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volume, whose shaps varies with time, Eq. .11 mz;
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To derive the control volume formulation of conservition of m2es, W€ $2 t
N=M and 7m=1
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InEq. 4.13 the first termrepresants the rate of change of mass with n the control volume:
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In sp&:i.a ases it is possible to simplify Eq. 4.13. Consider first the case of incempress-
ibie tiow, 1 'uch density remains constant. When p is constant. it is not a function¢f

ﬁu e. Consequently, for incompressible flow, Eq. 4.13 may be written a3
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0= p—[ dv+p| V-di (4.142)
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¥ over the control volume 1s mr\ply the volunie of the conirol voium:
n dividine through by p, we write Eg. 4.14a as ’
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0=—+| V-dA
ar Jes

* & nondcformable control volume of fixed size and shape, ¥ = constant. The cow
ion of mass for incompressible fiow through a fixed control volurae becomes
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it we have not assumed the flow to be steady in reducing Eq. 4.13 to the for=
have only imposed the restriction of incompressible flow. Thus Eg. 4.142 8
nent of conservation of mass for an incompressible flow that may be steady
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Thvs, Tor sieedy flow, (he mass fiow rate into a control volume must be e2ual 19 the
mass fiow rate out of the control volume.

As we noted in our previeus discussion of velocity fields in Section 2-2. 1 2 ideal-
izetion of uniform flow at a section § frequently prow’d“s an adeguate flow madal Ur
form fiow et 2 szciion implies the velocity is constant across the entire area =
V'hen the density also is constant at a section, the fiux j integral in Eq, 4.1

e
replaced by HPIOJJC; Thus, when uniform flow at section 1 is asst tmed,
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or using scalar magnitudes
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1“.4:.‘::'. note that when pV di is negauve, mass flows in throu 1gh the ‘control surface.
1258 flows out lhI’OUQLl the contrel surface in re mons where pV dA 15 p051’11\" This
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F’)I'h ides alqu:cPkc..y_k of e signs on the various fiux terms i an analysis.
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v throwoh Rulti inort Device

c; cady fow of water through the uevlce

zagram The areas are: Ay =021,
nd Ay = 4, = 0.4 ft. The mass

reugh section (3)is 3,98 « slug/s. The
e In through section (@) is | ft’/s,
fUs. Determine the flow velocity at
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GIVEHN: Steady fow of water through the device.
0.2 fi

Ay = 04fF

3.88 siug/s (cutflow)

¥, = 10 fus

Volume flow rate inat (@) = 1.0 fi¥/s
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FIND: Velocity at section 2).

SOLUTION:

In looking at eithes control volume, we see taal
surface. Thus we write
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Chees a fixad control volume. Two possibilities are shown by dashed lines. !
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Basic egquation U= o pd¥ +J pV-dA i
di JCVY s
Assumptions: (1) Steady fow (ziven)
2) Incompressible flow f"
(3) Uniform properties at each sectien where Auid crosses the CV boundaries
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in direct contact with a stationary solid boundary hasz z2ro v elcmm, .l':e-i is

no slip at the boundary. Thus the flow over a flat plateggdperes to the ptz & surt
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h\ﬁ W l'vh to d.".'ﬂ )p a mathema .':‘_: fo 'J‘.;“., n Of Newton's sac “J l“ 5 J." hi= for .
apolicaticn to 2 control volume. In this szction our derivation will be restricted to an |}

. W AU s

inertial control volume ficed in space relative to coordinate system xyZ taatis notac-

celerating relative to stationary reference frame XYZ. :

In deriving the conz-ol volume formulaticn of Newica’s second law, the procadus

is analogous to the procedur followed in deriving the mathematical formulatien for
;

conservation of mass applicd 12 a control volume. W2 begin with the mathen rical

! nl‘» -l.).. l
formulation for a system and then use Eq. 4.11 to go from the system to the control
volums formu!..mn. o _

Recall that Newtoa's second law for a system mo ving relative to an inertial coor- 3
dinate system was given by Eg.42aas

el ~ ,,,- -
re the linear momentum of 53¢ » system is given |

Payssem = ’ Vdm = ] Vpd¥ (4.2b
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From Eq. 4.11, with this substitution, we obtain

e -

S f Vpdy o+ | Tpl-dd (+17)
i 8t Jev s
sysiem
From Eq. 4.2
dP’ B (4.22)
dt : )un systemn "

