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A normal to thé surfoce ¢, = 4 s
Vg, = Bxyi+dx?jedzti
- ~8i44 12k st {1, ~1,2)
The two nonuals will he orthagonal, to. cuch ather.at the given.point, If V.41,V 43 = 0
e | (a=2)(=8)+(=2b)(d4)+t(12) =0 '

or -_-2n’4-b--"1 (N

Another cquml'on in n and b follows frorn the surface ¢, = 0 utthe glven polint,
e. | b=1, . (2)
Sulving equations (1) and (2), we find that a = = bt =]

-

™

PROP\LEMS ON THE DIVERGENCE

PROBLEM (17): . Determine the constant a so that V = (x+3})?+(y-21)]\-+(x+nz)a

Is solenoldal-.
[ ]

SOLUTION: A vector V s solenoidal if its diverggnce |y zoro;!Now

1ol 2 2
V.V ax(x+3y)+ay(y—2x)+az(x+nz) I+ 1+

Then _V.V' =g+2 =0 implies n = -2
------ Y T

v-l-

PROBLEM (IB) v 1f ¢ and y arescalar point functions, show that
V(¢Vw—wV¢)-¢V ELAA:

SOLUTION:- We know that

9. (4A)=¢(V.A)+A.VY )
Let A - ¥y In equation (1), we gt

T (bTy) = (V. TY)HTY T =V VY.V @)
Interchanging ¢ and y ylolds, |

P.(YTH) = YT oI Ty o

Subtracting equntlon (3) from equatlon (2) , we get
V(¢Vw)-V(WV¢)-¢Vu'-wV¢
or V. (pTy-yTe) =4V v - vyl

PROBLEM (1.9) A For a constnnt veclor A, show that V. [ ( AT ) T ] - .d( A.T)

sbwnoN B e e 0. (2. T I (AT
-3(7\..7)4-7.7\' [ since V(K.T:Il-;]
ARIg L g% 3
3 , |
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210 GHADIENT, orvxnc;chx mncmlb

o
L. j

i v ' B . St
PROBLEM(20)1 If A= A(xhy,2), showthat (dr.V)A =dA.
[ v

SOLUTION: Since A = A (X,y,z), therefore l
e R | : Sl
~ QA 8A DA
dA 'P'xdx*'oyd)""’oldl
|
by AR
- k'dx(’-‘x+dy0y+dzaz A
= L(dx?+dy?+dzﬁ) (—OQ;?+%?+§;Q)] A
[ - .
=(dr.v)A

LPROBLEM(IH: A=A T+, +A, R, thowthat V. X =VA, . T+7A, [+VA,.Kk

p T g}

4 = i
SOLUTION: ~ ~ Since A = A,T+A;]+A,k, therefore
A a G A a5 |
VoAl 0x+8y+Oz ‘ )
A aAl?

NOW VA|.’-
y

Simdlarly VA,.J =8N vk B

Thus oqumonk”booome.

VLA VA..i+VA,.j+VA,.Q

S| i R
_ (P/IIOBLEM 'IHZ)},: Provolhntnv.'[u'r;LL]-% [(r)y+1" (r).
.'\,_“___,-.«- o lr —
SOLUTION: v.[m—r)—'-] - v.[f—(rﬂ'r']

y U;ﬂ(s)+ ; lrf-;\ﬂf)]? " [ Theorem (4.2) ]
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VECTOR AND TENSOR ANALYSIS
L e
= 2(r)+ 1 (r)-71(r)
- 2r(ry+r'(n)

PéOBLEM (2}.)3 Show that

\ "“"(l) V.[r (_rl,)]_r_:‘, (i) v[%v(%)].r‘]‘ |

v
L
r r
(i) v [V(";T)] el e 5

SOLUTION; We have
0) V.[rv(r%)] = vl p(=3r=tr )] [usldgthoorem(u)]
' = ..?V.(r"—r.)
-__ﬁ(-‘s-“-z)r“ -;31 A[usi'ngthoorem(4.6)]

a v.[%v(})] - v.[-:- (-;-';)] [usin{theorem(a,z)]
- 9 T) |

= "("“'3)""}-1' ‘ [usingthoofrom(w)]

() Using theorem (4.6) , we have v.(-’-) - % , therefore

LG

T :
- 2177 BT | [ using theorem (4.2) ]

_j/ ~ PROBLEMS ON LAPLA
PROBLEM-(H):. Prove that V'(Tv) - ¢ v!? yv+12 v’ .V v+y v)*

