Chapter

9

BINOMIAL AND HYPERGEOMETRIC
DISTRIBUTIONS

9.1 INTRODUCTION

In random experiments, we can divide a sample space into two parts. Fruitin a
basket can be divided into two parts sweet and sour, in a throw of die the six faces
can be divided into even and odd faces or prime and non-prime faces, When two dice
are thrown, the total on the dice may be divided into even or odd, These experiments
have only two possible outcomes. A very simple example of this type of experiment is
throw of a coin which shows a head or a tail. The probability of each outcome is not
disturbed by repeating such experiment. In tossing a coin large number of times, the
probability of head remains constant and every time the result .of coin 'is
independent(of previous throws. We apply the binomial distribution in all these
situations in which sample space is divided into two parts according to some
definition of partition. Independent trials with only two possible outcomes and
constant probabilities are called binomial or, sometimes, Bernoulli Trials, after J.
Bernoulli (1654 — 1705), who was a pioneer in the field of probability.

9.2 BERNOULLI TRIALS

A student selected from a class may be intelligent or non-intelligent, a bulb
selected from a big lot may be good or defective, a person may be smoker or non-
smoker. These trials have only two possible outcomes. One of these oufcomes is
called success and the other is called failure. The word success is not always used for
outcomes like "intelligent", "good" or "useful". This word is used for the outcome in
which we are interested. It may be used for a non-intelligent student or for a
defective bulb. The probability of success is usually denoted by p and the probability
of failure is denoted by q (g = 1 — p). The term Bernoulli trials is used for these trials
provided the probability of success p does not change from trial to trial.

9.3 BINOMIAL EXPERIMENT

An experiment with n independent trials in which the outcomes can always be
classified as either a success or a failure and the probability of success remains
constant from trial to trial is called a binomial experiment, A binomial experiment
has the following properties.

() Each trial results in two outcomes which can be classified into success and
failure.
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(ii) The probability of success remains constant from trial to trial.
(iii) The successive trials are independent.

(iv). The experiment is repeated a fixed number of times say, n.
9.4 BINOMIAL RANDOM VARIABLE

Let X be the total number of successes in n independent Bernoulli trials, with p
as the probability of success in a single trial, then X is called the binomial random

variable with parameters n and p.
9,5 THE BINOMIAL DISTRIBUTION

The binomial distribution was discovered early in the eighteenth century by
the Swiss mathematician, J. Bernoulli (1654 — 1705). It was published after his
death in 1713. If p is the probability that an event will happen in any single trial
and q = 1 — p is the probability that it will fail to happen in any single trial, then the
probability that the event will happen exactly X times in n trials (i.e. x successes and
n — x failures will oecur) is given by

n n!

POKLx)= ) =bxnp = (1) prar-x = FEES prar

where x=0,1,2,8,...,n and n'=nn-1)(n-2)...3.2.1. 0l=1

The probability distribution of the number of successes so obtained is called the
binomial probability distribution for the obvious reason that the probabilities of 0, 1,
2, 3, ..., X, ..., N successes are the respective terms in the binomial expansion
(q + p)™. The binomial distribution contains two independent constants, n and p. If n
and p are known then we can determine all measures like mean, variance,
coefficient of skewness etc. of the distribution. They are called parameters of the
binomial distribution. If p = q = 1/2, the binomial distribution is a symmetrical
distribution and when p # q, it is a skewed distribution,
9.6 GRAPH OF THE BINOMIAL DISTRIBUTION

The probability function will be symmetrical when p = 1/2 ( Figure 9.1.). If
p > 1/2 ( Figure 9.2 ), the probability function will be negatively skewed. If p < 1/2
( Figure 9.3 ), it will be positively skewed. The greater the difference between p and
1 — p, the greater the skewness of the probability function. However, as n increases,
the probability function approaches symmetry regardless of the difference between p
and 1 — p. The degree of skewness can be measured with the help of a formula called

: q-=p
coefficient of skewness = :

\lnpq
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Figure 9.1. Binomial distribution for n=4, p = 1/2.
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Figure 9.2. Binomial distribution for n=4, p = 7/10.
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Figure 9.3. Binomial distribution for n=4, p = 3/10.
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Example 9.1,

An évent has the probability p = 2/5. Find the complete binomial distribution
forin= 5.

Solution:
The probability of x successes in a series of n trials is given by
P[X=x] = blx;n,p) = (z) prqtr X =01 4.8 wsn

Here, n=56p=25 and q=1-p~ 3/5
Let the random variable X denote the number of successes, then the possible
values of X are 0, 1, 2, 3, 4 and 5. Therefore

P[X=x] = b(x526) = (i)[%)(%)ﬁ_ x=0, 1,2,8,4,5.

P[X=0] = b(0;528) = (g)(%)e(g} i %%
pix=11 = sszn = ($)(B)3) = s
P[X=2]\= b(2526) = (;)[%)2(%)3 3 %g_g
fix-a1 = vesze = (3)(3)(3) = ot
P[X=4] = b(4525) = (i)(%)4(§) 5 %ﬁ%
P[X=5] = b(5:526) = (2](%)%%)" = 5%5'
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Thus the complete binomial distribution with p = 2/5 and n = 5 in tabular
form is given as follows:

x 0 3 2 3 4 53 Total
- 243 | 810 | 1080 | 720 240 32 HOT
P[X=x} V575 | 3125 | 5125 | 3125 | 3125 | Bz cpEERE=x=1

Example 9.2.

