3% mm

: L < -
OVimOme = JC’.,'U.( ¥ -Sa

therefore cquation (A) IS CRuINREREL

-

Eqgn€ip ™’

énjl‘t.'

- E".E‘"AI




Cﬂm”m

a'H'kfngp :EkS|€v5m
(ar? _
! ation of the suffixes in € jjx does not change its value |
' ‘]’(ﬁﬁ‘ A = Ay (smce €:: ; :
it A . 3 \A0Rere ijk€jx = 25, from equation (3) )
SORS

o that 8 scalaF i3 a quantity whose specification ( in any coordinate system ) requires just
ogzhcotbcrband,nvecwhaqumtirywhosespecifmioniamm&m
sumbers called its components . Scalars and vectors are both special cases of 2 morz
lied 2 tensor of order b , whose specification in any given coordinate syscm requaes 3
. called the components of the tensor . In fact , scalars are tensors of order 0, =i 1"=
§ vectors are teasors of order 1 with 3' = 3 compoveats . The order or rank of a fexsor

e pumber of suffixes used n it .

)TH - ORDER TENSORS ( OR SCALARS)

m‘a(um@“m)hm:wmbm@iqw
Wm\m(mmmmormw)wmamﬂumd
} Wmh&-ﬂ-hi’.kk

LRl 0’(1'“".:.!.))

of opder zero is called 2 scalsr iovariant .

ST ORDER’

entity ( quant®y
2 coordinate system K ed a first order 1ROt .
e coordinate system 2ccording to the 1w s

) representable by aset A,

is cal

Ty l, s A3
the coordmate system

_axisof K EQ"“"“(”“
of Equntion(\)mw

¥t the components of the quantity 10

0 the jth - axis of K and the 1th

POnents of firet order tensor 1€ vec!

A »
.l l"A!"'-‘nAg*l“A,

A

.‘ . lnAgA*’,“hk:" {n A,




first order tensor in
its components in the system K’ i | g
Ai = LiA] (4
since LiiAj = &;i(LjxAy) = LiiljkAx = §;x Ay = A;
Equation (4) may equivalently be written as

Aj = ¥ A'i (5)
Equation (4) or (5) represents the following three equations :

A=yt lyyAy Ly A

Ay = LA+ ln A+ Uy A (6)

A,y = l!lA'I+(IJA'I+lJJA'J

which may be written in matrix form as

Avt € olaws adi A

Ay =1 tp fln In]]| A, (7
A) lu (23 l)) A';

SECOND ORDER TENSORS

A quantity rcpresentable by a two suffix set A ;; of nine (i.e.3 ?) numbers ( called c

relatively to a coordinate system K is called a second order tensor , if its components tran:
changes of the coordinate system according to the law

Ama ™ LuglaiAij M

where A'm p are the components of the quantity in the coordinate system K and ¢4 isthec
angle between the mth — axis of K and the ith — axis of K. ( Similarly for £,j)

The inverse transformation law expressing the components of the second order tensor in the 53
terms of its components in the system K is:
| , ;
Aij = tmilnjAmn ; (3)
since  milnjAmn = tmilaj(ImrlnsAr) = (Lmifmi)(Lojlas)Ars
. = BirdjsAys = (8irAis)djs
=iy 0js =Ny
Equation (3)canbcwntten equivalentlyas Amp = LimljnAij

3
NOTE: (i) The nine components of a second order tensor can be written in the form of a 3 X

An An A
Ay An Anp
Agi Ay L

ith — row ith above mats
[ A ] where A ij is the element in the ith — ro and jth column of the
or bnefly ijl




-

Cquation (]) whe: fien ia ma orm Hecq
- - ¥
. k - 1r . 1 ¥ ‘A W
A An Ap| [e, t, (J;g;.:. Ay -\J-“ 2 ’«.’
} ! ! o Cu | L
A A e L i n ¢n || An An Apn é | {u (x
2 as o B D | | g
A ’ N ly 8y €51 LAR Ay And Lty tn &nd
. A 235 A3 d I - g
.i‘ll g :r__} r r_;"
S8 Sl 5] ¢ } L]
E:_‘;_ oa (2) e -:::.-‘J g2 than snuss ilse
SV S ) L CASIT | ol Uiall C«.‘u:..h. \l’lhhl
(1) Given the components of a second order tensor in the »c-wdm’c swsicm K., wec
equation (1) to -:'c::r;nin: its componeats in another coordinate sysxcm YN particular |
components of a te vanish in one coordinate system , they also vanish i in any other coordinate sys

EXAMPLE (13): Prove that if A

product A; By (i,j= l,-,3) xsnsecoudorder(cusor.