SOLUTION; Vi dw)= V.V (dy)
“~ V.(4Vyryvey. o | /
= V.4V y)+V.(wTs) /

(V. Vy)+(V4).(Vy)sy(V.¢)+(7V)
OWW*'?"tb.Vq)ﬂva |

¥
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212 GRADIENT , DIVERGENCE , AND CURL

.‘lr. / ,'.‘
PROBLEM (25):  Show thay V' [ v. (Fr’ )] - ---2-1

" SOLUTION: Using theoremn (4,7) , we have
T . Lk
v.(p) - V.(r"?) = (=2+3)r" 1= T" , therefore

e 3] o) v
. - -2(=2+1)r"" [uilng theorem 4.8)]

3
T

PROBLEMS ON THE CURL "

PROBLEM (26): 1f A = x’y{ -2xz]+2yzk find VXVxA.

' SOLUTION:  We have
A A A .
1 J k ‘
VXA = S0 0 4 -(2x+2z)?—(x’+22)l’<\'
ax a-; dz 3
x’y. -2xz 2yz

- A ' )
VxVxA = Vx[(2x+2z)1~(x*+22)k]

i ) k
a 0 [%) Iy g
- — s — - (2x+2
ax dy dz ! )
f2x+2z 0 =(x*+22)

i
2

A —_— A "N l\ |
PROBLEM (27): If A = A Il +A;]+A,k , show that

- A A A
VXA =VA XI+VA;x|+VA,xk

. 5 sl Ll v ﬁ ,
'SOLUTION: Since A = A, l+A;J+Ak, then
. A A A
% | J k
A 1 e O
vxé dx 4y Oz
A, A Ay
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VECTOR AND TENSOR ANALYSIS

213
A A Ay A A
MEWR, ok (aa’%“aa/;ﬂ*aazlk%’
oA HoOOA dA A A
L AR EE Ok PR SLtarhl
5)’(JXI)+OZ (kxl)
. AL AN
TRMETE @)
A (A BA;A*aAIA) A
VA’.XJ (67( L ayJ oz k | %)
oA A A oA AA
- ZA 01y Zh i)
OA;r GAqn
oy eta LU e m
ax k oz I (3)
VA;XQ - (a_AJ?'?'a_Alj'OMI;(\)XQ
ox ay oz
OA A dA ANER
- ‘a‘;'l(lxk)+—a"y-l(_)xk)
Ay dAyA~
o o DAgE 0 By
dx i dy : - @)
Adding equations (2) , (3) , and (4) , we get
A oA A (8A; dAZ\n (GA A )A (a/\ aA-)A
] cf 2Ag-s-0 A Yasf g a0 Ay 9A; _C2A,
VA.)&|1+VA.,xJ+VA,xk (ay az)“ 32 A ]+ o 3 k  (5)
From equations (1) and (5) , we have
VXA-VA|XI+VA7XJ+VA,Xk
NS
PROBLEM (zzr);" Prove thal
) Vx(6V4) =0 M) ' VX($Vy)+VXx(wVH) = 0

SOLUTION: We have
0] Vx($V4e) = ¢(VXV¢)+$’¢XV¢ |
' = ¢(0)+0 =0 [ using theorem (4.9) ]
M) TX(BTYI+TX(YTE) = S(TXTY)+ VOXTY+y(TXT)+Tyx T
- ¢(5)+V¢xw+~v(3)-w»wi-6E

A
PROBLEM (29) If A Isnconstant vector , show that V x ( A.r ) A ]

d SOLUTION We have s

Vx[(A TIA) - . T)I(vxA)+V(A.T)xA [usi{.gmec‘)ren\(4.9)1

'-(A.r)(va)+AxA [sinoe V(A.7)=A] ()
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214 ; ‘ GRADIENT , DIVERGENCE , AND CURL

' Since A is a cqnatant vector , therefore VX A = 0 . Also AXA = 0.
! Thus equation (|) becomes
S-‘— - L = -t = - —_— — ——
Vx[(A.T)A)=(A.T)(0)+0 =0+0 =7
PROBLEM (3():  (I) Find constants a,b,c so that
I: e A o . ¢
V = (x+2y+az)|+(bx-3y-z)]+(41+cy+2:)fc Is.irrotational,

'
Vo

e P |
(- Show that V can be exprassed as the gradlent of a scalar function ,
SOLUTION: We have
i i k
®  IxV = =9 9 ok
ox Oy oz

X+2y+az bx-3y-z dx+cy+22

= (et )T+ (n-4) T+ (b-2)k
'Thlnequaluo!rt.pwhen a=4, b=2, ¢=-] andthus

- !

