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YECTOR AND TENSOR ANALYSIS 185

Equatlons (4) and (6) give alternative ronm for V ¢ and wo see that equation (6) {s Huully more
convenient when. ¢ is speclified oxplicitly as a fiinction of x,y, and z,

4.11, DIVEI(GENCE OF A VECTOR POINT FUNCTION
Let A (x » Y.z ) be adifferentindle vector point function in a certaln region of spaa: , Then the
divergence of A written V.. A or div A s defined by '

Vi b (il+—J+ ).(A,?+A;j\+/\,ﬁ)

o x
0A, 3A, 0A,
ox 9y a2

Note that V, A 'Isa'scalar quantity .- Also note that V, A . RV

If A Is]in constant vector ,then V. A = 0, If V. A L) ovorywhore In some rcglon R, then A s

called a iol'enoldill vector point function in that region ,
Mm A =x'27-2y"2"+xy’2k, na v, & ul(hopolnl(l 8w
SOLUTION: . V.A = i(x z)+'%‘( -2y’zl)+ Doz(xy 1) |

- 2xz-6y‘z? +xy?

Thcrefon: (V.X)“..'.l)"-J

4.12 VPROPERTIES OF THE DIVERGENCE

THEOREM (4'.5): If A and B are differentlable vector polnt functlons - nnd ¢ s a
differentiable scalar polnt function , then prove (hat
04 V.(A+B)=~VvV.A+v,D
i/ v.(¢7\')-¢(v A)+A.(V9)
PROOFI LetA = A, T+A;]+A,f wd B - By T4n,0 48,k weh
|
0 A+a-(A.+B.)|+(A,+B.>J+(A,+n,)ﬁ
Hence V (A+B) 0 (A|+B|)*'Q'(A;+BI)+B';(A)"‘B))
aA, 3A,\ (3B, aB, 8B, QQQ‘“,
+ + R e
az Oxs-Oysabz BFSNRS '\
0 5}.\%6}1
- i "Q\“ Ny Q
- V.A+9, B Q{R“Q\O o
Ay ‘\ Q‘
— A A A . @~Q§ ‘Q\Q‘\D QQJQ
W Wehave $A =¢a,T+44,T+4a,0 A W
£ o
T A
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86 ‘ GRADIENT , BIVERGENCE , AND CURL
1 .

, 4 .
Hence V.($A) = EQ;(¢A,)+3%(¢A=)+'{,—Z(¢A1_)

0A; B4 . OAy 24 ,

OA, 0A, 8A,) (a¢ 3¢ 3% )
Q(Dx'ﬁoy"’oz + A+ A1+ A)

(R (B ) (a P asf k)
Jo= (VL A)H(T). A
= 4(v.A)+AL Ty

Note that If ¢ |1 constant , then v.(¢ A ) =4 V.A.
. THEOREM (@), Prove that

!’
[

(D e e Fam A 5 - v.[ree)T]=30(r)+re(r)

I X
(‘U)' v.( T)=(ned)e (W) v.(;%)-o
PROOF: . Let T = xl+y:|\+z§ lhenA :

0 V~'I‘;'L(x)+0yqy)+-g- SCREIETEY

‘ 01
(I Uslng oorem (4.5) part (I1) , wo have

.9, [1(r)r]- r(r)'(v.r)+r.[Vf(r)]

- 3f(r)+T f-ﬂ,-)-‘-

- ap(n+ LT 7

Fof

.:;: - 3f(r)+rf (r) (llnce P 'r’)
()} Sonlrr f(r)-r [n part (1) , we have

V.( "T) - Jr“+?°nr'."| = 3r"+nr" = (na)r"
(Iv) Lot 11 -J:—3 lnpnn(lll).lhon Vo('r!T) = (—3+3)|'-, =
ﬁ’ EXAMPLE (6): Find the most general difforentiable functlon f(r) so that f(r) ¥ Is solenoldal.