The experience of a house-agent indicates that he can provide suitable
accommodation for 75 percent of the clients who come to him. If on a particular
occasion, 6 clients approach him independently, calculate the probability that:

(i) less than 4 clients will get satisfactory accommodation

(ii) exactly 4 clients will get satisfactory accommodation

(iii) at least 4 clients will get satisfactory accommodation

i{iy) at most 4 clients will get satisfactory accommodation.

Solution: &
The probability of x successes in a series of n trials is given by
P[X=x] = (:) pXqn~x =l 183 v, B

Here, n = 6,p = 75/100 = 3/4, and q=1-p= 1/4

Let the random variable X denote the number of clients who will get
satisfactory accommodation. Then the possible values of X are 0, 1, 2, 3, 4,5, b.
Therefore

6 3 1\6-
ixent = (NS arnaane

o mxen - GIET-GHEN-OEI)
()3 )
% 40196 + 006 * o = .fog;@ = 0.1694
() P[X=4] = (2](%)4[%]2 i % = 0.2966

g [

Nl

5= 6 4 l 2 6 3. 5 l & g 610
(i P[X 24] = (4)[ (4) +(5)(4) (4) +(6)(4] (4)
1215 1458 729 3402
4096 4096 " 4096 A6 T trae

SHIGEHIGIGEH 6]
MGG

1 18 i 135 - 540 - 1215 1909
MIYB.C =kt 4096 4096 4096 4096 4096 4096

(iv) P[X<4]

1l

= |00

D L LI
T

1
+

= 0.4661
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Example 9.3,

Large lots of incoming products at a manufacturing plant are inspected for
defectives by means of a sampling scheme. Only 8 items are to be examined and the
lot is rejected if 2 or more defectives are observed, If a lot contains 10 % defectives,
what is probability that the lot will be:

(i) accepted? (i) rejected?
Solution:
The probability of x successes in a series of n trials is given by

P[X=x] = b(x;n, p) = (:) prgh X x=0,1,2 8 <.,n

Here, n=8p = 10/100= 1/10 and q =1-p = 9/10
Let the random variable X denote the number of defective items, then the
possible values of X are 0, 1, 2, 3, ..., 8. Therefore

P[X=x] = (2)(%)"(%)3"‘ x=0,1,23, ..., 8.
o prx<z1 = ()ENHCUE)DY
= 0.4305+0.3826 = 0.8131
@ P[X22]\@"1-P[X<2] = 1-0.8131 = 0.1869.

Example 9.4

Assuming that each baby has probability 0.4 of being male, find the probability
that a family of 4 children will have

() exactly one boy (i) exactly one girl (iii) at least one boy
(iv) at least one girl (v) at most one boy (vi) at most one girl
Solution:

The probability of x successes in a series of n trials is given by
P(X=x) = b(x; n, p) = (;:) Prghx x=0,1,2,8 M.

Here, n=4,p=04,q=1-p =1-04 = 0.6
Let the random variable X denote the number of boys, then the possible values
of X are 0, 1, 2, 3, 4. Therefore

P(X=x) = (:)(0.4)" 0.6)t-x x=0, 1, 2, 3, 4.

0 P(X=1)\& (1‘) (0.4)! (0.6)2

= 0.3456
¢ 4
(i) P(X=3) = (3J(0.4)3(0.6)1 = 0.1536
(i) P(X21) = 1-P(X=0) = 1-(3)(0.4)0(0.6)4=1—0.1296=0.8704
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(iv) P(X<3) = 1-P(X=4) = 1-(3)(0.4)4 (0.6)° = 1 - 0.0256 = 0.9744

™) P(X<1)@E (;‘) (0.4)0 (o.s)4+(‘1‘) (0.4)! (0.6)3
0.1296 + 0.3456 = 0.4752

4
(g) (0.4)3 (0.6)1 + (4) (0.4)% (0.6)°
0.1536 + 0.0256 = 0.1792

1l

(vi) P(X=3)

I

Example 9.5,
Given n =6, p = 1/3. Find
(@) P[X=-1] b)P[X=25] ©P[X=2] (dP[X=10].
Solution:
The probability of x successes in a series of n trials is given by

P[X=x] = (:) ol e £ e R

Here, n = 6,p\SclR)\q = l-p = 2/3 and x=0,1,23,4,5,6.

1 —-x a
P[X=x] J (E)(g)x(é@)ﬁ x__-o’ l! 21 31 LB h 6' ¢
a) P[X=-1] = 0, because a random variable X in a binomial distribution
takes only positive integral values.
B) P[X=25]= 0 beecanseX can take only integer values 0,1,23,4,5,6.

© P[X=2] = (g)(%)2(§)4= 240

d) P[X=10] 0, because X can take only values 03,2 .84 5.8,

2.7 MEAN, VARIANCE AND STANDARD DEVIATION OF THE
BINOMIAL DISTRIBUTION
The mean, variance and standard deviation of the binomial distribution, means
‘he mean, variance and standard deviation of the values taken by the variable in
‘epeated binomial experiments. Instead of carrying out these experiments in order
0 calculate the mean, variance and standard deviation, it can be shown
nathematically that the following formulae may be applied to any binomial
listribution.
Mean = K = Expkx) =np
Variance = o2 x% p(x) — [Zx p(x)]* = npq

5D =g '\(ET;? P -Zxp®]2 = \npq
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Example 9.6.
Find the mean, variance and standard deviation of the binomial distribution
(q+p)
Solution: :
Here, n =2, x = 0,1, 2. Therefore
P[X=x] = (i) P g x=012
2) 0.2 2 2
P[X=0] = {)p’d* = ