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'LE (5): H A ™ Ixy’i+2(x’y+y)j, evaluatejx.d? from (0,0)to(2,4)

0
slong the folowing paths C:
() the straight line y = 2x
(i) the parabola y = x’
{ii1) the line segment C, from (0,0) to (2,0) and then the line segment C,
from(2,0) to (2,4).
F1ON: Since integration is performed in the xy—plane , therefore dr =dx?+dy3\
v Ily
j;&? = j2xy1dx*2(x’y+yf‘ - (1) 1 (2.4)
o C : :
the peth C in each tase is shown in figure 5.9).
Along the straight line y =2 x , we have
2dx while x vanes from0to2.
B8 Iegral (1) becomes >
5) (0,0)} C, (2,0}
} jo 5 omg :
| jA.dy = I 2x(2x)’dx+2[x?(2x)+2x]2dx Figure (5.9)
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Along the paraboha ¥ = x!, wehave dy
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o 1(6!5*4‘1])d1 = !x'*x"o= 64 +16 = 80.
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this case we have ];d—; = Ix-d—'—+ I & <9y
: = C C

the curve consisting of the line segments C, and C».

X
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s IUGx’*Sx)dX = Jax*+ax’|g=64+16 = 80.
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= 2 x dx while x vanies from 0 to 2.
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ECTOR AND TENSOR ANALYSIS

Jlong the line segment C, v Y = 0, therefore dy = 0, while x varies from 0 to 2. Thus

2
j:{.d—r‘= J 0dx =0

C, x=0
\long the line segment C,, x = 2, therefore dx = 0 while y varies from 0 to 4.
4 4
jA.dr = J 2(4y+y)dy=J’IOydy35|y’|;=5(16)=80
C, y=0 0

——

From equation (2) , we get j A.dr = 0+80 = 80
: O

5 THEOREMS ON LINE INTEGRALS INDEPENDENT OF PATH
P,

THEOREM (5.1): Prove that a necessary and suflicient condition for J'-A.d—r- to be
P,

independent of the path joining any two points P, and P, (ie A to be

conservative ) in a given region is that § A.dr = 0 for all closed paths C

S
in the region .
PROOF: Let C be any simple closed curve , and let P, and P, be any two points on C as
shown in figure (5.10) . Then since by hypothesis, the integral is independent of the path

{ie ,‘; is conservative ), we have I A.dr = j A.dr
P,AP; P,BP,;

Reversing the direction of integration in the integral on the right , we have

a3 e
2 T . -
j A.dr ™ - I A.dr o
P‘AP) P)BP| / .
'or I X d: . J K . d_l" = { /’
P;Apz P!Bpl p‘ o A
L c
or A.d1 =1 Figure (5.10)
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Convcrscly,iféX.d:-O.lhcn J X.d?f J A.dr =0

C P.AP) P)BPI
or I A.dr - J A.dr =0
P|AP] PIBPI
§sedeg e o
P,AP, P\BP,

which shows that the line integral is independent of the path joining Py and P, as required .

SCALAR POTENTIAL FUNCTION

A scalar potential function ¢ is a single-valued function for which there exists a co

S 4’*»‘

vector field A in a simply connected region R that satisfies the relation A=V b.

J THEOREM (5.2):  Prove that a necessary and sufficient condition for I A.dr to b
&
of the path C joining any two points P, = (x,,y,,2 i and Pyl

(i.e. A to be conservative ) is that there exists a scalar functlon?

A = V¢, where ¢ issingle valued and has continuous partial d :

PROOF: Let A = V¢, then
Ps P,
]X dr = jX.d'F « jv«p dr
C P, P,
v
: pj. (5204225, 200) (auteayfeant)
Py

g Ny




5 A .dr beindependent of the path € jouning any two poas.

’ )andannlbkl”'m Py e (n,y,

Conversely , let
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From equatioas (1) and (2) , we have (VQ A ¢
Since %‘; s 2 wnit tangent vector and = 0 .Mefmeqmﬁoa(l)*‘“‘é Al
V- A=0 o A = V4§ Hence e theorem .
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Conversely . if 9 x A=0 . then
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EXAMPLE (6): Show that the vector field A = ttny+3)l staosy~a)i+ta-3k B
conservative . Hence find the scalar potential function § for whikh A = ¥V§.
SOLUTION: We know Bat & ecessary sand safficient condiion for & vector ficld A ® be
conservativeis VX A = 0
: \ . ¢
! .\ K
NO"V YX A = C 9 2
3x ay oz

Smy+2Z XCOSy-z X-Y

A A g, 2
= (=1+1)i+(1-=1))+(cosy-cosy)k = Q1 +{

Thus the vector field A is a conservative .
déa 30a 2 ; A A X

,_=V =—i$-:—'¢
LC( A ‘ ax C'\" 3

S7
-
-
—

Then 7 = smy +2
= Q)
By Xcosy-2
34 A
Ch gt

Integrating equations (1), (2), and (3}, we gt
$ = xsiny+xz+f(y,2)
$
3

These agree if we choose

xsiny—yz*g(x.z}

i

\

xz-yz+h(x,y) |
iy .20 ® =)¥ g(x,z) = x2, h{x,y) = xsm)

= S 1,,\1-}(‘
cothat ¢ < xsiny *+ X

where C is any constant.

. s A.dyrA a2
Show that a necessary and sulficient condition that A, dxtA0)

v THEOREM (5.4): : ; x\
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T
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A dz = dd = odxrg Y 3,9
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53  LINE INTEGRAL DEPENDENT ON PATH ( SAME END POINTS)

S ' g , ds not only on 1
We now show that the value of a line integral I A .dr ingeneral , depen Y

b ,
, e . k.| we integrat
points Py oand Py of the path C but also on the geometric shape of the path € 1.€. i b

Py to 1y along different paths , we in general , obtain different values of the integral .

EXAMPLE (4): If A =(+x'y)]+2x y j , evaluate _[ A.dr from (0,0) to (
e
along the following paths C ;
(1) the straight line from (0,0) to (1,1).
(1) the line segment C, from (0,0) to (1,0) and then the line segment

et (1.0 101,11,

(iih) the line segment C, from (0,0) to (0

» 1) and then the line segment
from (0,1) to (1,1).

SOLUTION: Since integration is performed in the xy-plane, therefore dr =dx i + d y f,

W
4
and 50 JA.(lr - J.(I}-.'<2y)dx+2xydy (n C
c C (0,1) o (1,1)
where the path C in each case is shown in figure (5.7) . C y =X
14
;  C
(i) . Along the straight line from (0,0)t0(1,1), ¢ ™2
y=x, dy= dx while x vatissfiom 0 to 1.
The line integral (1) becomes (0,0 e -
1 gral (1) bee ) c, (1.0
1 ] '
Figure (5.7
J dr = J[)+x'(x)]dx+2x(x)dx=‘[(]+2x7+x3)dx
1 0 0
T [ Bl
= e et B | - = T (B e—
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(ii) In this case we have
[7.07% | Ratui “
& : Cy C,

where C is the curve consisting of the line segments C. and C; as shown ip figure (s, i

Along the line segment C a0, 0) ol 8, pmi dy = O, while x varies from 0 10 1

iﬁv.;f:hepmhis J giir = j dx =)

~ The intepral (1) over &