SOLUTION: -. If f(r) T Issolenoldal, then V. [f(r)T ] = 0
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VECTOR AND, TENSOR ANALYSIS

or [Vf(rﬂ)].-r.H(-r)V.-r- -0 - f "

But - Vf(r)= Lﬂrl,-l-, therefore equation (1) becomes

' -—

L(L)r_f.;L+3 f(r)=0 or rf (r)+3f(r)=0
f'(r) -_-3—&1

OT. r

!

£(r)

O T 1 -'3' ( by sepcmdng the variables )

Integrating we get lnf(r') =-3lnr+inC = ln;‘c1

C 4

or f(r) =23 * where C ‘Smubitnry constant ,
| | '

413 PHYSICAL INTERPRETATION OF THE DIVERGENCE

Consider the motion of q|n lncor‘npre.saiblo fluld (i.c. fluld with constant density say ol or watey)
Figure (4.8) shows an imaginary small rectangular parallelopiped of dimensions Ax » Y, 82 with »

e

&S

panallel to the coordinate axes &nd having centre at the v v ot
j ha « polnt P(x,y,z). Let V =
be the velocity of the fluid at P, L , ME +V1J*-V)k

A

v‘ Vv
@ | ———
|
i x
|
: —
| 'P‘x,y.z) Az vV
J.--;- ------- J
/ bt PO
s ax
' / ay
: . _ Flgure (4.8)

We start by consldering the flux (l.e. the amount of fluid crossing '
: g In
tho paralloloplped , As the donalty Is constant | elthor volume or m.un“ time) L“°"8h opposite faces of

a) ¢
_‘amount, For simpliclry , volume will be consldered here . e ke used as a measure of the

Consider first the flux across the |t'ln:m which are perpendicular to the x-aLls‘ |

These faces
4z and the flux will only depend on V ;, this belng the Component of are of ares Ay

_ Voin
Thus flux Into the paralleloplped through the back face = V/, ( X '%Ax 4 s the x—direction .

: I f ' '
and the flux out of the parallelopiped through the front face = V| ("‘ *24x,y, z)dy Az .
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188 . : GRADIENT , DIVERGENCE , AND CURL
Hence the net flux out of the parnllelopiped through these two faces

= [V,(x+';-Ax.y.z)-—Y.(x—%Ax,y.z)JAyAz

Using Taylor's series , we have
. oy ] d - :
V:(X+'2'Ax.)‘.l) = Vi(x,yiz)+3 axgeValx,y,z)

1 | a
and V,(x-'iAx,y,z)-V,(x,y,z)-'iAx-af;V.(x.y.zM .......

' = | d
Therefore , Vr(x*"iAx.y.z)-V.(x-iAx.y.z) = Axs‘;v|(x.y,z)+.......

i} " ., oV o
Thus net flux in the x - direction = "o%'LAx AY A2+ siviiee [by w‘rlliﬂs“‘é_,cL for Bx Vl(x.)’.l)]

V e
Similarly , the net flux in the 'y = directlon = %;2 AX AY AZ + 2.
. ‘ :
‘ AV,
and the net flux.in the z - direction = E" AX DY AZ +..0. .00
Adding these three contributions , ‘lotnl flux out of the parallelopiped

aV, 8V, av,} ,
- A
{ Fret 3y * e Ax Ay Az + terms involving higher powers of Ax, Ay, Az

‘ suchu(Ax)’AyAz. Ax ('Ay)’Azctc.
Now as the volume of the parnllelopiped is Ax Ay Az, we have

o av,+av,]+ s in Ax, Ay, or Azand their powers. (1)
-Fluxpcrunllv_olumcl- a’(+"3y 32 terms In Ax, Ay, or Az p ‘

