VECTOR AND TENSOR ANALYSIS

A = B A 65 — DEES .a_i
Now ix(Axg'%)-(l i A"("A) 3 X
A _. E 1.\ g-:é; = -t A-Q- -
e [t - [2 08352183
- (v.B)A-(A.v)B e
Similarly , on lntcfchanging A and E in equation (2) , we get
2[?x(§x%~%”-(V.X)E—(§,V)K . 3)

Substitution of equations (2) unc\i) (3) in gquation (1) gives
vx(AxB) = (E.V)-A.—(:\-.V)ﬁfz(V.E)-E(V.Z)

@ v(A.B) =Y ?—a-(X.VE)]

We know that 3 .ax/.J "
Ax(BxT) - (R.C)B-(7:5)¢
o (RB)E - (R.8)5-R(5x8)
- () g
us A, ol § (A l)?[:*-AX(aNl:x?)
- (2.2, < [+ 25
D52+ x| 1428
X
and so Z(X ﬁ)“ A
[ - A( 12)5.x% 4B
= E'ax)B*'A*Z(lX%%J
- (A.V)'ﬁ-&:\.x(\?x-ﬁ) o)
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200 . GRADIENT , DIVERGENCE , AND CURL ;

Similarly , interchanging A and B In equation (5) , we get

E(E-%)?'(E-V)X*EX(V)J) (6)
Substitution of cquatjons (3) and :(6) in equation'(4) gives

9 (A.B)=(B.V)A+(R.9)B+Bx(vxA)+Kx(vxE)
() Weknowtha Bx(CxD)=(8.D)C~(B.C)D

Setting B=C=VmdD = ..‘:.we‘gel

Ux(VxA) = 9(V.A)-(V.V)A

- 9(v.3)-V'% - |

Note that rather than writing ( V. A )V, we must write ¥ (v. A ) to make sure that |V operates
on V.A. ’ '

EXAMPLE (12): If I Is a constant vector , prove that

0) V(A.T) =4 @y v.(AxT)=0
@y vx(AxT) =124 et |
SOLUTION:_ By theorem [ 4;13 (iii) ] , we have

i

0 V(X.?)-('F.v)X+(X.v)}‘+?x(VxK)f+Z.x(Vx'r')
. |
Since A Is constant vector , we have

— el

(?V)I -0, UxA -7. Furthermore , V X r - 0.
Thus V(,-A:'r') - (XV)T - A [uslnglhﬁrcm(&%.ll)(lv)]

ALTERNATIVE METHOD 1

|
[yl

— A N -— A ¢ la)
Let A -_A.I+A,j+A,Q and r "'x|+y_|+zk.(hrn

—

Ao-f-."' A|X"‘A1)’+.A;Z »
- - A QD ) = A
and V(A.r) - l-a-;(A.x-r-A,yd»A,z)ﬂg;(A,x+A,y+A,z)

A QD A
+k5‘£(A|X+?Iy+AgZ)

fa) A A — r
= At A A= A l

wd .

R s g,
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.YECTOR AND TENSOR ANALYSIS

(i By theorem [ 4,13 (D) ]

T(AXT)=T.(VxA)-A.(VxT)=T,0-2.73

@y By theorem [ 4.13 (1) ]

20])

' i

Neat Sports
W
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4.20 SOLYF

i

CHADIENT , DIVERUE=T

|
|
D PROBLEMS

. PROBLIIMS ON THE GRADIENT ' ol P (%0 Yo2)
PROBLEM (1)}l || Let R be the dlstance from a fixed point A (2, b.c ) to lnyz
v 4 Show that VR = R Is a unit vector In the direction AP = R.
|
SOLUTION: [} If T, and Ty aro the position Z
veetors of the polntsi A and P respoctively , then 1 -
b i A(a,b.c) - R P(x.%2)
- A A N " A n ( '
ra=4l 4'bj+cQ and T, = xl+yJ+zk
= Jl -—
Thus R = rif=r, |
i A A
- () T+ (y=0)f4(2-0)k

sothat R = ‘\’())t

“Then VR @ M[V(x=0) *(y=b) +(z~¢)]

|

PROBLEM

A N
0o L_x-u!l+$x-b“+‘z-c2k

"»ﬂ)ﬁ"*(y-b)’-r(z.-c)'

Figure (4.10)
A X

(x=na)"+(y=b) +(z-¢)

A - . —
= R, aunt veotor In the direction of R
2

"L)' If ¢ = x"+y"+z". i 255t T T e

soumorf || Since 4 = x"#y"+2", thorefore
vy = ?%(x"+y"+z”)+T39;(x“;y"+2")+-c'%(x"+y"+z")

- nx""?+ny""j+nz""ﬁ . ‘

| B IO L i o
- nx"+ny"+nz"

B Rt AT S R TR
PRODLE ga) I g o= (xy?ee) VYR a0y,
soumor}{'g | stos r = NXTHEYTEZ?, therefore, ¢ = 13 ¢

1§
Now _v!o' j- %ﬁ?