Let C;; = AiB;

SOLUTION: (i)
then we have to prove that C; ij (1, =1,

and Bj are the first order tensors , their equations of tr&nsformauon from the

’

i @)
B'n = £ajB; 3)
Multiplying equations (2) and (3), we obtain
A'mB'n=lmngjA,‘Bj l‘(4)
or Cmn=~'mi(rrjci; 9 3
where C g = A 3 B,

Equation (5) shows that C;; = AjBj are the components of scmnd order tensor .

THEOREM (7.9):

PROOF:

s
L . A ‘ A

K respectively . Then and &y, = B -3

i A AT e
= €mit; and €y =

A
o e : " -y
.'sn!)O WE KNow Lha( £ m ! nj CJ

' A ’

& ™

Al
En « By

([mi'gi)'((njgj) '
= lm;lnj('c\;.'c\j)
(m|(njal_| £ \

which shows that & ; is a second order Canesiah‘tcusor _

W
(o]

NOTE: (i) The ninc components of the Kronecker delta lcnsor & i) can be written
i .8 0
ol

marixas [ 8;j] =

n N \

RTESL

ma be the components of (he Kronecker delia | i the §

ANTH

system K to K are

and B are two first order tensors Le. vectors , the

, 3 ) are the compoacats of a second order tensor . Sin




2) Sixe X | o
:?_.L’.s iS5 3 benso of osdes 2 e ";‘:“
hat ' Aoal 4
ox
THIRD ORDER TENSORS il
quanl escoble by 8 set of dues miinn A0l . cvrd Ara
T —— ‘ _ } M‘“‘k
" ‘ c:«:wamwhm K s called 3 durd S Compe
 Mnpoaenls | ’ . ‘ mmu'
ansform under changes of T coordinale sysiem according o

Amap “ (-.ln)lplAul

where A map e the components of 3 quast
mgkurmn:htmzh*uuol K and the ith - axss of K
The inverse traasformation law of equation (1) expressiag de ©
system K i@ terms of its compooents i the sysiem K ©

qmaxcww 3y R k‘ wd g, u““.
(Slmllb.ﬁ' Lo and Lyy)
Wo‘h‘ﬁd“u.

“

At * lailaylpnAany
sice LlailajlprAmap e..:.,t,.u..l.‘l..A.u)
" (l-.lm)(l.,l..)ll,.l.-)A...
= (8,8, s80i) A
« B, 8;5(8urAisi)
« 8ie(8,sAcsn)

. 660Al‘l . Ac,l

Equation (2) can be wnitiea equivalently a3

Aasp ® Limljalaphijn
Note that equation (2) represents components of the form
Am.Awa.Aw., A, K
EXAMPLE (14)  Prove that if A,, B, sad C, sre (hree first ordes |
prodoct A B, Cy (4,)j .k = 1,2,.3) ﬂ‘"w.
AB,C,(v,) = 1,2,3) lorms liest order lensor
SOLUTION: Let Diye = A,B,Cy
ihmwthnwwpmumu Diyn (0.3.k = 1,2.)) wethe
r__Q.“ we the components of a first order tensor
iswh..B,.C. are furst order tensors |, ew equations of sansformations B¢ \
: RE e
Ba=¢,,8, | O

paw N

C, = 0o Ci

|




T L _’ﬁ
" *
&y ;,_?'{-3._1;«54“‘3.
Y el ' DL
: T'ﬂ;'(" -,‘l"‘_5 "A‘ ]‘
. W T ad (5)
., ig
i ; ’ g .
s I SIRE A ]
_'ol.' e (6)
Ao e
P31
T . thal I N A “ : ‘ y e '»h’ ﬁ(_}rynpr,ﬂ(nlj Ofl lhlfd Qfdtf ——
.-“Ril 4
2o B 8100 (£} we have
e, ‘f' o . A
— faila I! D ‘e
e ” Lot 5e D = LmiDij

ofme it Dj; = AiB;C; are the components of a first order tensor .

#M(110) Prove that the slternating symbol €y is® Cartesian tensor of rank 3.

o e . ‘
' ’ Let €« '.nd6,,,bemccanpommofmc-hcmﬂhgmnbo!mthcsyﬂmi(
wpectively . Then
a8 el el Suls =t
Xe, ® €,, €)X€y T €1, ' ) )
(1
: ’ . -~ . P ~ ~ a v
)"j -:| £y i;| - 2. C.lt, - g3
ydefimition of the Mernating symbol we can write equations (1) as
x€i. e ¢
S Ir - £
Mg de i @
:-v.';a. e ° 4
1 .J.2. 9,87 b:2.9)
4 A -~ 5, therefore
- « L, x®h e ’
ty = 0yt ; lqi%)» amd !
‘v'X . :;y‘ ]l €y g A
' o o 4 4 e, Xt Cx
s aCiakiiaied S
' ' (3)
e ; '
‘ ‘f'l' (?l,z .‘.‘.,.
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VECTOR AND TENSOR ANALYSIS

NOTE: Given the components of a tensor of order n in the coordinate system K, we can use equati

o dctcnnme its components in another rectangular coordinate system K . In particular |, if a
components of a tensor vanish in one coordinate system , they also vanish in any other coordinate syste

718  ALGEBRA OF TENSORS
ADDITION OF TENSORS

The sum of two or more tensors of the same rank is the tensor whose components are equal ¢
sum of the corresponding components of the individual tensors. Note that the tensors. of different r:
cannot be added . Also addition of tensors is commutative and associative .

SUBTRACTION OF TENSORS

The difference of two tensors of the same rank is also a tensor whose components are equal (o |
difference of the corresponding components of the two tensors . Note that subtraction of tensors
different orders is not defined .

EXAMPLE (15): If Aj'u and Bjy aretensors of rank 2, prove that
Q) Ciu = Ajxt+Bju
(i) Dix = Aju—-Bjux

are also tensors of rank 2.

SOLUTION: (i) Since Ajyx and Bjy are the second order tensors , their equations c
transformation from the system K to K are
Amn = lnjlacAjk (1)
/ (2)

B'mn = LmjlnkBjk
Adding equations (1) and (2) we get

A'mn*'B'mn 4 (mjtnk(Ajk+Bjk)
L%

| (3)
where Comn = A'rnn +B ma
Equation(3)shows that Cjx = Ajxk +Bjx Is also a tensor of rank 2 .
(ii) Subtracting equation (1) from equation (2) , we obtain

A,mﬂ“B'mn .5 [mjlnk(Ajk‘Bjk)
(4)
or D'mn " (mjlnijk
thrc D“mﬂ= A.mn—B mn
~B tensor of rank 2 .
ion (4) it is clear that Dix ™ A)k Bjk isa e

5 5l £ der tensor . In g

ATt 3 order tensors is & second or
<, h difference ) of | two second
m;mmthalﬂ)esmn(or forder 1 is another tensor of order n.

'ﬂwm(o-rdiﬂ'm)oftwotcnsorso



CARTED A

MULTIPLICATIQN OF A TENSOR BY A SCALAR i
bl < Dhaieng s ;  tengor of amne
The multiplication of a tensor of any rank by a scalay yiclds another repsor ,‘(ll"): wr

o b ; : _ v & patalead ‘der tensor , then
EXAMPLE (16): Prove thatif ¢ isascalar and Ajj isasecond order ( '

Cij = ¢ Ajj isalso a second order tensor .

SOLUTION: Since A jj isasecond order tensor , its equation 'df ransformation froin t

KoK is
A'm=tm,(n,A.J (h
Muliplying equation (1) by the scalar ¢ , we get
?A'mn " (milnj (‘Aij)
or C'mn’-lm,(njC”‘ (2)
where C‘,,m = ¢A'mn
Equation (2) shows that C ij ™ ®Aj; isalsoasecond order tensor .

[n general , multiplication ef a tensor of order n by a scalar gives another tensor of order n ,

( OUTER ) MULTIPLICATION OF TENSORS -

The product of two of more tensors s the tensor whose components are the prod

components of the given tensors . The order of a tensor product s clearly the sum of the ord
given tensors . . :

rsofrank 3 and 2 resp
prove that C”km. = Allemn lSlBOIlcnSOTOanks. .
SOLUTION: Since A ijk and B

EXAMPLE (17): If A ijx and B 4 are two Cartesian tenso

mn are tensors | their tquations of transfi

systems K to K are
Apqr = ’P'IQJ("‘AU’*
Bs, = lsmlinBpm,
Muluplying equations (1) and (2), we gel

ApqrBsi = (pnldj(rklsmllnAujkan

where C'pq(sl - A'pg’B‘SI
which shows that Cjypn, = AiicB
rapk 3+2 = 3,

NOTE: (i) The tensor multiplicatiop i 10N ~ commygag;
* v

ma Called the gypey product of A
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" :TRACE EassRy “3s (Ll s b
;219 CONTRAL QN OE T L RS
2 ’:;:‘;::’——-_—’—- 1 Ay \-*"*~.
g? - l#;,.;.:ccruﬂl‘-g Nmmﬁ'mtm;g;ég}f , 'w» B
: g =1 iV \,m o1 s e i _"‘* S
E  oatraction . For cxample , the threz posss & - _&?‘: m - .
: and A
L CONTRACTION THEOREM

¢ , ctio oroforder o (n2 ) lea '
THEOREM (7.11): The contraction of a teasor ol (a2i) d“““wm.-‘(

PROOF: We prove this theorem for n =3 1e frtheteasarA R

’ . IS 3 120S0 ; cfore |
By hypotheses , A jji Is 3 tensor of order 3 . Ther

Apar = LpilajlicAije W
Let us contract wr.l. | and k. Place the corresponding indices § and ¢ equal 10 each oher i

this index . Then

-

LpilgjlqrAijk

Apgqg

LoidjAijx = ¢piAij)
which shows that B; = Aj;; is a tensor of rank | l.e. & veclor .

NOTE: (i) We Yave seen that contraction can be applied to a tensor 'of Hak 1o ‘@" I
| i) - We kno'w that contraction of & teasor of ordef' n (6 272) teads’ i > de p
tensor of order (n - 2 ) can then be contracted again ( provided thain 2 4), l""“ ¥ lm Ml
and so on ; until we obtain a tensor of order less than .2 . In fact, repe | 1

order n cvcntually gives a scalar if n is even and a vector if n 1s0dd.

720 (INNER) MULTIFLICATION OF 1_";-:N50RS

¢ iR
The Proccss of multipl & lication ) md then wpmﬂ i ¥
iplying tensqrs ( outer ,‘},‘,‘{.‘“R.ﬁ“ A resull is SRS

Indices bclongmg to different factors is called ‘inner mulup cation of ¢
of the given tensors | the wnel product

i L o

Far example the expression A B,k 15

Imilarly A B, is the ianer product of two vectors A and B,

- PLE(]S), [( Aijx and B 5, are two tensors of rank 3 IIIJ .3’
r of rauk 4!

1
: » :aﬁ 0
Since A and B g, are tensors , et “‘w

their inner product A |jxBia is0tensd
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VECTOS
Since th
true onl
or
showns
iefn-) ...f“\n.‘jn(‘(k
é.‘ ,ﬁxc(r"k }
1 , . - arbity
Nf}\ﬂr(‘*ﬁt A‘B‘ Of!‘WO VCCIOI'S A| md Bj(l.c. A :u'}d B) \53“[50[0(
- ol o %
s easen A: D is called the calar or dot product of A 20d B - 12
g Sl vty ‘ . . .\
un‘u\n‘\ﬂON "
md Bj i, i are two tensors of ank m and D respectively , heo any of i
s 1 teser of rank m+n-2. ‘
e Al
WTNT THEOREM £ o
:’-“.&\; of this theorem we cab decide whether a quantity representable by a multi - suffix S Fo
bR ] L 4f
Tt T - i
f ok -4t lniaper product of a quantity X with a0 arbitrary teasor is itsell 8 tenso™ - T
of 1 ¥ 7 Bea X is alsea temsor . e
b Tofhustrate this theorem we consider the folowing example ‘ i
- 3 , that the
A1) B is » vector where B lssn arbitrary yector , 1heP prove
= -y .
e P 25T aset Ay is also s temsor of rank 2.
gt ¢ , ' ' e
‘J' E‘\f“_A * ' . B C mdAPQ' q-cP
;[,SJS A *-‘,-*‘\ |,Bj’V93A9quMA",  Chat.
iy bl
i se1 and the two vectors D the systems K and K respectY ly
" ,'i' & ‘k\“v‘f "
28y * e .
. - ()
@™
)
(1) @
fy))
i
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: R AND TENSOR ANALYs
IS

Sinc
e the vector BJ is arb; 423
| true only whe ; »the vector B/, ; '
; n q 15 3‘50 a]b][_rary 50 Lhﬂl 1’3 3 0
j A.p ; q and the abgve relation is
r, 1"TpilqjAi5= 9
or
: qu i [p|l iAij
. showmgthanhgz_mmxm A
! 1) 1S atensor of rank 2
GENERALIZA’HON
i Ailil g O B;
'mJyiq- Jyjq---j. isatensor of
v i Iy 1dgeig roforder m, where B; . is
trary or of order p » then prove that Aol - T
St 1 B is a tensor of order m + n
7.22 S
i YMMETRICANDANTI SYMMETRIC TENSORS
A tensor ¢ ic i
_ A';'z""j'n Bsaldtobcsymmcmcmapai:ofindiccs iy and i, (cay)if
: Ainiz"';innAiail""in (1)

while it is said to be anti — symmetric in the indices i, and j, if

A'l‘: ﬂ=—Ai1il"'in ) @)
A tensor is said to be symmetric ( anti — symmetric ) if it is symmetric ( anti — symmetric ) in all possible
pairs of indices . Symmctnc and anti — symm@tric tensors occur frequently in mathematics and physics .
For example , the interia tensor , the stress tensor , the straim tensor and the rate of strain tensor are all
symmetric , while the spin tensor is an example of an anti — symmetric tensor .

. THEOREM (;7.13): Prove that the Kronecker tensor &;; is a second order symmelric tensor and
the alternating tensor €jji is 8 third order anti — symmetric teasor.
: : 23 A e B = 5 o

PROOF: Wehave &ij =¢€i-¢j = &j-Ci ji

which shows that 5ijjisa symmetric tensor .

iy . =__€. .=_€kji
Also, €ijk €jik ikj
is ab ann-—symmcmc tensor .

e

which shows that €ijk

‘ matrix in the form
? etric second order 1€nsor Ajj cap be written as 3

i NOTE: A symiD S

2\ R TR A HJ

% [A'J] K Ay B

2 a matrix of the form

cond order tensor has

0 An An}
A

- = A 0 n
[Aii] [ g

-An -nDn

: tric s
while an antl — symmne

an anti — symmetric

while
dent components , o
der tensor bas ooy 6 indepen O et e
symnmric second OF R e components Also in an s
Thus 2 basonlYJmcpm =—A“0r2A“’omA“

e all 2€70 - [Aii
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724 FUNDAMENTAL PROPERTY OF TENSOR EQUATIONS

THEOREM T 18) {ens -
P OREUREM (0K A leas e which holds in ope Coardinag
N &

coordinate system ie the form of a tensoy equation
A e

rectang ' coordinate System .
PROOF: We prove thi; Jopenty for the sumple tensor cquation
L..v &\ét - k‘li
} tans & QUALI . ‘
be a tensor equation where A B, C 1 & Tepresent the Components of
O ihe thies
system K . We will prove that c«,uanon (1) bas the same form iy Another ¢

Muliplying both sides of equation (1) with Emjlax, wegel

fm_‘[nkAjBuk . [mjfn\lfjl
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; A &
L - lailsjlpk® ) K
i !_Hlﬁ‘,{:,‘*.’.-”f.;!p\*lm)[nl[pl"'lml(n)lp)"lﬂnlnl»lpl"lnl!nllpl
luy Ca) lpy |

& i of suffives

gn,and p

= [m} {n] l,]
lay a3 I

], n™ 1

)

m,n,p uecqual,Lbedetc:mhnm(Z)hastwoeqhalcohnmxsandbcnccvanishcs.

If the values of m,n, and p are in cyclic order
Since the interchange of any
p are in an

can take only the values 1,2 or .

