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“ Derivative of a function:
Let f be defined and real valued on [a,b]. For any point ce[a,b], form the
guotient

£(x)— f(c)
X—C
and define
£(c) = lim ) = 1)
X—C X—C

provided this limit exits.
We thus associate afunction f' with the function f , where domain of f' isthe

set of points at which the above limit exists.
The function f' isso defined is called the derivative of f .

(i) If ' isdefined at point X, we say that f is differentiable at x.
(i) f'(c) existsif and only if for areal number € >0, 3 area number 6 >0
such that

f(x)-f(c)

—f'(c)|<e Whenever |x—c|<§
X—C

(iii) If x—c=h thenwe have

£1(0) = lim f(c+h)—f(c)

h—0 h
(iv) f isdifferentiable at cif and only if ¢ is aremovable discontinuity of the
function go(x):—f ()= f(©)
X—C

< Example
(i) A function f :R —» R defined by
2sind - x#0
- front e
: X=0
This function is differentiable at x=0 because
_ f(x)-f@©) ,. x*sini-0
im————~ =|lim—2*—

x—0 X_O x—0 X_O
x’sinl
=1lim X =limxsini =0
x—0 X x—0
(i) Let f(X)=x" ; n>0 (nisinteger), xeR.
Then
. f(x)-f(c . X"=c"
||mM =lim——
X—C X—C X—>C X—C
_lim (X=C)(X" X" . +C"?x+c™h
X—C X—C
=lim (X"t +exX" +C"?x+c™h
X—C
=nc™*

impliesthat f is differentiable every whereand f'(x) = nx"™".
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% Theorem
Letf bedefined on [a,b], if f isdifferentiable at apoint xe[a,b], thenf is
continuous at x. (Differentiability implies continuity)

Proof
We know that
Itimwzf’(x) wheret=x and a<t<Db
—>X — X
Now

Itlrg( ft)-f(x)= l'm(WJ lim(t - x)

—X t—>Xx
= f'(x)-0
=0
= limf(t)=f(x).

Which show that f is continuous at x.

NOTE
(i) The converse of the above theorem does not hold.
: X if x>0
Consider f(x)=|x|= .
—X if x<O

f’(0) does not existsbut f (x) iscontinuousat x=0

(i) If fisdiscontinuous at ce D, then f’(c) does not exists.

e.g.
1 if x>0
f(x)= .
0 if x<0

is discontinuous at x= 0 therefore it is not differentiable at x=0.
(iii) f isdifferentiable at apoint cif and only if D, f(c) (right derivative) and
D_f(c) (left derivative) exists and equal.
i.e. D, f(c)=D_f(c)=Df(c)
< Example
Let f :R — R bedefined by

f (%) = NG if x>1
3 if x<1

then D, f(D)= lim ACiC]
e x-1

i f@ - f@ L @eh)?-1

h—0 1+h-1 h—0 h
2
LimAE 2L o) =2
h—0 h h—0
and
D f()= ”mw
P x-1
3_
:Iimf(l—h)—f(l) :”m(l—h) 1

h—0 1-h-1 h—0 —h

. 1-3h+3h°-h*-1
=lim

h—0 — h

=Ligg(3—3h+h2) =3
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SinceD, f()=D_f( = f'(1) doesnot exist even though f iscontinuous at
x=1. f'(x) exist for all other values of x.

< Theorem
Suppose f and g are defined on [a,b] and are differentiable at a point

xe[a,b], then f +g, fg and Al are differentiable at x and
g

) (F+9)(x)=1'(x)+g'(x)
(i) (fg)(x) = 1'(x)g(x) + F (x)g'(x)

(iii) (ij (X) = g(x)f’(x)z— F(x)9'(x)
g 9°(x)

The proof of this theorem can be get from any F.Sc or B.Sc text book.
NOTE

The derivative of any constant is zero.

Andif f isdefinedby f(x)=x then f'(x)=1

Andfor f(X)=x" then f'(x)=nx"" wheren ispositiveinteger, if n<0 we
have to restrict ourselvesto x=0.