(2re"-r’o")?

(2-r)re”'t = (2-r)e""7
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VECTOR AND TENSOR ANALTYSIS
pROBLEM (4):  If Vo =2xy2 2 exta’ ] +3xtye? .'ﬂnd
b (1ry I $LTy =32 )= 4 "(”/‘.)-
SOLUTION: We know that .
a¢A 36 A a¢£

Sice V¢ = 2xyz’ I+x’z j ety

therefore comparing equations (1) and (2) , we get

-a—; ™~ 2xyz.’ . . (J)
S g
= Ixlyz? . ] (5)
Intograting equation (3) partially w.r.t. x keeping y and z constants, 3
o= xtyzl+or(y,z) £ ()
Similarly, from equations (4) and (5) , we get :
o= x’yz'+g(x,2) | | (7)
o= x'yz'+h(x,y) : - (8)

Comparison of equations (6) , (7) , and (8) shows that there will be a comunon value of ¢ if we choos
f(y,z) =g(x,z) = h('x.y) = C where C is an arbitrary constant . ' |
Thus ¢ = x'yz'+C | : 9)
Using ¢ (1,~2,2) = 4 .we'ﬂn‘d {rom equation (9) |
4 (1) (2) (2)4C
or 4=~l6+C or C=20
Hence from equatlon (9), we got
¢ ~x'yz’+20

PROBLEM (s):*;/lr Vé=2r'T, Nnds.

SOLUTION: We know J‘ gliof

ol the directional derivative of ¢ w.r.t, the distance  in the dlre

th
¢ unlt vector r Is the component of ¥ ¢ In the direction of this. unll voitort

)
le, 3% - v¢

- 2 - i
T r =2y r.f st (since ror = 1)
lntegmlngwrl r, we gel |

‘ .
¢ - '3"* constant

f

Scanned with CamScanner



204 _ : ' GRADIENT , DIVERGENCE , AND CURL

PROBLEM (6):  -If ¢ = ¢(x,y,z) Isadifferentinble function, show that d¢ = V¢.d T,
SOLUTION: We know that If ¢ = ¢ (x,y,2) Is a differentlable function of x . y.z, then

. %)
d¢ = 2e dx+"idy+—?

A o A A A
ax ey it E).(dxiﬂlyjﬂizk)

PROBLEM (7):  If -A.(x,y.z)-A.,I‘+A.3+A,§.l+nowllm
dA=(9A.d7)l+(vA,.d7)]+(9A,.dT)k
SOLUTION: .Slncc A(x.y z)-A|I+A,]+A;k,lhorefgrc
d;:'d.‘nl:“dA:j"'dAgk — (1)
QAT Al et AT
ax 9%*Tay dy+ gy, d2

- ("—‘aA ?+—-—16A f+—"aa'\z Q).(dx'ﬁdy?i—dzﬁ)

Now dA, =

Slmilnrly. dA; = vAz-d-l’. and dA,; = VAjndT
Thus from equation (1) , we get

CdA = (VAL dT) T+ (VALAT )T+ (VAT )
PROBLEM (8): Ir & -_,Mu).whcre u=u(x,y .z)‘.thcn pr!ove'thnl

O '.v¢-_v4\(u)L-¢'(u)vu oy ij(u)du-f(u)Vu

PROOF: () V4= Vé(u) =

(11 Let ¢(u) = If(u)du. then ¢'(u) = f(u). Hence

v [euydu=veu) = 40 Vu [wingpn (b
- f(u)Vu
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VECTOR AND TENSOR ANALYSIS

P‘ROBLEM(Q)F:\/ Irf ¢ -'¢(u,\',w), where u = u(X,y,2), ¥ = v(x,y,z2),

-

e we w(x,y,z), thow that .