/8y stem

. - . . crmrrAnd - v
Since, in deriving Eq. 4.11, the system and the control volume cou wcided at 2, then

F]nn system Ln conzrol velums
In light of this, Eqs. 4.2a and 4,17 may be combined to yield the control volume fonau-
lation of Newton's secend law for a nonaccelerating control volune

This equation states that the sum of all forces (sur;.::: ad bedy forces) acting on a
nonaccelerating control volume is equal to the sum of the ratz of chanyge of momentum
iisicda the conrol volumne and the ret rat2 of Aux of momentum cut through the conirol
surface.

The derivation of the momentum equation for a coenwol velume was straightfor-

-~

ward. Applicotion of this basic m,u.z.mn to the solution of piobiems will not be difficult
if vou exercis2 care in using the eguation.

In using any basic equation {or a control volume anciysis. the first step must te to
draw the beundaries of the cnnrm' volume and label nr\n'-‘p,‘ia:;‘ coordinate direction
In Eq. 4.18, the force, F, represents all forces acting on the centrol voluma, It m’:l::r*eﬂ

toth surface forces and bou\ forces. As in the cas: of the !'.1’:»‘:od;. c:agram cf basic
:.ww'n cs. all forces (and nomc:ts) actuing on the ~‘onm| vulume showutd be shown 30
thai they can be systen tl“ai"\' countad for in (::-.: applicatioa of the basic equatioas.
If wea denote the bedy "on.e per unit mass as B, then
= (= S
&3 = i Bdim = ‘ BDCr
‘l Jov

When the force of gravity is the orly body force, then the body force per unit mass is
g. The surface force dus to pressure i .

The naturs of the forces acting oa th2 control volume vadoubtedly will infuence 1t
e -
choice of the control voiume beundasies. § tas

1 al 7*:r:a* ‘,’ i '—11 p = -
All velosities. V. in £4. 218 ar2 measurad relative to 1t a
.
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. Force of gravity W
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ats R and Ry of reaction force from gate

gASIC EQUATIONS IN INTEGRAL FORM FOR A CONTROL VoLuy
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ting on the control volume include

ce Fy

rn atmospheric pressure p,; on top surface

’ . Hydrostatic pressure distribution on vertical surfaces {(c_sumpticn 6)

Appl

Than

Evaluating

Basic equation:

Assumptions:

The surface forces acting on tha CV are due

dr &

Dy D;
Fg = J' prdi "j prdAs = pua(Di D)w + R:
0 0

Dy
f [Pam + PO~ iwdy = !

P BTV + S W TS

s, =

Pressure distribution p,(x) along bettom surface

y the X component of the momentum equation.

= 0(2) = 0(3)

9/ c o -
. flcv Ics

(1) Fynegligible (neglect friction on channel bottom)

() Fg, =0

(3) Steady flow

(4) TIncompressible flow (given) '
(5) Uniform flow at each section (g we")

(6) Hydrostatic pressurz distributions at{l) ‘D and O(Jl ren)

Fs, = w{=lpViwDil} + u{lpVarwDai}
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N e fron;o;hn cxtemnal force acting on the centrol volume. Itis applied 10 4 i
fluids on the gate is K, where &, = —R,. Thus éi
K .  oht] > . w
‘w—‘ = - % = 9.47kN/m {applied tothe right} _..———-—"‘"T
) . ssure |
This probler : 3 ) ‘ _ 1 walume in which the presst ‘
{is nOtpunif;[ ! !lhfstrmes application of the momentum equationto a control volur )
| ‘I over the entire control surface _J
L ' P
- _—/
EX A
AMPLE -..7_ Flow through Elbow: Usa of Gaga Pressures
Water flows steadily through the 90° reducing elbow @
shown in the diagram. At the inlet to the elbow, the ab- _____';l-—-—-—\
solute pressure is 221 kPa and the cross-sectional area s — ) i
0.(231 m=. At the outlet, the cross-sectional ~rea is 7025 | i B
e . < i \
m® and the velecity is 16 mys. The elbow dischargss to \
the atmosphere. Determine the force required to hold the L___ ' () =
elbow in place. A

| EXAMPLE FROBLEM 4.7 |

| —

e s

YEN- s . TS
GIVEN:  Steady fow of water through 90° reducing elbow

pr=221kPa(abs) Ay =001m’ V= -16fnUs A, = 00025

S Ta W . .
FIND:  Foree required to hold ethow in nlace.

SCLUTIO0M:

Choose control velums as shown by the dashed I
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| A |

, EEa=ssane . ST T2
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Aj is the area of vertical sides of CV axchuling A
Au i the area of hori i
f SR o 4 B
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Al i

ol widey F AL + Aj.
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CHAFTER 4 1 EASIC EQUATIONS IN INTECE
Racs -
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ATumetipnaee &
Assumptiens: (1) Uniform flow at each section
(2} Awmospheric pressure, p, = 101 kPa fabs)
(3)
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Then
a
T = — u -
7l PA¥ + uf =lpViAl + u2{lpV1451)
Qinae 1 = 0, and there is no flow at seetion (2D, then
g W Saiv i
== [ dpdy

LY S0

4

) J N ) ¢ continuity equatic
3. v= EA’I == "JC) dA ; = 5C0 lom/s
Then
T = Vi, = 3£, 500 bm v Sz Bf-s?
s s 3221bm  slug-ft
T = 456.61bf

This protlem illustrates an application of the momentum equation to a problam in which the rats of charnzz2)
of momenmum within the contral voluma is not equal

-l t\J Z‘:

*4-4.1 Diiigrential Conirol Yoluma Analysis
We have considzared a number of exemples in which conservation of mass and th2 mo-
mentum equa"“ﬁ have bezn applied to finitz control volumes. The control voluma cho-
sen for analysis need not be finite in size

Appl"‘ i of the basic equations to differential control volume leads to dif-
ferantial ea' s describing the relationships among proyefues in the flow field. In
some cases, the d'f”terenu':.l equations can te mlwd to give detailed information abou!

1 g e
X Yy mye 13 =ICTINN 2N
propenty variations n the flow field. For the case of f stzady, incompressidie, frictionless

Streamlines

\
\
\
/
7/
7
-~
o
“«—— o3}

e

N / N,
Pl L=

e e

: f/\le“rnnmi centrol volume

.......

' elni |
flow tnre e |
a,ﬂ,,,.~rv~,nn,.rv1 1!’1" abu LV |

~antrol volume

. 53 > uity in the exXtina saptal.
ay beom irrad without loss of continuly

e

P,

I————TT A

o

o e T SV (TR

L ab e
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|

auation leads to & useful

B aloap & Uresmlie, Integration of one wich differential equat b anted
“j ~

prlativnehin arose sl pretaure, An !‘-!-\;_‘h,(n|r‘ﬁn!w ﬁf” This caae Iﬁyﬁ.‘ e

& = 2 ) Rt we 5 \F A LR $1i3 % . Nl

o illpemate the gve of differsntial control velums

i ! <2t} H oa d{‘.ld, '"h.."f"'vf" 41 "} .
‘ &% Ut AP ; g cormtingly & L AL umn r’i"‘ p’)ngf

. hmenwﬂt"l n 3pacs
flow aithout fouton, as shewnin Fig 4.4 h';-. contral volume ¢

e

» JPL
\ wois mpy slamant of 2 str2am tube The tfﬁ,'..
By DRyl o Qo atreanainty, Al \.s.’“ 3 BN eI U :
. - - » #
o iy * z '.r”";'ic §5 42

Beocausr the conn

.
]
a

nding
L T % 12 (OUNGGL L
e is boupdsd by s '::amhro flow across the boun 7.
- .'.7 — 1 ;JJ;*."-:'«
in!?fa-. &% ONCONS « - Y .,,: :.o. :—_‘j A0S I‘.‘ ‘:"e arc 3 , .! -ll Cvauleh-" ‘'
Tt T * N

= 1
4w i ier b WS

- Y

X ety mairrilivie
S &5 3w o e - .