Finally , we let Ax , Ay, Az all #cnd 10 zero so that the parallelopiped sh“rlnlu to the point P . The right

dV, 8V, 8V,

hand side of equation (i) beco‘mcs 2x '3 y il which is precisely the divergence of the

vector V. Thus Fluid Mechanics affords one possible Interpretation of the divergence as the amount of

outward lux of the velocity field V per unit volume . Note that the divergence of V measures the

expansion of the fluid at the point .-

414 LAPLACIAN

If $(x,y,z)Isa scalar point function , thon the divergence of the gradient of ¢ written as

V.V¢ = V¢ Iscalled the Laﬁlm-.lan of ¢ ,and the equation V¢ = 0 is called Laplace’s equntlo_e ;

If 2 scalar function ¢ satisfies the Laplace's equation V' ¢ = 0 Ina cen:aln region R, then ¢ issaidto

be a harmonlic function in thasfregion ,
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/

i n
THEOREM (4.7):  If ¢ Is a differentiable scalar point function , (hen show that
ate o'¢ 2'e
gx oy’ T

V.Vp=V'g =

1 1 1
where V' = égp+a—)j+5;1 Is o Laplaclun operntor,
PROOF: We have '
il e R 5_&?_49&)
V‘.V? (axl+ay1+ézk)'( x|+ayj+az£
- i(ﬂ)+i(iﬁ)+i(?_¢)
ox X oy y oz z
a.’¢+a’¢ 8% b
' ox' 0yl 027
i ok a’) :
e oo J4 s
e ; :
EXAMTLE(?):V Find V¢ Il = 2x’y'2",
| SOLUTION: We know that
2’¢ 279 2'¢
1 -~ |
V¢..ax’+ay’*az’ M
) 3 ¢
Now .é_j - 6xlylzt, .a;:il = 5 Lyt s gx’ylz)
al 'd: (./1¢
and 5‘%'- 12xylz!, 'ﬁ?}-f!x"z‘, 0—21-24)(’,\"1’
ﬁus'ﬁomeéuﬁtlon(l) Vip = 12xylz'+daxizt+2d ayla?
v
i THEOREM (4.8): Prove that
! ¥ /iy "
| M V) =t ()
i ()} V" = n(n+1 )".r"", where n Is u renl consgant,
\ | L
{1 v’(;) -0
| ' |
' INOTRE
PROOF: . (y VAL(r)= v.vr(r)-v.[——(-rl-—} I
- uﬁv.?ﬁ .v[r—ir-'-l] [Theorem(fi.ﬁ)(‘i“
& _
\Q:)“ S ' i ' = .
P Fa = L_(_r_)(3)+ r 'l"g' Ll r [Theorcm(t'.!)]
RSN r rdr r )
(\C‘s‘:\\;t“b\%%@
RO : e b B
""}"“C\OQ'O’ - lf’(r)*"l"[rr (r)Tr(L)] Yo Py
NS r r r |
Q .\*Q‘ Q
O o2
T e
NI :
SR
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(i)

Any function ¢ w
It follows that ¢ 0 i

GRADIENT, DIVERGENCE , AND CURL

f“)+%[u;u%;LLu]ﬂ

(=20 ()4 (1)

-l =

= ho

e+ 1" (1)
Setting i{.(r) =" In part (1), we got
gt - %nr"’+n(n-l)'r""
= 2‘1r""’-nr"'”n’r""
- n(n+1)e"?

Let n = = 1}!In part (11, then
v’(lr) -\ L1 (=141 =g

| :
hloh satlsfles the Laplace's equation V3¢ = 0 |y

7 Is asolutlon of Laplace's equation and |s therefore harmonle .

)% EXAMPLE (8): * Show that

SOLUTION:

0]

(i

(1

Here

Thus from equatla

oy 2
. 1 r - f =4
Vi(e . re+e (l+r)

ALY @ 7y - e (142)
(iin v (¢') = v (v’ )-e'(l+£)
,chnowthnt V’f(r)--f (r)y+r1"(r)