2 8¢ 8¢ 9% g
Vé au\7u+avvv-#-aw‘Vw

' ' ‘ HA _O_ttf\ gi :
SOLUTION: By deflnition 9 ¢ 'Ox'*ay“azﬁ‘ (1)
Since ¢ = ¢ (u,v,w),therefore ’

04 &6 9u dépoyv 04 pw
du Ox Ov Ox Ow Ox
8

|
_8¢ou dbov B4 0w

du 8y Oov oy 0
0

» @
o =

QD @
o <
o
@
c
»
-
@
<

F;-ﬁu 81 0dv oz ow 012
Substituting these in equation (1), we get
vp- (o2 g Bk g

N b
P
+
(T
1=
Q
c
+
I
>
<
+
|2
‘Q!
€
T
L

Buox Ovox 0w ox Judy ovoy ow dy
(B e S o)
(i) ST ) B (G
- ¢Vu+'a-4—‘;Vv+§—j—;\7\;/

'i &
PROBLEM (10) Find the directionnl derivative of ¢ = X lya+dx 2’ atthe point (1,-2,-1)
| ' ‘

, P A A A
) (J : in the direction of the vector 2 | = J =2k, 5
£x | ifu/_ . |

SOLUTION: -~ We have
A0 1 2 % 8 1 +Av1’\+c-0‘(V:V7"'d‘(7:.
M = lie==ly R e 0 W L 8 R ! s : ¢
ox iy ol \\0.
y A < ‘ A ' ! ~ -'»'Ll\:v b7
. (2xyz+4zz)?+x71j+(x7y+8xz)k | ‘“\\ﬁ:;\_}\)\n (__\c,‘\’f
. ’ ' a0 ;6\" A I')'C‘\\J
Thus at the point (1,-2.= | ), the value cnf.thc gradient s =r (Q, Q\QQ\&_\%&J-‘ S\Q S%QO
: = a.’.‘_ A L IOQ £ “QSS\‘ \&‘3\3 ) ; '5“’50
(Vé),-2.-1). el “\\ \‘\Qzﬁ\q*o\)\"b
The unit vector in the direction of 211 =J =2k is %;‘ ‘QQ'-?' -
,?,_2T- -2?_2_"*_1]‘_2;; |
1+ droad s a3 |

Then the required directional derivative of ¢ ot (1,-2,1)Is

2A 1 A 2 lé l .29-.3—2 ‘[
‘%‘t‘-v¢-%-(B?FT-lOQ)t(Sl—ijﬂjﬁ)- J+3+3 3 'I
(|
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206 GRADIENT , DIVERGENCE , AND CURL

PROBLEM (1 l):\' (1) In what diresction from the point (2,1 ,~1) Is the directional derivative of

¢ = x'yz’ amaximum ? (ll) What Is the magnitude-ofhis:maximum.?

SOLUTION:  Wo know that

7o - [ (iyeys] % (nly2'yeb & (a2

= nyz T+ 190 +3xly etk
Thus at the point (2 1,=1) the values of the gradlent Is
v¢--4|-41+12§
(1) The dlreciional derlvative s maximum In the direction

I
Vo=l -afenaf
(ii) The mugﬂltude of this maximum |s
[ve| - ~ ‘\/16+l6+l4 = \[176 = 4411
PROBLEM (12):‘/ Find the values of the constants a , b, c so that thcldlrepllonll derlvative of

b =axy'+byz+ez’x’ at (1,2,-1) hasa maximum of magnitude 64
"In a dlirection parallel to the z-axls ,

SOLUTION: Since ¢ = axy’+byz+cz'x’, thereforo
. 7 e A : y A
Vg = w gny +Jez®x%) I +(2axy+bz)j+(by+2czx’)k
At the polnt (1, "'-‘1) the value of this gradient is
41+3c)|+(4a-b)]+(2b 2c)k

|

|
We lkmow that ;hq maximum directional derivative takes place In the direction of V ¢ and has lhe'
magnitude of V { ,” This maximum directional derlvative will be parallel to the z—axis i

4u+31‘ (1

and »4n-b'-':g | | _ @

Therefore 7 ¢ "!;'(2b 2c)£
. Since the mngnlulldo of this maximum directional derivative Is 64 , therefore
2h= 21:;-64 | e 2)
Solving oquadoni (1),(2),and (3) , we find that
' --s‘ib-u ¢c=-8,

' a 3
'PRORLEM-(lana' Find the normal derlvative (l.e.a—E-VQ.;) of ¢-= xyl+yz ?oat

