ORDINATES

CURVILINEAR Cco
)
quaring &9 zuations (1) and (2) and adding , We get
2
X'ty =r(cos g+sin’8) =T :
of - *in'+ y! {since T is positive )
Dividing equation (2) by equation (1), we get
y Bl 8
x rcosB
5 (5)
or §=un "

. : : eian coordinates arc.
Hence , the equations expressing the cylinderical polar coordinates 1n terms of Carte£ian

TP, =i, 2=z (6)

NOTE: For points on the z-axis ( x=0,y=0),0is indeterminate . Such points are called singular
points of the transformation .

EXAMPLE (2): If r,8,z are cylinderical polar coordinates , describe each of the following leci
and write the equation of each locus In rectangular coordinates :

) g @ 0=3 gin z=3

)  E=3, n—l M r=4,2=0 (i) r=2,8=%
SOLUTION: In cylinderical coordinates , x = r'cosﬂ, y=rsinf, z=32

r=\f?+_y), B=tan"%, z."z
() g

Heic 1 is fixed while 8 and z vary. We can write the given equation as

\]x’w“yi -4

or x'+y? = 16

¢. the given equation represents i i
a cylinder with axis as th i
€ Z-axis and radius 4

i 8 =

This implies x = 0 i.c. the given equation represents the yz—{ihne\\fhetg 5
e y zﬁ
- (in) z =) ¢
Here 2 is fixed while r and 6 vary. The gwen equation l‘epresgnmif
dstance 3 cans from the ctivin :



:‘ RAHALYBI
. yECTOR A;mst : -
p r —";t ::
;V e Wrs “ 2 5 o —
(Iv) 3 | | e b . ' |
}e 1e only T varies We can wiie R 1
4 0
~ Hcrcemdzucfcdwhlc
-8 ‘
5. = —I\:l.. - L. of - = un} j‘} A :
3 an 3} X i ‘
| 3 2 = |
4 : \jix‘ "\' - ‘ﬁl UxU.CPu:JC 71 = | wh&e 128
. . ‘
L.¢. the giveD equations rcprcscnustrughl ine ¥
. o = 0 :z s
o (V) i e A :
: ] ' wrie [ as
{ Hc:crmdzartﬁxodwhdconlyenncs.Wcun
~ \in+yi-4 o:x+y=l6. = 0 - s - W
: - : o the 1y -pes .
- i.c. the given equations rcpre.scm a circle with centr® al the Ong radius ;:”
= _ Y _n :
= - (vi) o, B "
o - - - | ; "
£ chcrmdeamﬁxedwbilconlyzvanes,Wemumu; 2 8s
\JX 4‘\/i -2 of xl,.l = 4 : m
| ? The o0
st : wn ' > o !  n of y*= —Lx
- 2s = g = ca A
an 6 6 X 6 \ﬁ : Ji R &
‘°m‘9‘m°qm°m'°?‘m‘wﬁupuﬂummzm-m_ 2 ool
; ! ' : i
fcrsccnoaofmccuclcx +y ! = 4 and the swaight line ¥ = Jil. e
RDBNATESYSTEM

6.15 UNIT VECTORS IN CYLINDERICAL COO

Theposmonvwmofmypoxm P m
cylinderical polar coordinates is
R = xi+y’j\+z§
= rcoseifrs'mefj\f'za
The lm.gcnt vectors in the diurections of r, 9, and 2
respectively , are given by

" cosehs;ng'j

38 = -TSBivrcosd)

Ors in these directions of r & and 2 e given by

3 -
e, -
b 2 Ak L
y AR



_—

:E -l T A IR o<
| ﬁ M-mewsmﬁj 4!
3 ar

3.3 __rs-mgl';ucose' BN Y (2)

(3)

ix notation eqmimﬁ(l),(‘l),md (3) can be written as

: A

: cs@ sin® O .
ey :
A 1ol a0 cos® O j
~

k

ty
0 0 1

4)

(5)

ey |2 J(ram®) + (1 8) ®

—

s, / e -
- sin’ @ + cos
2 (7

et e
wht".'qﬂ!n-_ h, =h, =1, h’,h.sr.

that
In eylinderical polar coordinates , sho¥

A

der _ ¢
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A
2 Ay
. . f"‘ :’ ¥
' . » - A ‘ /(5. a A A Dl
? \ - i 0 1 & ~ AT F
) 0 i o 8 - .,‘4 - - :
N
-
s »
A | 2ea : 3 : .
e B : ; Jes _,
:1 2 O L) T & ] b - & - )
: ] /
’
y .
. -
2 8 a
. i) AT de
5 - 1 - n »y»d-x = A
2 Y ’ 0
s 3 -
X Az

THEORYE . 7 : I
IFOREM (&.1) Frove that in cyllnderical polar coordinates

i

" N » ol =° - - 0
d(.f .9‘ dttg .Jcl'$ : 2

A 2 » £ 4 “
PROOF Weknowthat ¢, = cosOi+sinBj, eg~ -smBi*eom?)
": A
\‘:\ def BA . ,“ ‘ "‘!__1 p
Then ”s..-di,t"—;z*cmB?J-(.-szf.f:‘.":r»s“j_,),., )2 s

" i < i- osBissm®) )5, * ’
{(‘g -\I‘S(d‘l sméd! ; :
. dar =
ead -:5-{ -'"’—k- O
— \“*: a dl

IRTHOGON ALITY OF CYLINDERICAL COORDINATE SYSTEM
L MUY A

.10 | " |
: : Yinderical polar coomamates are
We know that the unit vectors W cyiie o ’ : :
i ' i . e ) C“;"'-” 81 and ¢, *
; o caOli+in@), Og = ~%OV! 08 ).
7 . :
: ’ & ; = B 3
i +3in 0 j ~sin0i+cosh
. 2 - (c:sel*smﬁ')).{ sm O ) )
Then es-%@ ‘ e
- accsesing*smecm?) - 0
- o (,’- .
R (—sinai*ccse)).‘_r_)
ep-%12 : . (, e
. Vs k - , )
. cl-(ccsez*smejj. X )
. Aoy s ¢ -farr .v»y'y‘-_;,.’. sl
E ) 7 ,’.J e Cermeitl 3 ','/
= . ;, are mutually perpendicuiar and
"’(0‘614‘:91 |
AN : ' : sy
yiiig J VECTORS TN CYLINDE]
NG UNIT VEC
El l\ﬂONS S AMONG '
g e {orq!inderkl?:'_mrﬂém?- system
: )‘Q,‘ (6.‘]- Prove that i« : ;
T1‘FOR 4 - A o 8 - P » = |
gx. By ™ 950 1+ %1
y" L
A - - - (: =3
. :
;,xcf-egxto" 1 1 ’ '
» A . # .
" ':a - :'. CQIQ‘ - C', 't‘E' :. :
€y A ; A i"’.“i
Y LEERS A

A ',
ey a.mcoivmO), €90
, khow that &5 L
We ey

i 4+ 31D 8 ‘ cLs C} P g : = 098 : q 5 ’_;" .
{ B i ’. j ) - ( > i g , } 5 5
Lt | 1‘{ g

/

. ,
et A
!’.g ""{‘
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-
-
i
.
- o ‘7
¥ b
L8 ' '
- : ' t'8+sin"0)k =k = ¢
o | - - d i
.
3 : -
- s e + S & v - 4 -
S0 ) +0k " cm b M) * e,
-
l - - A
T , || “~n@i+cosB | +0k = ~gin@ |+ 8 :
O30 | 9 "BV iI*CsOo ) -
% 0 | s
@
. 0

TORS™N TERMS OF CYLINDERI CAL UNIT VEC

TORS

A

¢
i

In mavi notation , equations (4], (3), and (6) can be wiitlen a

i O

a B H

£ Ay
o Oy A U ad cuation 10 s B Y (‘)
Ve 1EY s il Qen add i,
: ' ' =g . we g
TR *_:.“::_.’.‘)"k’ullt’;'a o

.

-~ $i) © v "

~

¢ ‘( "-;l H »

S s




A A " e, 3.8 ;
T ry t‘flk A b A F g ; E\
R —smece)*”me(““6"”“”9“)*1%

= Cose(cosecl
r +(_rwsg,me+rsmecose)¢.*zc,

,(ws’a+sm’e)c:

A A

fc;+ze1.

<70 RELATIONSHIPS BETWEEN
OF A VECIOR
A vector A inrecxmguhrCAmimcompoawu IS wrillen as

A 1)
P'A;l*Az]*Ak {

il

CARTESIAN AND CYLINDERICAL com(

B

Subsumnngmcvalucsofx ) k mtcrmsofe,,ce.c;.wcsd

A = A.(cosBe,—smBeg)-l-A,(smGe; *‘505030

- (A.cos6+A,sme)e,+(-A.sm6+A,co:s6)ea*A;ex

)+A,:,

Bu;incylindedcal»componcms,w'ehavc
ey o A A |

X A > [‘-(C["‘ABCB"’A;C; '
Companng coefficients , we get 4‘
A( i A{CO;B‘*’A;S&DO

: Ag =—-A,;sinB+A;cos6
Ay = A, ' :
In matrix notation , equations (2) cap be written as

Ar cose sinB 0 Al
Ag | =|-sinb® cos® 0 A,
Ag 0 0 1 A,

; Similarly , the vector A in cylinderical components can be writiea as

:\ a A A
. A A c,+Agce+Azcl

A

ubstinuting the values of ¢, te,t: Widaal T L e

A= A ((cos87+sin8])+Ag(-sinB}+cos
- (A,oosB—AesmG)i-r(A.smG*A

;IIWA'A|t+A]*Akmm'

Ay = A!mﬁ"‘a\.ﬁnﬁ R
A= Asin®+Agcos



£l
B .’”'ﬁ’! fq ,,’, o
TATYS

s (§) can be writlen s

G : r:ut}:f‘t‘;la' :
W 0s@ -—sin® 0 Ay
:‘ ' 1dnb cos?P 0 Ae
o 0 0 1JLaA,; %)
1 EXPRESSIONS FOU ARC LENGTH , AREA , AND VOLUMY, g1 51
; CYLINDERI(‘AL POLAR COORDINATES EITS Iy

n oylinderical polar cmrdu!a!n . we have

u‘-r. 0739, U)‘:l, h|"l, h}‘ﬂr' h)"l

ARC LENGTH ELEMENT

In orthogona! curvilinear coordinates , the element of &rc length is deswrmined from
(ds} = hy(du, Y abl(du,) +b)(du,)

}gyﬁrﬂmalpohcond nates , this becomes

(dsY = (P (dr P +(r ¥ (48 + (Y (dz) = (dry +r'(46) +(dzY

ALTERNATIVE METHOD

In cylinderical polar coordinates , x = rcos®, y=rsmB, 212

Lol S R e e R R L

o0x d
dl"a“rdr a;dQ-candr—rsmﬂdB
&y dy
d?"s‘dv*-'a';dﬂ - sinBdr+rcosBdb
dz=4d,

de’ = (dx)? ‘(dy) *(dl)
" (cos0dr-rsin0d0)’ *(smedrﬂcaﬂ)dﬂ) (dz)’

* (s’ 0+ 5in?8)(dr) +(r sin’ 041" con 1)(46)’

mgd,dn&)”mﬂrmﬂdrdﬂﬂdl’)'

~-2rsinB
" (dr)?'sr7(d0) s (d2)]
AREA BLywmENT

Ve kno 4 are
’ dinates
¥ that the elements of area in orthogonal curvilinear OO

B LY duy
hahydy ydu,, dA; ™ N hydu,du) and A

M""""" mates | these becomes
TUr)404, = rd0d2

UM drdz - drda

: LL““MB - rdrde




A
ND TENSOR ANALYSIS
ATR!

rical polar coordinates , this becomes

1V "’(l)(r)(l)drdedz - rdrddeu

EXPRESSION
We know that e JACOBIAN IN CYLINDERICAL pOLAR COORDINATES
the Jacobian in orthogonal curvilinear coordinates u,, U,

X y: Z :
] = J| ———— | =
(u“uz.u))*hlhzh)

Jen i
cal cgordmat'es hl =1,

u, is piven by

X,Y,Z
iy ’(, 0, z)""(‘)(')(l)=r

G 8.0 |
 EXPRESSIONSFOR 57, 370 5, IN CYLINDERICAL COORDINATES

3
We know that x = rcos@, y = rsin®, z =2 and T \REY, 0" tr\n"(';().’" .

o4 g v =-rc039' 0
PR 0
or b _1sin@ '-B
3y TS : sin 0 ,
ar
0z 0
_a___@_ -Tz'—'}’ LS:_\I;__B___M
Ry r i
20 X ='rcosG.:_cosE)
ay’x”f)’ r A
L
dz 3
dz dz ¢z .
e oy g
hain rule , W€ have ,
w by the © S o g, 01 9 sn8 2, .2
d ~_Q._——r-—...---""""""4'--"'""' - Cosea ot WK, an ( ‘(71
=5 pe 8 DAANERE ' >
G 9 $nB 0 ()
« cosB3. % b B0
& g cost d
2 ,.?,Q-'-»r—?-?"*.'é’z'ay o nigy 1 00’(0)01

cos® 0 )

- sin83.* ¢ 00

) 9 20,0 9. (0)—-+(0)ae+(\)

a 2 &) 3

a . . ““ FTRE o X
4 (3) are the required expressions in terms of cyltndencn! polar coordin 30
(2),20



-TOR AND TENSOR ANALYSIS

‘ylinderical polar coordinates , this becomes

dV =(1)(r)(1)drd8dz = rdrdBdz

2 X ; s
EXPRESSION FOR JACOBIAN IN CYLINDERICAL POLAR COORDINATES
We know that the Jacobian in orthogonal curvilinesr coordinates :

j = gt
ul*“l-us _hthhI

cylinderical coordinates h, = |

X,Y,Z
here fore J(r,e,z)s (1)(r)(1) =r.

P
Vo LY

\
8]

. hlﬂrl h)=]?-ndu-1=r) "_}_=-3 _ -:::7

a -
23, EXPRESSIONS FOR =, ==, == IN CYLINDERICAL COORDINATES
A dx’ 3y’ 0z
We knowthat x = rcos®, y =rsinB,z=2z and 1= ¥X' *Y¥ 0=t | 7). 2™ 2
8¢ 2k _reos® o
Then 3 Vo) 5 :
or Y =rsine=sine
3)” X +y r ;
ar
dz ; :
a8 Y =___rsinB_'_s
3x xT+y r r
38 X rc059=c036
5';’;’77 r r
z ] -
Q__z__o .a-—z-gO' ?—z;:l]
3 #i:

g sw® 3, 4,9
a E—QL+-@‘Q'9'+‘56;_6'—Z; = Cosear‘ r ae {O)az
& e e p sin® 2 4
= poa Lty 0
g cos8 O g
9 __@__@L+_<‘:>_@_9+_§3_z§_§ - sm85,* "y g8 | oz
e ey g  cos® 0 @