,and p = 3,thedctaminantmhccstotbevahe].
d\erefaciftbevﬂucsof m,n, and

{cohmns in 3 determinant changes its sign ,
Q{mmdfg(u’)m B 2,“' "MP’ J,mmledeleffninﬂﬁibisthﬂNC-}. ;
! : : BTN N e
. Lkt following are the combinations of values of m, 1, and p for which the valve of the detérminant 1
RTOVvan o b
4
: &
Oflw C_Yt“c Order Ami-qﬂicordcr
A ,"m'l,n-l.p"l g 2.8 = 1p=3
lne2a=3,p"1 “"1-“'3-9“2
:hﬁvd]w:m-l.'\-l.t"l m=3,n"2,p"|
%'W.YCIMdercmbhﬂio!o(vak)dOf m,n, and P"b‘“h"mﬁh‘ddﬂmi-“‘mm":c“ha
l‘(-\ Thss it follows that , for all possible vatues of m. 0. and p , the determinant bas the same .
W 1 B €may "
e A',“u,* €Emny : { th i Gl ’
M"{ b Lo a8 oation of aXes the tensor law s satisfied and each one of the 5S¢ ,
X thows that under 2 T - _
[‘,gtﬂ‘u ok L et Flenee . 1% is an isotropic 1ens of order 3 . Note that the only |
N €,y transform MO tsell . - 2
4" tensors of order 3 1€ scalar multiples of €1xm-
- ISOTROPIC TENSORS OF HIGHER ORDER : b components A i)k can be
2 Simitarly | § he 4 that any fourth orde isogopic tenser Wit o
: Similarly  tcan t prove ’
Mted ag 2 sum of the products of delta tensor 0 okl :
A.,;,-\5”-5“;,,5,,5'”*065,5n :
“‘Th ik 4
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VECTOR AND TENSOR ANALYSIS

7.26 427

TENSOR CALCULUS

DIFFERENTIATION OF TENSORS

THEOREM (7.19): If A,
]

I, «iea | Is & ten
" * sor of order n, then its partial derivative w.r.(. x p

i.e =3 A
¥ 3 31, Iy1y -1, 15 also a tensor of order n+1 .
PROOF:
The law of transformation for the given tensor is
By oo B0 et
]|J) Jﬂ lJI'l[}2'2""ljninAiliz""'in (l)

where all th : :
¢ symbols bave the usual meanings . Differentiating both sides of equation (1) wrt x we get
- R

ey £ i ey vy Oy dxp’
.. %' Fyla 3y J,l,fj,lz ------ lln'n 3x Ai,i,---in _,'Ewhcrc p is dummy .
= - Ay 0%k
s = ’
Also we know that xx = LxpXxp oOF Xp = LgpXxi
. 0 x
so that —E = lxp
5 0%k
$ : 0
v Heatet 5 Ao ond ™ s & 1 T .
X Iv)a Jn [Jl'l""'(Jn'n Lxp apr‘l' el (2)
:- , d
. which shows that —— A i. .....i. isatepsoroforder n+1].
% aXp i | o
NOTE: (i) If the partial derivative of Ai,i,-u-i w.rl xp is denoted by Aj; i' cous f , then
o n 112 n,p

= “‘J AmadXp = I(lmi{ninj)lPkdx‘ * Lmilsj
-

E - equation (2) can be written in the form

E- . Aj"""jn,kﬂljli;""'(jninlkpAil"' (3)

in,p

Differentiating both sides of equation (3) w.r.L. X m We can show

Ajdg o winkm ljlil""'ljninlkp("‘in|"""n,nq

. i a] . |
:- (whcrcA.‘. .‘n'pq=———~——-—axqapri ""in) which shows that A i ..i ¢ is a tensor of
g order n + 2

R (i1) If & isascalar,then —— of ¢ ; isatensor of order 1 1.e. a vector
-':' . 3 X3 .

[NTEGRATION OF TENSORS |

ig dinate direction yields a tensor of one order higher

Integration of a tensor with respect to the coor
traction . For example,

Epx (JAnjdH) and thus (JA”‘dn)

) is a contraction of ( jA;jdx,) and is

unless integration is combined with a cop

-

is a tensor of order 3. However ( j Ajjdx;j

thus of order | ie. opec less than A . Integration O
surface , can be shown 10 yield a tensor of the same order .

ume or
f a tensor w.r.L a scalar , for example vO!
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