Thus every polynomial P,(X) = a, + aX+a,X* +...cc..... +a, X" isdifferentiable
every where and so every rational function except at the point where denominator is
zero.

% Theorem (Chain Rule)

Suppose f iscontinuouson [a,b], f'(Xx) existsat some point xe[a,b]. A
function g isdefined on aninterval | which containstherangeof f,and g is
differentiable at the point f(x).

If ht)=g(f(t)); a<t<b

Then h isdifferentiableat x and h'(x)=g'( f(x))- f'(x).

Proof
Let y= f(X)
By the definition of the derivative we have
f(t)— f(x):(t—x)[f'(x)+u(t)] ............ (i)
and  g(s)-g(y)=(s-y)[g(WN+VI)] -.......... (i)

where te[a,b], sel andu(t) >0 ast—x and v(s) >0 as s— Y.
Let us suppose s= f(t) then
h(t)—h(x) =g( f(1)-g(f ()
=[f®-fM][g'()+w3)] by (ii)
=(t-X[ ') +u®][gM+v(e)] by ()
or if t=x

w =[£'() +u®)][g'(Y) + ()]

taking the limit as t — x we have
h'(x)=[f'(x)+0][g'(y)+0]
=g'(f(¥)-f'(¥ wy=1(x)
which is the required result.
It is known as chain rule.



4 Chap 4 — Differentiation

< Example
Let f bedefined by

.1
xsin— ; Xx=#0
f(X)= X <=0
0 ’ B
= f’(x):sinl—lcos1 where x = 0.
X X X

- at x=0, 1 is not defined.
X

. Applying the definition of the derivative we have

tgn}
f'(0) = Lrgw

— O t—0 t t—>0 t

which does not exit.
The derivative of the function f(x) does not exist at x=0 but it is continuous at

x=0 (i.e. it is not differentiable although it is continuous at x=0)
Same the case with absolute value function.

< Example
Let f bedefined by

sint ; xz0
f(X)= X <=0
0 : =
, .1 1
Wehave f (x):2x5|n——cos; where x= 0.
X
- a x=0, 1 is not defined.
X
. Applying the definition of the derivative we have
M:tgn} <t , (t=0)
t-0 t

Taking limitast — 0 weseethat f'(0)=0
Thus f isdifferentiable at points x but f’ isnot a continuous function, since

1 .
cos— doesnot tendto alimitas x — 0.
X

% Local Maximum
Let f beareal valued function defined on a metric space X , we say that f

has alocal maximum at apoint pe X if thereexist 6 >0 suchthat f(q)< f(p)

VvV ge X with d(p,q)<9d.
Local minimum is defined likewise.
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% Theorem
Let f bedefined on [a,b],if f hasalocal maximum at apoint xe[a,b] and
if f'(x) existthen f'(x)=0.
(The analogous for local minimum is of course also true)
Proof

Choose 6 such that
a<X—0<X<X+6<b

Now if Xx—0 <t< X then f(x)
fO-1(
t—x
Taking limitast — x we get
f'(X)>0 ............. (i) L RS
If X<t<Xx+6

Then
fO-1( _,
t—X
Again taking limit when t — x we get
f'(X)<0 oo, (ii)
Combining (i) and (ii) we have
f'(x)=0
% Generalized Mean Value Theorem
If f and g are continuous real valued functions on closed interval [a,b], then
thereisapoint xe(a,b) at which
[f(0)- T (a)]g'(x) =[a(b)- 9(@)] (X
The differentiability is not required at the end point.
Proof
Let
h(t) =[ f (b) - f (@)]a(t) -[a(b) - 9(a)] f (1) (a<t<b)
.+ hinvolves f and g therefore h is
i) Continuous on closeinterval [a,b].
i) Differentiable on open interval (a,b).
iii) and h(a) =h(b).
To prove the theorem we have to show that h'(x) =0 for some x € (a,b)

There are two cases to be discussed

(i) h isconstant function.
= h(x)=0 V xe(a,b)

(ii) If h isnot constant.
then h(t) > h(a) for some t € (a,b)
Let x bethe point intheinterval (a,b) at which h attain its maximum,
then h'(x)=0

Similarly,
if h(t)<h(a) forsome te(ab) then 3 apoint xe(ab) at whichthe
function h attain its minimum and since the derivative at alocal minimum is
zero thereforewe get h'(x) =0

Hence

W) =[f(0)-f(@)]g'(x)-[gb)-g@]f'(x)=0
This gives the desire resuilt.
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<+ Geometric Interpretation of M.V.T.
Consider aplane curve C represented by x= f(t), y=g(t) then theorem

states that thereisapoint S on C between two points P( f (a),g(a)) and
Q( f (b),g(b)) of C suchthat thetangent at S to the curve C is parallel to the
chord PQ.
% Lagrange’s M.V.T.
Let f be
1) continuouson [a,b]
i) differentiable on (a,b)
f)-f(a) _

then 3 apoint x e (a,b) such that

Proof
Let us design a new function
h(t):[f(b)— f(a)]t—(b—a)f(t) ,(@a<st<hb)
then clearly h(a) = h(b)
Since h(t) dependsupont and f (t) therefore it possess all the properties of f .
Now there are two cases
i) h isaconstant.
impliesthat h'(x)=0 VvV xe(a,b)
ii) h isnot aconstant, then
if h(t) >h(a) for some t € (a,b)
then 3 apoint xe (a,b) at which h attains its maximum
impliesthat h'(x)=0
and if h(t) < h(a)
then 3 apoint x e (a,b) at which h attain its minimum
impliesthat h'(x)=0
- h(t):[f(b)—f(a)]t—(b—a)f(t)
" h’(x):[f(b)— f(a)]—(b—a)f’(x)
Which gives
TO =@ _ f1(x)  asdesired.
b-a

% Theorem (Intermediate Value Theorem or Darboux,s Theorem)
Suppose f isareal differentiable function on some interval [a,b] and

suppose f'(a) < A < f'(b) then there exist apoint x e (a,b) suchthat f'(x)=A.

A similar result holdsif f'(a) > f'(b).
Proof

Put g(t)= f(t)-At

Then g'(t)=f'(t)—4

If t=a wehave

g'(a@="f'(a)-2
f'@-A<0 .. d'(a)<0
impliesthat g is monotonically decreasing at a.

f(X).

= 3 apoint t,  (a,b) suchthat g(a)> g(t,). a t, b

Similarly,
g'(b)=f'(b)-1
f'b)—A>0 .. d'(b)>0
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impliesthat g is monotonically increasing at b.
= J apoint t, € (a,b) suchthat g(t,) < g(b)
= thefunction attain its minimum on (a,b) at apoint x (say)
suchthat g'(xX)=0 = f'(x)—1=0
= f'(X)=A.
Note
We know that afunction f may have aderivative f' which exist at every point
but is discontinuous at some point however not every function is aderivative. In
particular derivatives which exist at every point on the interval have one important
property in common with function which are continuous on an interval is that
intermediate value are assumed.
The above theorem relates to this fact.
 Question
If aand c arereal numbers, c>0 and f isdefinedon [-11] by
£(%) :{xasinxc ; x#0
0 ; x=0
then discuss the differentiability as well as continuity at x=0.
Solution
£/(x) = lim+ Q=1
t>x  t—X
. tPsint™ - x*snx®
=lim
tox t—x
t?sint™
t
sint™

= £'(0)=lim

=limt*?!
t—0

If a-1>0, then limt*'sint®=0 = f'(0)=0 when a>0.

t—0
If a-1<0 i.e. when a<l wehave t*'=t

And limt®tsint =limt™sint™®
t—0 t—0

Which does not exist.
If a-1=0, weget limsint™®

t—o

Which also does not exist.
Hence f'(0) existsif andonlyif a>1.

