CURVILINEAR COORBINATES
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TOR AND TENSOR ANALYSIS

RECTANGUI.AR CARTESIAN COORDINATES
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In rectangular Cartesian *
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© system, the unit vectors are denoted by . ;. and &
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position vector r in this system is given by r = xi+yj+zk
he scale factors are given by
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. the rectangular Cartesian coordinate system is a particular case of an orthogonsl curvilinesr
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COORDINATE SURFACES

In rectangular Cartesian coordinate system , the coordinate surfaces are :

If x is held constant while y and z vary, then the equation x = C, represents 2 plane paralle]
to the yz—plane as shown in figure [6.6 (a)] .

If y is held constant while x and z vary, then the equation y = C; represents a plane paralic]
to the zx—plane as shown in figure [6.6 (b)] .

If z is held constant while x and y vary, then the equation z = C; represents 2 plane paralie]
to the xy—plane as shown in figure [6.6 (c)].

. the coordinate surfaces are mutually orthogonal in the sense that any two of them intersect at right
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faces

i it - _ each point in this system is the intersection of the three coordinate sur
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! If y snd 2 are fixed wh‘\lc X vnlr; x._coordimtc I line) .
line paraliel to the X = X3 called the 1.coordinale
] ' ies , then hne
W I xand 2 oare fixed while y varnes, 2 {
\ 4 - .
the ltersection of x = ) andz=Cy 8
a straight line parallel to the y - AXIS called g
the y - coordinate curve (or line) . > .
() 1f x and y are fixed while z varies , then
the intersectionof x = C,and y = Ca I8 &
a straight line parallel to the z - axis called 0 7 "y
the 2 - coordinate curve (or line) . x-coordinale
Thus the coordinate curves of the rectangular fine .
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Cartesian coordinate systern are the straight lines-
passing through the point P as shown in figure (6.7).

6.10  EXPRESSIONS FOR ARC LENGTH , AREA , AND VOLUME ELEMI
RECTANGULAR CARTESIAN COORDINATES

We know that for rectangular Cartesian coordinates |
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ARC LENGTH ELEMENT

In orthogonal curvilinear coordinate system
the element of arc length is determined from .
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AREA ELEMENT
We know thit the elements of area i g, ortho
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In rectangular Cartesian coordinates , these become :
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EXPRESSION FOR GRADIENT

We know that in orthogonal curvilinear coordinates , we bhave
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EXPRESSION FOR DIVERGENCE
We know that in orthogonal curvilinear coordm:cs , we have
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INDERICAL POLAR COORDINATES
P{x,y, 1) be any point whose
the xy-plane is Riz.¥1. Then the
ordicates of P oare (r,0,2) 00
3;?*3:’)(00 and z = QP . From
o transformation  equations
;"':““!Uh! Cartesian coordinates in
1 polar toordinates are:
& (1)




OR AND TENSOR ANALYSIS

If r is held constant whi
' lindes & t while 8 and z vary, then the equation r = C represents a right cireulnr
cylmder of radi : _ EE
dius C, and axis along z-axis ( or z-axis if C,=0) as shown in figure | 6,10 (a) ].
If 8 ish :
eld constant while r and z vary, then. the equation 6 = C, represents a half plane

throu : ; '
gh the z—axis making an angle 8 with the xz — plane as shown in figure  6.10 (b) | -

i 2 u.hcld constant , while r and 0 vary, then'the equation z = C; represents 8 piane
pqpcndncglnr to z—axis as shown in figure [ 6.10 (c) ] .
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COORDINATE CURVES

The coordinate curves for cylinderical polar coordinate system are :

7/ 1f6 =d 2z are fixed while r vu'ies,thcntheintmectionof 9 =C,and z=0C, is a swmight
line called the r—oordinate curve or simply the r—curve .

) “ 1f r and 7z are fixed while 8 varies , then the intersection of t = C, 00 = T is a circle
/ (or point) called the 8—coordinate curve or simply the 8—curve . 11

i) J If r and O are fixed while z varics,lhen'the /,4__5\_. pourve
mzciscctionofr"’C'andB'Cz‘H' Q\
straight line called the z—coordinate curve Of —— I e
simply the z—curve .

hus the IM are straight lines radiating from and (“l "

mal to the ,—axis , the B-curves arc circles centered on
m‘ ’

o 7-axis and panncl to the xy-plane ; and the z—curves

re the straight Jmes parallel to the z—axis as shown in - K e
gure (6.11) - >
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We knOW that the equations €Xp
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ORDINATES

CURVILINEAR Cco
)
quaring &9 zuations (1) and (2) and adding , We get
2
X'ty =r(cos g+sin’8) =T :
of - *in'+ y! {since T is positive )
Dividing equation (2) by equation (1), we get
y Bl 8
x rcosB
5 (5)
or §=un "

. : : eian coordinates arc.
Hence , the equations expressing the cylinderical polar coordinates 1n terms of Carte£ian

TP, =i, 2=z (6)

NOTE: For points on the z-axis ( x=0,y=0),0is indeterminate . Such points are called singular
points of the transformation .

EXAMPLE (2): If r,8,z are cylinderical polar coordinates , describe each of the following leci
and write the equation of each locus In rectangular coordinates :

) g @ 0=3 gin z=3

)  E=3, n—l M r=4,2=0 (i) r=2,8=%
SOLUTION: In cylinderical coordinates , x = r'cosﬂ, y=rsinf, z=32

r=\f?+_y), B=tan"%, z."z
() g

Heic 1 is fixed while 8 and z vary. We can write the given equation as
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€ Z-axis and radius 4

i 8 =
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Here 2 is fixed while r and 6 vary. The gwen equation l‘epresgnmif
dstance 3 cans from the ctivin :
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6.15 UNIT VECTORS IN CYLINDERICAL COO
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cylinderical polar coordinates is
R = xi+y’j\+z§
= rcoseifrs'mefj\f'za
The lm.gcnt vectors in the diurections of r, 9, and 2
respectively , are given by
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