)
Let f(rS -.‘3Inr. then f'(r) -‘!'. f"(r) -

1 .‘.2 (l) 1 - 2 | % |
LR AT P

Let f(r)\ -ho'.

| :
=11 and from equatlon (1), we get

then f (r) =o', f"(r) -c! ond from equation (1), we get

(2) 1
V‘(c" -;---V’(V’o') -V'[c'(lf%)] [\lsingcqualion(2)]

f(r) —ue'('l+%)

n'(lA_) » we get

Scanned with CamScanner

called a solution of lhls equation .



v A & ey . .
VECTOR AND TENSOR ANALYSIS :

ND CURL
2NN ¢ 2 4),
pigety < viwiety = H(1edR)e e (105305 e
2 4.4 .2 4 4),
' - (-F+;1_-r-1+l+r-;7+y? ¢
' 4
f b
: - c.(]+r)
: 3 ;
ﬂ EXAMPLE (9): Find the function f(r) such that ¥ firy=u.
SOLUTION: Wehave Vif(r) = 0
or f"(r)-b-% f'(r)y=20 [ uaing theorem (4.8) ]
(" (1) 'g | '
or ) --r
f(r)
Integrating , we get Inf'(r) = =2lnr+InC
- ln'(':‘l |
juation . ! r

where C |s the constant of Integration .
J

) el (e

Taking antilog , we have  f (r) = 3

. : C B f
- Integrating again, f(r) = _T+D = A+7
: (
where A = D and B = - C are arbitrary constants .
4.15 CURL OF A VECTOR POINT FUNCTION ; [

el A (x,y,z) bea differentiable vector polm function In a certain region of space , Thsn the

| curl or rotation of A written as V'x A or curl A is defined by

L 9xA - (ih %T*F )X(AIT*“AIJA*'AJQ)

: f z
A R :
8x 3y Odz
A Ay A : '
¥ (BA)_aA )l+(aA| 0A) A dA, 0‘| A
0y ~ az . 2 DRl At ox ~ 3y :
Note that in the expansion of the determinant the operators L i ek must precede A 1A Sk
dxet Ayt bz
If A lsa constant vector , then V x A = 0. s

0
e If 9xA = 0 insome region R, then g
5 rrotational vector point function in that region
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192 _ GRADIENT , DIVERGENCE , AND CURL

LXAMPLE()O) A= xz’?-ll’yzf+2yz‘ﬁ, find Vx A atthe point (1 ,-1,1).
SOLUTION We have

~ A ~
i ) k

UXA = a_a; 5% ‘ % -(21‘42;(:)1)?-0-3)(213\-4)()'2;(\
xz! -2x'yz 2y2!

(VXA)(|-||)-3J+4k

416  PROPERTIES OF THE CURL

THEOREM (4.9): If Aand B are differentiable vector point functions , and ¢ s a
differentiable scalar point function , then prove that

() Vx(X+-ﬁ)-VxX+Vxﬁ ' , : S
- - - l
(if) Ux(¢A)=¢(VxA)+(Vé)XxA 3
(lin Vx(Ve)= 0 (curlgrndQ--(').)
(v) V.(VxAa)=0 (diveurla=0)
PROOF: LC(K -Al?"'A]T*'A]‘I(\ and E -B|?+B;$+B;§.thcn !

()  A+B = (A+B))0+(A1+Bs)]+(A,+By)k

n

j

A A
| k
Hence, Vx( A+ B )= a_a_ aay _an_

Al"'Pl A1+By A,+B, < : I

N - o) A A A

. A ;
| K e e 2
- | O O R T A OB |
= Aoyl d2 dx 0y 01 .
AL Ay Ay By, By B,
ol A A '
(i) A =dA i+dA;y)+ A,c.lhen
A A la)
i j k
A7 ) ) e AR O B D
Vx(¢A) ax dy dz

WA bAr AL Pty
-[Zean- azum]n[ (4A1)- a,(M:)]J*[Ea‘ $A1)-5y ““"}

MAIN GO-OP

» Near Sponts office

* # -
\ L
M sy Su

-— - e
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VECTOR AND TENSOR ANALYSIS

93
] ' l

04, 20 04, 1,

az ™o “ox A ]!