Also limx®sinx™® exist and zero when a> 0, which equals the actual value of

x—0

 where b>0

the function f(x) at zero.
Hence the function is continuous at x=0.

s Question

Let f bedefined for all real x and suppose that

| f()-f(y)|<(x-y)* V rea x & y.Provethat f isconstant.
Solution

Since | F()— f(y)|<(x=y)?

Therefore

—(x=y)* < () - f(y) < (x-y)’
Dividing throughout by x-—y, we get
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—(x—y)sws(x—y) when x>y
and
—(x—y)zwz(x—y) when x<y
Taking limitas x— y, we get
0< f'(y)<0 L
Ozf’(y)zo} = T)=0

which shows that function is constant.
% Question
If f'(x)>0in (a,b) thenprovethat f isstrictly increasingin (a,b) andlet g
be its inverse function, prove that the function g isdifferentiable and that
1
"(f(x))=—— ; a<x<b
g'(f(¥)=- )
Solution
Let ye(f(a), f(b)
= y=1f(x) forsome xe(a,b)
z—Yy Z_y
f —g(f
_Jim g(f () = AL 0) =0 (T (9)
XX FO)— (X

£1((x,))- f(f()

= |lim
Xg—>X f(x,)— f(x)
= Jim 22X _ - -
_XZ—>Xf(XZ)— f(X) B lim f(Xz)_ f(X) - f’(X)
%X X, — X

s Question
Suppose f isdefined and differentiable for every x>0 and f'(x) >0 as
X—+o0wo put g(x)=f(x+1) - f(x).Provethat g(x) >0 as Xx—>+x.
Solution
Since f isdefined and differentiable for x> 0 therefore we can apply the
Lagrange’'sM.V. T. to have
f(x+D)-f(X)=(x+1-x)f'(x) where x<Xx.
- f'(X)>0 as Xx—>w
w f(x) >0 as x—>w
= f(x+)-f(X)>0 as x>0
= g(X)>0 as x—0
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* Question (L Hospital Rule)
Suppose f'(x), g'(x) exist, g'(X)=0 and f(x)=g(x)=0.

Prove that lim- 2 = F'(®)
=xg(t)  g'(x)

Proof
imt O i H0=0 _; FO=109 o () =g(x) =0
x gt) txgt)-0 tx gt)-(x)
i fO- 00 tox
tox t—X g(t) - (x)
(-1, 1

ST x M en-®
t—X
R IOERICN 1 TP SR ¢
=i t—X ”mg(t)—(X)_f(X) g(x) g(x)
tox =X

Q.E.D.
s Question
Suppose f isdefined inthe neighborhood of apoint x and f"(x) exists.
f(x+h)+ f(x=h)-2f(x)

Show that lim > = f"(X)
h—0 h
Solution
By use of Lagrange’s Mean Vaue Theorem
f(x+h)+ f(x)=hf'(x) where x<x <x+h ............... (i)
and
—[f(x=h)—f(X)]=hf'(Xx,) where X-h<X, <X ............... (i)

Subtract (ii) from (i) to get
f(x+h)+ f(x—=h)-2f(x)=h[f'(x)— f'(x,)]

N f(x+h)+ f(x—h)—2f(x): f'(x)— f'(x)

h? h

“ X%—-%—>0 a h—>0
therefore

limd (X0 + f(>§—h)—2f(X): lim 1) = T°0%)

h—0 h XX X =X,

— f”(Xz)
* Question
If co+&+&+ ......... Gy & g
2 3 n n+l

Where ¢,,C,C,,..cu.nn, c, arereal constants.

Provethat ¢, +CX+CX +......... +¢,X"'=0 hasat least one real root between 0
and 1.
Solution

Suppose f(x):cox+%x2+ .......... +—n_

Then f(0)=0 and f(l):co+cl+c—§+ .......... L5 g

2
= f(0)=f1=0
- f(x) isapolynomial therefore we have
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) It is continuous on [0,1]
i)  Itisdifferentiable on (0,2)
i) And f(a)=0= f(b)
— the function f haslocal maximum or alocal minimum at some point x<(0,1)
= f'(X)=¢, +CX+CX + e, +¢,x"=0 for some xe(0,1)
= the given equation has real root between O and 1.

