b

*4 7{ THE ANGULAR-MOMENTUM PRINCIPL

i

T

-

T
;I:ttv::ebc:::slipni tc}ont:zi{xolume expression for the angular-momentum princi
hematical statement for a system and use Eq. 4.1
compicte the formulation for a fixed (inertial) control volume {Section 4-7.1). To
obtain the control volume formulation for a rotating (noninerial) :ontrol VO "
(Section 4-7.2), we first develop a suitable expre sslon for the angul ar-mm:zﬂl um
principle applied to a system i In genzral motion. We te th

) use Eg. 4.26 w0 complete the
formulation for a control volume

4-7.1  Equalion for Fixed Control Valums

The anguler-momentum principlz for a system in an inertial frame i3

s=an

= dH
T = 7 (4.22)

syslem
where T = total torque exerted on the system by its surroundings, and
H = angular momenium of the system,
H = J FXVdn = [- rXVpd¥ (+4.30)
[(sysiem) J¥{(sy stam)

All quantities in the 3ystem equation must be formulated with respect te an inertial

reference frame. Refer m.\, fm 25 at rast, or translating with constant linear valocits,
are inertial, ard Eq. 4.3b can be used directly to develop the controi volume form of
the angular-momentum principle. (Rotating reference frames are noninertial and will
be treated in Secticn 4-7.2 )

The position vector, 7, locates each mass or volume element of the 5} stem with
respect to the coordinate systemt. Thae torqus, T, appiied to a system may be written

T =7FXFs+ f FXgdn+ T (4.3¢)
{(syst=m)

e surface force exertad on the system.
on between the system and fixed control volume formulations is

ﬂ) - iJ 7)pd¥‘+j 0oV -dA .10
dr tlev cs

b2 omittad without loss of continaity in the text material.
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{a) Jet speed relative 10 euch nozile. Vit 27
(b) Friction torque at pivot. T
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of the body foress in the Two &S are egual 800 ORGil &nd honse ke gass- Ve~ o= the 1o ¢ide of the
ecuadon is zem. The only external torque acting cn the CV is {riction in the pivot It oppases the mot;
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we can s 2luate the contrel volume integral on the right side of Eq. 1, we need to develop c):_r-r_v.\h,_,s

positon vezier, 7, sag velocity vesior, | ”. {measured relziive to the fx2d coordinate system XY Z) of
ement of iluid in the cuntrol volume
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Vo= IV cos8 - rosnt) + SV, 6n g + 1w cesh)
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1e) sin Q

2V, = [RV,sinasing - fry rting cosd - Lpoy

: 0L — wR)cint g + cos? §)
FaXV, - fm.,,-,-asme ~ JRVysinacosg ~ LRy,

el COS oy ~ wR)
The flux iotegral is evaluated for flyw CT0sSsing
fiu é flow ¢ vssing the contig) surface. For amm 0AB, :
FrVipV-dA = [[RV . sinasing - - .
L i e} 5n@ vanx Sii cog @ — KR(Viycosa - wR)]p%
The :Umxt) and radius vectors for ow in the left arm
! G ! must be deseribad @ i
U ed for the right arm. In the left arm the f ond J companents of the c;](:)rsd ‘:;;Txn:ls s s‘amel “f‘ “’:':::”
Snfd = =) = —sin@)and cos (0 + o) = ~eos (). Thus fur e co'nplcpic CVc s ereppasie den
({}A = ~KR(Vocoso - wk)pQ ' (4
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(4) represents the total angular momentum flux through
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| [roREe hte ot i msing 4 e e :m‘:ulu momentum, 7 X V, must be measured relative to an :

1x:.:=‘-‘l | reizrence frame. The problem is solved again using a noninertial control velums as Exampls | l

Prblem 4.15. = J

4-7.2 Eguation for Rotating Control Volums

In problems involving rotating components, such as the rotating sprinkier of Exampi:
Problem £.14, it is oftzn conveniant to express all fluid velocitizs relative to the rotating
component. The most convenient control volume is a noninertial ons that rotates with
e component, In this section we develop a formulation of the angular-momeatum

principle for a noninariial control volume rotating about an axis ﬁx:.d ispacs. o

[nertial and noninzrtial reference frames were related in Section 4-6. Figurs 2. !

showed tha notation used, For a system in an inertial frame, {
— dH (432

Toysem =
Yl
d systam
i 1t be specified relative to an
The angular momentum of a system in gencral mot:orsx must be spec
. . :“‘. (O ; S .o- t
inertial reference frame. Using the notation of Fig
- - ) ‘?’ ) ""l:
' ’+r)?"-‘-,\:_rp-~

— E . ?) ¥ Vyyz am = I ) (f\ .

S (= ’ isystem) i

yste , a equation be-
e otation within XYZ, and the equatic

With R = 0 the xyz frame is restricted t0 T i
Come - : '
X V,\'szdv
7 =
7 Vxyz dn ¥(system) |
M(system) i
— —F b 4 .’:‘n ;
‘! [ 3 )‘( ‘ ,\‘I “ L }
% :’E Japgsy st
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Substituting into 20,445, wa g
Tim = J X
syitem TRy =20 XV o=
{ . = T ’ N -
M{system) MTOX (@ XF)+ 5 X Flén
or
T:-';z "I ?XT}T:(L’__;_*.,,_.\ -
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f{syem) dt d M{sysiam) e T (4.51
/3ystem
The terques on the system is given by
T‘, =TXAFs+ j TX 3L T
ystem gan + T...-
M(system) shaft (4.3;‘)
The relation between the sys.2m and centrol volume formulatiens s
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4



102 CHAFTER 4 / BASIC EQUATIONS IX INTEGRAL FOR

2 FOR A CONTROL VOLUNE

where
7 an

7 —_—
N vstem T [
s Jaf(system)

- s 7 . A (4.51-—
dhxn:) o .’?.[ T"X\n-.pd’c"-&-{ FX VepVae €
dt at ley Jcs
svsiem
Combining Egs. 4.50, 3.51, 4.52, and 4.3¢. we cbizin
TX Fs+ [ T é’. am + Tgan
M (syvstem)
= - - R T
{ TXPRa XV +@0 X{@Xr)~wX71jdn
JM(svstem) .
("l e ~— 17 -; '3.
= — ,’ T X ViepdV¥ +J FXVeyepVyymaad
ol Jev ’ Cs
Since the system and control volume coincided at fg,

cv
—{ %20 X ‘7& @ X (@ XT x+.u»<*])<~’-
lev
d{ - @ [ - 3
= o= rX Vipd¥V + FX Vie:pVi:-dA
at jev ' lcs : :

Equatic is the formulation of the angular-momentun 'frlnc:plc for a (nonineriial)
control volume rotating about an axis fixed in space. All fiuid velocities in Eq. 4.53
are evaluzied relative to the control volume. Application of the equaticn {o a rotating
sprinkler is illustrated in Example Problem 4.15.

il <.

EXANMPLE 4.15 Lawn Sprinkler: Anaiysis Using Rot"‘ing Con

ot

A smali lawn sprinkler is cshowninthe QL*‘ chbelow. Atani

the tetal v olume flow rate of water-throu
wotates at 30 rpm. The diameter of each jet is 4 mm. Calculate the jet spe:‘d refative to

each sprinkler nozzle. Evaluate the friction torque at the sprinkler pivet.

iirat Volume
inle t;“p"’t~ ure of 20 kPa,

¢h the sprinkler is 7.5 Lters per minute and it -
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~

EXANPLE PROBLENT 4.15 |

GIVEN:  Small lawn sprinkicr as shown.

Q=7.5Umin
©=30rpm
FIRD: ) Jat spead relative o each nozzie, Vi ,
- ; |
(h)  Friction torque at pivot. \/

m. auity and angular momentum equa-

Clng roiadng control volume enzlosing
srrinkler arms,

(Centrel volume
fctetes v wh

prinkler arm) t/R-J 0 mm

= 01)
7
Basic equations: 0 = f/ < V, .21
2 ! Y p(,T‘ : P > i U“i
l"«IJC\' s = ‘23)
I')\rs-- {c'ranC?J‘_TS‘;A‘{_/[ X :‘BX ,x\:*wx(a \,T +(-/‘3/)’\?1upc:.‘-
JCV Y / ‘
=0
4
¥
=5l PxTees] aui 0 a% :
‘GI v < s ra:f0 rvz Ay (4_::‘\

Asstmptisns: (1) Steady figw relative 10 the 1. ‘ating CV

2) U'uform flow at each section
3 & = constant

2.’%3. ';_-D?:'
i 75 & 4 3
= -Z-X : X“.:-l—ﬁx—ﬂ'__x 10‘1’”"’ nun
O A TR Y Eaa
Vel = 487 g s
Cll_"ﬂ.r:r’ ,-'n-wpc 'vl t}\g ,.:,._‘1,”__1__(‘"_”_

sAle !

24a Noeata
"CITI I the l \::Ll',n ere J -Asin E?"’T?]"_’ Hlaw
= PIVOL It opposes the  molion, ¢ Sl enly extara)

L S g 4
—

T“"fu‘% = =Tk

L]
-] Tlasa
T x; “gral on the lefi is evalyateq for flow swithin g, CV. Let )
tubeg e V... . = . Aty .
el d ACV, ;f("\ f‘[ v -J\' T!-.n fCY' G.ie 'd” ‘H& "“'S:t ¢ }CLO»lt} dﬂd area Vy']"_hin tqe Spﬂnkler
< o 1S

- R :
{CV FX20 X Viyelpd# J’ rér X 2wl «

Yo VCV“rIP'XC\ dr

K
= [ ré, X g,V
0

Vs pAcy dy

e .

R
=J 20VevpAcyrdrf < wR?
va\rh k I .

One side}

(The flow j 11 the bent
"‘""‘"I.)

partion of the twbe has no r compme'\t of \elucl

; + SO it does ne
i

t contribute to the

T m— g
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e second term in the integral is evaluated as

FX@X@xT = | e % (wk % (wi
lc\' (u (tu r)]pdﬁ" I"'rc,‘r'.[wkx(wk"”k'ér)]pdv

= r", X A': 3
va & X [wk X wréy)pd¥ = [ 'ré,szr(—E,)pd‘r' = ()

) .‘v

i contributes RO torque.

g
o AT W o o

I- lr.::.l:h on f-lﬁ-n-. i ui--: i :.q. 53 1S 3‘_::'14:n v-\r A

of the sprinkler o flaw ¢z 2ssing the control sudface. For the right
Emds Wiv k‘““‘ 2 ?

FXViyedViye-dA = RE, XV : i
¥ ) £4 = née; ~11Cos al—e, 1
[CS 1y X \",,_[\.03 a(—éy) + smak}{-&-pvm.-ij,,}

= RVlcosa(-k) +sin .:z(-E,)]p%

,«,--

210N v -a " -~y -
The velocity and radius vecters for flow in the left arm must be described i in terms o° the sams unit vectes

A fnrtha =0
used 1or h.'c n§ht arm. In the lest sprinkler arm, the 8 component has ths same magnitude but epposite siza,
$0 it cancels. For the compizie CV, :

- - o - -
r A Vx'uplx._' & cosz -0k 3

-4* el o

) “ pel - (33
CS

N —

Combining tarmis (1), (2), and (3), we obtain

~Tk— R pQL = —RVmcosaplk

or
 From the dana given,
‘ 4
‘ 0 rev 150 mm _ 2mrad  min m _047lm
' wR =" —x ¥ Y — X X —— = —
% min rev  60s 1080 mm 5
| Substius Ung gives
497m  cos30®  0s7lm 959_1:_i‘<75 L
; = 150 mm = X - < = R po
';!
. . 2
’~ m’ min  N-$ T
| - Tal X e’ o » I% : i A vt
; ’ {55 u;_ (‘EJ 3 _;1'1 Ly am
T;=00713N"m
¢ roeoinantum eqy ‘n'-i r*"f'"'xi‘r:}
I:ru.w‘«,r lem has been included o illusizate use of the (palar-rmomanty x‘m; ; iy
120G eamiest vglume. The result is identical ta the 128y 1 ahrained using & edvord j
t(;f C_i;wP ?I’)h!:“q 114,