v -u;.x+.2y+4z)’l‘+(2x.—3y;z)f+(4x-y+::z)f€ )
(1) Assuml tthat V = ¥ ¢ = -t|+—ij+-—$“ | .
Comparing oq:u rons(l)md (2) , we got 2"
0. g
3;7T+,2y+4z . . &)
¢ | |- s
T-il:lzx.-”"z ' 4)
_a-i.".,hx y+2z | ()

i Intogntlng oqum}lon (3) pertially w.rt, x kooplng y and z constants , l

¢-_-z"?+2xy+4u+r()'.z) ~ : ()
Similarly , &orr equations (4) and (5), we get
e vis n
g !,xy--L-yH‘(x t) (7
$ = ixz- yz+e'+h(x,y) (8)
Compnrlsonq oquatlom (6) + (7) , and (8) shows that there will ba a common value of ¢ If we choou
1

3 ' ] 3 ‘]
f()l,.“ '-"‘2&"*1', g(x,z) = 2+z s by 'T"'zL so thaf
w1 o oay? :
¢"ll-a'zL+z’+2xy+4xz-yx+omnmt
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' VECTOR AND TENSOR ANALYSIS 2
e N ' =

1,. vty v

PROBLEM (31)' ¢ Show that
e thl(¢(n)-0 where 2>0.

==

V= 'Iy is Irrotational . Find ¢ such tha y _
| .n'lll

SOLUTION: A vector V is called irrotational If Vx V = 0, otherwise rotatiogy|

] 17 )0 V s irotat
Since VxV-Vx(r)-Vx(r r) 0 , therefore is {rrotational

v

= T T
Now V=-V=ry or Vé=-77
0 A A la A ] A A
—_—- I =T, ™ ~Tr. == since r.r = |
or dr V¢l’ p r r ( )

Integrating w.r.t. £, we get nr+C
Using ¢ (2) = 0, we have

llna
therefore ¢ = -lnr+lna - lnin

o Pet it

c‘ﬁbBLEM (32‘) Show that| If ¢ (x,y,z) Isanyidolution of Laplace's equation , then 7 |
. z vector whlch is both solenoldal and Irrotational .

" —"

SOLUTION: Since ¢ amuﬁca Laplace's equation therefore, V3¢ = 0 or V.(94) =0,

Thus V ¢ s uolenoidal . Also by theorem [ 4.9 (i) ] Vx(V¢) = 0 sothat V ¢ is irrotational

PROBLEM (33) - Show that Vx[-::v(%)] -0

SOLUTION We have \/

v x[%v(%)] [r ( ')J | usiog theorem (4.2)f S bt #

| Ry .
= -Yx(r*r) =0 [using theorem (4.10)]
PROBLEM (34):  Prove that

10 (AxV)xT =-224 ' a (Axv), 7T =0
SOLUTIONi () Let A = A, T+As]+A,K, then
T T
;xv - A' Al A) - .
ERREER DXt |
oOx 0dy Q2

~ (A,:l APBQ;)'IL-ﬁ(A,OX-A,az)] (A.o A,“)
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Thus (AXV)XT'-

GRADIENT , DIVERGENCE , AND CURL

_ I ]
= )
/\z';“z-A)"' - .

X Y

2 w0
oy A10x M3 Ay~ Aigy

S RO Y i S WL YN |

A A A
= —2A|I~2A.1J-2Agk

= =2(AT+Aj+Ak) =~ -2R

" (i) Weknow from theorerh (4.12) that

(Axv).B =A.(vxB)

Let B = T in equation (]) , then

(AxV).T

= A.(9xT)

=" 0 [ using theorem (4.10) ]

PROBLEMS ON VECTOR IDENTITIES

: PROBLEM (35):"

o,
3

ks s

.
- oL
. e S

SOLUTION:

vv" -V

~

k

Z

1)

A

A
k

(N

Prove that (VV) v --;' YVI-Vx(VxV)

We have

(V.V)

= (V.9)V+(V. V)V+Vx(VxV)+Vx(VxV)
( Using theorem [ 4,13 (IH)] )

. 2(T.9)V+29x(9XV)

o (V.9)V=39Vvi-Vx(VxV)

PROBLEM (36)

If A .Is a constant vector , prove that

v(A.u) = (A.9)u+ax(vxu)

o
() .V.(X*:)--I.(Vx;)
(il Ix(Axw)=a (v.u)-(A.V)u
SOLUTION: Since A.lsa constant w;clor , we have
v.X =0, 9xA =0 md (3.9)A =0
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