< Riemann Differentiation of Vector valued function
If ()= f,(t)+i f,(t)

F(t) = 1) +i 1,0
where f,(t) and f,(t) arethereal and imaginary part of f(t).

The Rule of differentiation of real valued functions are valid in case of vector valued
function but the situation changes in the case of Mean Value Theorem.

< Example
Take f(x)=€*=cosx+isinx in (0,2r).
Then f(2r)=cos2z +isin2r =1
f (0) = cos(0) +isin(0) =1
= f(2r)-f(0)=0 but f'(x)=i€"
_, fen-1©
2r -0
= the M.V.T. fails.

In case of vector valued functions, the M.V.T. is not of the form as in the case of
real valued function.

=€ (thereisno such x)

% Theorem

Let f beacontinuous mapping of the interval [a,b] into aspace R* and f be
differentiablein (a,b) then 3 xe(ab) suchthat | f (b)- f (a)| < (b-a)| f'(¥)|.
Proof

Put 2= f (b) - £ ()

Andsuppose o¢(t)=z-f(t) (a<t<b)

o(t) sodefined isareal valued function and it possess the propertiesof f (t).

= M.V.T.isapplicableto ¢(t).

Wehave ¢(b)-¢(a)=(b-a)e'(x)

i.e. p(b)-¢p(@)=(b-a)z-f'(x) forsome xe(ab) ........... (i)
Also o(b)=z-f(b) and ¢(a)=z-f(a)
= o) -p@=2z-(f0)- (@) ccocovenn. (ii)

from (i) and (ii)
z-z=(b-a)z- f'(x)

<(b-2)|z|| ()|
= |2[ <(b-a)|z| f'(x)|
= | z|<(b-a)| f'(¥)|
e |fb)-f@|<b-a)|f'x)| =~ z=fO)-f@®
which is the required result.
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s Question
If f(x):\xﬂ,thencompute f'(x), f"(x) and f"(x), and show that f"(0) does

not exist.
Solution
x if x>0
f(x)=|x%=
X ‘ ‘ {—x3 if x<O
3_
Now D.f(0)= lim-+X=TO_ i X=0_imx -0
x—0+0 X—0 x>0+0 X —( x—0+0
—_— 3_
& Df0)=lim-XN=TO_ i, X=0_ i x)=0
x—>0-0 X—0 x->0-0 xX—0 x—>0-0

D, f(X)=D_f(x)
f'(x) existsat x=0 & f'(0)=0.
Now if x=0 and x>0 then
f(x)=x> = f'(X)=3x
andif x=0 and x<O then
f(X)=—xX = f'(X)=-3%°

3x* if x>0
e f'(x)=5 O if x=0
—3x*> If x<0
i _f! 2
Now D, f/(0)= lim ~ =110 _ ;) 3x°=0
x—0+0 X—0 x-0+0 X —(
= lim 3x=0
x—0+0
i N _ 2
AndNow D f'(0) = lim X =) _ jj, =3x' -0
x—0-0 X—0 x>0-0 xX—0
— lim (=3x) =0

X—0+0
D, f'(x)=D_f'(x)
f"(x) existsat x=0 & f"(0)=0.
Now if x=0 and x>0 then
f'(xX)=3x* = f"(X)=6x
andif x=0 and x<O then
f'(x)=-3x> = f"(x)=-6x

6x if x>0
ie f'(x)=4 0 if x=0
-6x if x<0
Now D f"(0)= lim =10 _ ., x=0_g
x—0+0 X—0 x>0+0 X —(
And D f'(0)= lim =10 _; =6x=0_ 4
x—0-0 X—0 x>0-0 x—0

D,f"(0)=D_f"(0)
f"(0) doest not exist.
But f"(0) existif x=0,andequalto 6 if x>0 andequalto —6 if x<O.
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