2% 0A, 0¢

=¢(VxA)+ bl y0é =d(VXA)+(V)XA
z

ox 0y 51
A 2 ) ) .
IR
oE: Dh % 2t adrn om0 Ot
| () VX(V¢) = Vx —x|_+'—y"J+Ek - Ox 0y adz
| 54 04 04
l X y z

provided we assume that ¢ has continuous second partlal d
immaterial , . '

3% . 3’ o'¢ 2% o'y 2!

orivatives so that the order _ol'd!l‘fercnlialion is

Le.

dydz 0dzdy ' dz0x dxdz ' Ox

yox :

SRRRCOAmAA '(aA. OAs\ o FOAIIAY Yo
(lv)  Since V){A-[Lay-al)u -az'-..--a-—-)j'(—-- )u]
oot : it
4, 5 (0A, 8 5 . |
\ Hence V-(_V'XA). - -Q-(—-—’___')+_Q.(_ﬁ_&.’.)+i(o_Al D_l]
. _ l

A

PN aCA S LA At

assuming that A has continuous second partial derivatives ,

THEQREM (4.10): Prove that

0] VXxTF =0 (1

(i) vx(r"T)=0 " - v

where r s the position vector ,

CO-OPERATIVE STORE
0its office University cf Sargodha

‘.r A LN 2 %o
U $ ol P .,..:"h

i YR |
=S (RS ‘("v"'“/k..' 7z

©071199,0312-0922222

)
X0y " 0x0z dyd1 0Oydx'0z0x " 220y " "

|

—
—

-UJ_‘ 1
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() Using LLT,IO

P(x,y,z)on

At is cloar that th:k’lrndluu at which I’ rotatos Is | T | 8ln 0,

CE.A
GRADIENT DIVERGEN
194 :
- N A
PROOQF: t Slnce r = x|+ yJ + zﬂ' therefore
Ty |
- A A a 3 -6

) vxr @ Bl 0 L] «0l+0jt0 :

ox Oy 0z | -

|

em (4.9) part (1) , we hnve
=4 (VXA )+VhxA,therofore

-

==

vx(¢A

Vx[r.tﬁ)?] = r(r)(VxT)+[Vf(r)]""

- r(r)E+£'—LUTx? ~ T (slnce Txr =
r 5

7).

(fih) Setting ff ) =" 'In part (1) , wo got

vx(e' T - T

() Letn % ~f inpan (i), 46 got

3|

Vx(%J 0.

i)
i

417 GEOMETRICAL INTERPRETATION OF THE CURL

To ﬁna[b.posslblc [nterprotation of the curl , let us

consider a body‘tbmtlng with uniform angular speed @ about
b

i =
an axis {, Let :u detine the angular veloclity vector @ to be

a vector of.lon[.' : o oxtending along ¢ In the direction in
which a righteFIAndod screw would move If glven the same

>|’ I

rotation as the }Inlcl)d')" . Finally , let T be the vector drawn
| O on the nxis ¢ 1o an arbltrary point
o body ns shown In figuro (4.9) .

from any poln

‘Hence , the lianli.!’ sﬁood of P Is Figure (4.9)

}

|V 4 w7 sino

;m||7|lln9-|5x7|

Moreover , thf: volocity vector ' s dirocted perpendicular 1o (he plane of

2 nnld r,so th.l

©,7,and V. form a right handed system . Hence , th e :
| I o 4 £ b Sasort Prodiat oy glves not only th
magnitude of V but the direction as well , le, V = & x T | )
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VECTOR AND TENSOR ANALYSIS B

. : | %
f coordinates , e can write :
; olnt O nsthe origin 0
If we now take the p ; ; = :
und D o= w1t ) ek

. A
r = x|+

>

b
—>
g

Hence , the equation V- x can be written a8
-V-'(mzz-my)?—(w.z w:X)j'f(w.y —0yx)K

If we take the curl of Y , we have

i ] k
- 3 L 9 (1)
UxV = -a—i Dy Dz

wyz-03y =(0,2-0yX) ©y=-03X%

Expanding this , remembering thJat © |s a constant vector , we {ind

|
— A ‘ A | A -
'va-2m|l+20}1j+‘2m)k-2ﬁ)

va

»f—

or o =

which says that the angular vclo‘city at any point of a uniformly rotating body Is equal to one-half the ol

of the linear velocity at that point of tlI\c body . This justifies thie name rotation used for curl , Itiseln
I

\ ; : ‘ :
motivation of the term Irrotntl}onnl for a vector field whose curl Is the zero vector. In Nuid dynamics,

| _ (i
V x V Is called vorticity vector and measures the degree to which a fluld swirls , or rotates sboul p give
direction - much as the angular velocity vector mensures the rate of rotation of a rigid body .
4.18 OPERATIONS WITH ¥ (b
Here we consider the various combinations of the operator V with vector and scalar functions
THEOREM (4.11): If A and B are two vector point functions and ¢ a scalar poin! function ’
then show thlt b 0
() (A.9)e=nh.v% E
() (AXV)$=AxvVe
s i a8 . 3B . 3B
i AN -
(i) ( ) B A3y +A'ay Ader
(vy R (A v) r - A :
(v) Clvc po sible meaning to ( AxV ) B.
’ ’ A
PROOF: Let A = A,i+A3)+AsK, then | a
K,V- Ai"'A *An‘(/\_a_ A3 _Q_\_ a3 —Q~+AJ’
(. l zJ' 1 k) iax*jay-r ay) A1yt Ay a1
/
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196 ' | it GRADIENT , DIVERGENCE , AND CURL | VEC

3 ) 5 -

(/\|ax+/\10y+Ajaz)¢ : (l)
a4 3¢

Bl 5 et Mgyt Mz

m (A.9)e

¢n Obn Obn -
o (’\||+A,j+A,k) (-- fae=]w==k :
: ax 5)’ Jdz . (1
= A.V
T
) (Axv)e =~ |[Ar A Asl,
: 2 B 2
ox .9y dz
W 81 i SR 36 Bat ¢ PE KRR -0 T or T 9
[i(A’GZ'A’éy)”(A’DFA'OZ)”‘(A'6y ,'\"03—3()]¢ e
- [ I . (I")
- ﬂ 2_ A dé 3d\ A . dd¢ 2 A '
(A7 Z-A’Dy) ‘+(A,bf';-A;-";)j+(A|—§—A;'5';)k
T 7 &
- I} M1 whas A - AXV
20 24 04
ox dy Oz‘
. - N o) 0 d\ = -
(D) (A.V)B = (A.B—X+A,,-6-;+A,'5; B , i
o8, 9B _, 38 ‘
Max thMgy T, ; PR
N v s O RO IR g Tk
vy (A.9)7 (A.ax+A,0y+A,ol)(xI+yJ+zk)
A n -
- A|i+A,J+A;Q A (;
(v) No definition or meaning can be assigned to ( A X V) B, becnusc it Is o kind of differential
operator with vector quantities, ; Sii
EXAMPLE(11): 16 A =2yzli=x'yJox2’k, B = xToyzlaxyR and g=21x'y2?, ‘ ¢
find
0 (A.9)¢ - M  (Axv)e
3 (i (A.9)D
SOLUTION: Since ¢ = 2x'yz’, wehave

Ve = 4xyz’?+2x’z’f+6x’yz'ﬁ

WAIN CO-OPERATIVE STORE

Nca m 'SO“('Lllﬂl‘ft.ﬁﬂy"f\'l"(\ 6h

e g . o >
\.’ Dad il gk 20wt T

I\,iA-_-.'..\...u..bswlo.\.~.
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0} (A.9)6 = AV ‘
- (2)!1?—x’yj\+xz’vﬁ).(4xyz’?+2x’z’j+6x’_\'1’f<)
T e gxylzto2xty2’+exlys! '
ay (AXV)é = AxV
i ) k
2yz sxly xz!

dxyz’ 2x'2’ ex’yz’

- -—(6x‘y’z’+2x’z’)?+(4x’yz’-l2x’y7z’)j'
F(AxTyz+ax’yi)k

) a
oL gl e [
2yzax Ry ay-H(z az.thcreforu

v(m’) Since A .V

(A.9)B

. 8 ' d 3 A A A
(2yzg‘;-x’y;3';+xz"e—)(x’ l+yz)-xyk)

= 2yz(2xt-yR)-xTy (2] -xk)+xa (y])

N

‘ o 2 8 ) oL
dxyzit(xyz'-x'yz) J+(x'y=-2y z)k
THEOREM (4.12): If A and B are {wo vector functions , prove that

(Axv).B=a.(vxB)
PROOF: We have

197

|- 5 3 \4 2 A |
AXV » (A,g‘; - A’E;)‘*(A’Z'A‘B%)J +(A|5Q§-A,5Q;).Q,.th‘cljcforc

(XxV)ﬁ.E-(A,%-A,%)(T.E)‘0-(A,56—X—AIBQ;)(T.6)+(A|'O— A,—(L):i(ﬁ.ﬁ)

Al = A - A -
Since f.B =D,, J.B =B, k.D = B,, therefore
B

. (A.?+A,T+A,ﬁ),.(%_9_‘h)?+(_&_m on,)?+(a;a, %iB

-
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GRADIENT , DIVERGENCE , AND CURL

4.19 vncrfrt IDENTITIES

THEOREM (4. IB

)J:' If 7\. and ﬁ aro (wo differentinble vector polnt functions , prove that

() ';“v.('/fx'ﬁ)-ﬁ.(VxX)-X.(Vxﬁ)
@ | vx(AxB)=(D.v)A-B(v.2)-(A.v)B+a (v.D)
)

@ | P(RE) = (F.0) R o (R )T Tx(903)+ Ra(7x5)
| vx(vxA)=9(v.a)-v*2a

- A A — A A A .
LetA = A 1+A;0+A,kand B = B, 1+B,]+B,k, then

L AXE (A1By=A D) T4(A1D1=A1B;) [+ (A1 B- A, By )k

=i ) ) d
and  V.(AXiB) = ax (M1Ba=AsBa)+30(As B ~AB,)+57(ABa-A;B,)

(1D

o aB)+ - 0A, 0B, Q-Ih
? Bx B, Ox - A dx - B, dx

" 8B.+B dA, 0B, . A,
IR i e

A OB;+B A, dB, JA,
| 19z By mAi gy -BiT :
i:‘ (P_ﬁ_’ OA, JdA, 6A.;) a 1.6 \
| B'.ﬁy' 0L/|n:( oz " ax )t B\ Tx - ay)
| 8B, g_,_) (a . aB,) (aa, oB,
| 'A'( y = 0z s A R e x 6y)
| ”
i A OAy BA\a [OA, OAy A dA 0A
!‘.(B.I+B,j+}3,ﬁ). e e B e _iax f—ay' k
h |
P 3B, aB,)A (OB. 9B;\s (3B, 3B,\h
nTom o[ (0221 (2200 21 om)

Ox 0y s 0Oz
& _AOVAOVABV A 3V
| l"0)(”"0}'””(01'2-:"‘—,(
ot fl¢ on e
ngAaTB)- lx-Q;(AxB)
l
|
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