(=1,2,1 ).iv;hm ; Is a unit normal vector to the surface xlnz-y’+4 = 0
g atl (-l ,2.1). - X
_SOLUTION: _ Since ¢ = x¥'+yz’, thorefore
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TEMAIUR AND TENSOR ANALYSIS
o) leyz))
i (XY "X

aer 14y2’) vk
Ve - ?';';(xy’+yz")ﬂ ay(xy £
- y’?+(2xy'+z’).|"“3)‘1 k ! 'v¢_4'l‘_33‘+6’\:
the value of the gradient 18
Thusuuhepolnt(—l.I.l) ‘ )_xmz_y’+4 X
| " |
resentod by ¢1(X Y i v
Let the surface be rep | ) lnl-y’*"‘)*‘kg'l'(lh\l-y “q)
v ?"Q"(xlnz—y"’*4)“5‘>:(" ik &
Then T X ‘ .
0 :“fii;ﬁ _
- nzl-3y'J*} Sty
“‘ T4 -z fak
Atthe point (= 1,2, 1) the value of this gradient 18 _

o lV‘#ll‘\/(—"u)”(l)"‘{m

a)
The unit normal vector n 10 this surfnc_c is

Vd.| "lzj—k

A
RS T R vy

Thus the required normal derivative pf ¢ |¢ (-1,2,1)1s given by

2
an -VQon

ALY (-HT-Q)_M-&_ 30
- (el ) T Vs T e

PROBLEM '(14‘):?6' Find the nnlilc between the normals to the surface 3 y = 2! at the poht

Bl o (1-,(,2).;'%(4.-3.3).

SOLUTION: Letthe surfac+ be represented by ¢ ( i. y.2) " xy- 2! =0
A normal to this surface is given by |
|

I}

-A—a- j f (i | A A A
XA be.(xy"zz)*"a—;(x)':'zl)*'ﬁs%(xy-z’) -yl+x)-22k

Let N\ be the normal to the lm'fac\ at (1,4,2), then

N« (Y9) iy = 4]\“_4?

Let ﬁ; be the no |
rmal to th \
it enurfnccll(-J,-3,3),lhen
Nym= ?
Ltebe b (V¢)(.3..).3)--3i
0 the angle b an
tween the nor
enorlrpalstothesurfncont(1.4.2) d(-J"-J'”.'

8.m aorol | N ‘ |
£08 T¢L o Ao (1) _

-3j-6k

then

N'Hﬁ:l
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208 . GRADIENT , DIVERGENCE , AND CURL

Now N, Ny= (45+]-4k).(-37-35-6k) =-12-3+24 =9
'|ﬁ.| () +( 1)+ (=a) =16+ 1+16 =33
'ﬁzl -V(—-J)'J-o-(_a)]-'-(_.o)? ;"J9*_9*36 __\/;‘

then from equation (1) 8- cos"( 339 54) = 77.69° Approximately

PROBLEM (15):  Find the angle between the surfaces x*+y’+2” = 9 and z = x'+y'=3
al the point (2,-1,2). |

SOLUTION: The angle between the surfaces at the point is the angle between the normals to the

surfaces al that point . A normal to the surface ¢ (x,y,z) = X1+ y’ +22 =9 s

N N A
Vo, = 2x1+2yj+22k

A " n
= 4j=-2)+4k satthepoint(2,-1,2)

A normal to the surface 3(x,y,2) = x*+y*-z = 3

Ve,

N " A
is Véy, = 2xi+2yj-k
= 47-2]-k atthepoint (2,-1,2). ve,
Now at the point (2,~1,2), we have
(V61):(Vda) = 1V¢4[|Va|cosb

where 6 is the required angle . )

SR Cad =27 24 ). Cal=2 k)

$,=8
A A

~|aT-27+ak| [4T-2]-k]| coso Y

Figure (4.11)
or 16 = 6 421 cos©

Andt cos0 = -3—\};-; - 0.5819.

Thus the acute angle Is © = cos™" 0,5819 = 54° approximately .

* PROBLEM (16): " Rind the constasits a and b 5o {hat the surface {\ x'~-byz=(a+2) x wilbe

orlllogonlnl to the surfuce 4 x’ y+ 2« d4 at Ih‘e point (1,=1,2).

SOLUTION: Letd,(X,y,z)=ax’-byz-(a+2)x=0 u"r‘md ba(x,y,z)=dxly+2’ =4

The two surfaces will be orthogonal to each other at a given Joim Il the normals to these surfaces are
] a |
orthogonal to each other at that point.

A normal o the surface ¢, = 0 is
Ve, = [2ax-(a+2)]T-bz]-byk
- (a=2)T=2bJ+bk =t (1:=1:2)
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