- " , ‘\’ “' 3:
,! 3{"‘ "’“"\ S\'TTIHO!'L v ‘!U' }f Gpel uss
Thaae

B— T
. vt mounts. 1nus at 5 ~ as,.
oo .nw‘f ~d to inIteass oy diifcranlial AMOBHL. 1

u.l b wisha

o
L
o V.
flow spe=d is assumead o be V', + dV,. and so forih. umcrenual Lh-ms'-'s dp. d
P

Propertics at the inlat Laclicn 202 AsS]
the cutlet s=cu

L

-

L 1.

v - Tarie s the problem. (As in a free-body

and d A, all are as m,.-.':x. bf:p:; ive i formulall :“'“‘“ LA will

analvsis in statics or & ic sigr pf:.hh.h[l-"’::"'.lh.h..rl Wi

3y n statics o7 &1 namics, ¢ 2N ?
I,l

be da ne anal _
: ; . imegise amration and the § compoaent O € the momenturm

.v-ﬁ:.‘ '-_'.. us ".7',' ‘;-- ad - < idnlin -l g - g ¥ :
eguation to the contrai velume o

a. Continulty Eguation

e (¥1)
”
7 . i — -
Basic eguatinn Q= :L ' pd¥ + J ' ~dA (4.1.‘,'
/ot lev ZS

Assumptions, 1) Stzady flow
i
(T No ﬂ-J*« across bosnding streamline

(3) Incompressidle flow, p = constaat

Then :
0-= {=|pV,Al} + {[p(Vs + dV, XA + dA)}
and
VA = plV) =dVii +dA) (+.20a)

Ca expanding the right sice and ! simplifying, we cbtain

s —-

0 =V,dA+AdV, +dAdV

.

But JA dV, is a prodact of differentials, which may bc neglected conipared with V; 4.4

0= V,dA + AdV, (++.20H)
Streamvise Compaonent of the Momentum Equation
= 0(1)

#sic equation: Fo, + Fp, = .(?
/l

o L‘ !l’

upd¥ + f u,pV - dA (4.2
s '

et

ump

e

o 4y Noincti o Fy |
whi (3) Nodncton, so Fy s dug o pressure forces only.
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P 1 AT e LA ) (O VR | Tuueo e
The surface force (due only o pressore) will have tree e
/] ¥ ‘\
Fy, = pA=(p = (p)(A+dA)+ Kp-!- -é-}\m @224)
The first and second termas in Eq. 4.22a are the pressure forces on .h:* end faces of 1

the control surfuce. The talid term is, FSv the pressuze furce asting in the 5 cire :','.0:‘,

on the bounding sireim surfece of the control volume. lte inegnitude is ".he product of
the averuge pressure acting on the stream surface, p + 1: dp, times the area componeni
of the stream surface in the s directivn, dA. Equetion 4.222 simplifics to

Fe, = =Ads—ldndd~ (4.220)

The

-y

e _—
DAY (Cror component in e 5 direstion is

o
; T L wA

Fg, = pgyd¥ = p(=zuni){A + —7—\’533
Lo

/

Butsinfds = dz. o that

i d

T~
&
. ’
The mamentum Sux will he
r
s .T — ) % . 7 11 IR . .
‘csuspa CA = ‘:{ 1})"’;‘1} +(‘]"'f'\7vl,“0 \/ "'\'Z"‘_n){n’% "n-(l-’jl"}

1 1 - : ~ B ¢ Bia
$1CE there 1s no mess fux soross the bounding streem surdaces. The 107 in hraces
b= S S 4aaw LU0 T

tre equal from cratinuity, £a. 4202 ¢

oV @T 2 V(=W A) (V. & VgV :
S\TEVeAR) T Vet av MoV aY = a2 A ikl
L.S - s+l LA _’) (Vea d ‘}.'. (4.23)

C»,b.«-n!- I? A D )
QosuIuy ._.. £23h,4.22 il
S \t $.4.22b,4.22¢, and 123 into the memeniem equation gives

e

—Aap -~ %u‘p CA—- psAd: -

o —

in
or o e J A Iy
pgancs = pV A2V

Dividing by pA and noting that products of differentics exe negligible cornared with
the rcma'mng terms, we obtain srE L

CQI0] Pty
"
dp ,

p \2 )

i
o
(=%
<
L
i
.

or

a'p' . IV%\

- el )+ gdz =0 (4.5
For incomyressible flow, ths ¢quaticn mey be inteerzied 1o obtain
72
E_; + }-l'i + £2 = constant
or, drepping subscript s, |
p V2
o3 T & = consan t4.2
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1 !

4)  Flow along a streamline
G) u=2
-(6) Uniform flow at sections (D and ©)

| / Apply the Bemmoulli equation along a streamline between points (D and @) 1o evaluate py. Then

5
= — - P ... i P 1. \-
P, Pr= Pam = py —-—p= 5””3 - ‘.l‘,’ - gt’f"ri/-—zll _
- I AUV
Apply the continity equation

O={lVialt +{pvadalh  or vy = 1aay =

so that
Vo 4y 0
-Vl - A-: and L! = :{—
Then
PO (ALY _ ]
v pl§=ﬁ_1’_ |_....;--1|
TR J
Since A = =D-/4, they
5le)-)
P[ = —_:-— '— pn
‘T FDi\Dy) T

WithD; =3.0in, Dy = 1.0in.,and p = 1.94 slug/f?,

, 8 104slug 1 Q”( oy = 118?144 in?
Hy = == - e 3. 1. - X
! S ft* @3 m.4 i_ ’ _!.»l;g - ft fi-
'
Ao ,’7 '01 !bf S'
P“ — O
in2 -t
v - 3 ) o P )
With 0 = 0.7 {t'/s, than P, = 110 1bffin> pi
i
!
; I;’Thi:.;.w&-f::-; itlustrazes the application of the Bemoulli equation o a 83 W Where D22 rastEotions o F atandy )
H b4 [ v o . ke ALl . \.__“_‘".
| incempressitle, mc::onlc:s flow along a streamline are a reasonablz fow incdel ]
—_—

-4.2  Coatrol Yeluma NMoving with Constant Veloaity

n the preceding problems, which illustrate

applications of the memantum
rtal conteol volumes, we have considerad only stat tionary controi voly mcc A cont
ntrol
lume (fixed relative to reference frame xyz) mev ing with constan: ve

L
‘e to a fixed (inertial) reference frame XY Z. is also inertial, since it has no & ity b Yo Tela:
vith respect to XY Z. R0 eceleration
; Equ‘ztmndf 11, which expresses system derivatives i
bles, is valid for any motion of coordinate systen xvzg
rovided that all velocities are measured reliric
1s point, we rewrite Eq. 4.11 as

equation to

Aterms of contro] volume vari-

(Eixed to the contrg) volume),

¢ to the control volume, To o ¢mphasiy-
C asl/ze

df\r) 17, J' rey L
dt = npd¥ + ST
dt system dar cV fCS ne iz da

|

(4.25)
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((_‘__
Since all velocities must be measured rzlative to the control volume, in usinN
# 2
- { e t olume R s
tion to obtain the momentum equation for an inertial control v lume from the “‘.h,\
formuldlmn, we must set
N = Py and n = Vi
The control volume equation is then written as
p _—
— - = - = 45
I F = FS L ‘r’” = “J’ V,t, P(”[ ! f ";};p ‘,": A‘ffl ( s ) )
i ar Jev cs
!
s’ Equation 4.27 is the formulation of Newton's second faw applied to any inertial
‘ contro! volume (statiopary or moving with a constant velocityh. It is ideniical to
i Eq. 4.18 except that we have included subscript xy: to emphasize that guantiias
{ ha volume is halpful 1o imacine that the
i must be measured relative to the control volume. (Tt is helpful 0 1maz hat ¢
velocitias are those that would be seen by an observer moving at ¢ onstant specd Wi
| 1 { ) \-} )i‘r‘” 2
| the control volume.) The momentum equation is H;uw to an inzrtial conirol voluine
| moving with constant v elocity in Example Probiem 4.1¢.
] ala :_‘
| EXAMPLE 4.10  Vane Maoving with Constant Velecity
.f The sketch shows a vane with a turning angle of 60°. A0=50°
| The vane moves at constant speed, U = 10 nvs, and ;1-\\] ‘)
: receives 2 jet of water that leaves a stationary nozzle - I 2
% with speed V = 30 m/s. The nozzlz has an exit area v i -__:{/""
! £0.003 m2. Determine the force components that act 5 Ty
i on the vane. '
. — inlotel B o g '
EXANPLZ FRGBLENM 4.10 _

e me F«-r\(q <

Uoen a2l -

GIVEN: Vana, with tuming angle 8 = 60°, moves with constant velocity,
co -:w:-nna""’ 4 = 0.03 m?, with velccity Vo= 307 ms, i

fab Ll 4

i

- )
20° |

FiM0: Forcs components acting on the vane.

SCLuTICN:

S alzcta c::’:o! \olrnc moving mm t_‘:s vane at con-

 the compon.:n:s of force required to maintain th::
ty of the control volume at 107 my/s.
1e conuwol volume is inertial, since it is not ac-
Leratis 3 (U = coastant). Remember that all veloci
?ﬁﬁn be measured relative to the control volume in
the basic equations.

ations: . 3 - - -
Fs+Fp = ;-[ Vsl :!V'+f Ve Vay, *dA
gt cv cs ¢

é

o —

T



- —— e i &

R

TR0l VOLURE
¢+ APTER 4 [ ERSIC LAUATIONS IN IRTEGRAL FORK FOR A COKTROLWY

= Vo= VU

Assumpuons. \i) Flow is steady relutive 10 the vane
(2) Megnitude of relative velocity along th
(3) Properties are uniform at cections (1) and
4) Fp, =0

(3) Incompressible fiow

e vanc s constant.

The = companent of the mementum equation is
= 0 =)

J .
Fe, + ‘r‘F/‘ D Uy pd¥ + I Unef Viyr® dA
/ at lev cs

Thewe is na net pressure force, $ince pum &ots onall sides of the CV. Thus

R: = [ w{=lpVdAl + J WlpVdal) = —mlpViAdl + il pVaAsl
J4y

A

Aty alasi=ag c=a masc q Yat) e o - . -ty
(AL veloaisies cre measared relative 1o x)2.) From the continuity ejuaten

0= [ (tpvasy s [ lpvaal = ~loviail +p¥sad
\| Az

or
lpVi Ayl = TpVaad
Troerefore,

R, o (H: - uﬂ.‘m"z:‘)l

4
All velocites musi be meazsured relative 1o the CV, so we note that
V,=V-U Va=V-=U

Vil iy = (V= U)cosd

13

cheritutirg yields

R. = (V= U)eas 8 = (V= D)ip(V = D)1} = (V = Uh{eos 6 = DipV = U)ail

B

_ (@0~ 10]2(0.50— 1) 999}.’_&(30- lO)_rEXO_OO_’, m?!| N-s?
B s m? s kg-m
-599N {10 the left} ‘

R, =
; componer of the momeaium equation, we obtain
= 01)

") 54 = =
Fs, + Fx, = E‘i LV 1'.13:??"" - J'cs Ua:pVasdA

o e All velocities are
= J voV-dA = J vpV-dA =0 measured relative to
cs Az pam it xyz

. - e .‘,;_'

= [ vlpVdAl = ralpVadsl = valpVadi] e fRecail lpVada] = pViALl)
Az 5 .

& -
R
Lt i ]

= 7 - DysicdlplV - DA

(20 - 10) m (0.866) | 999 k8 (20-10)m  0.002 m?| N- s
s m s kg-m
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£-5 KUBEIRIUR DEUVRMGIR T Wil GUIEaisiwe Sawanrre saor e 2 ;vxu.'_-'__'.h.;"U‘;ELEFIT!" )
iU v
- ¥, s et . | |
Ry —nig = 1.Us B upwariy .
. | "
3 ? 2 i o 4 |
3:.‘;; e \fr‘-iui-l .L\.'Al.c 1S

= .04 kN + Mg fupward} | ‘
Then the net force on the vane (neﬂccune the weight of t.he vane and water within thﬂ 'Vv) is
R = ~0.599] + 1.04] KN

e

Thee n=nl! Ar e
! s prebiem iilustrates the fact that in applying the momentum equation to an inertial control volure all
{ ust be measured refztive o the control volume.,

|



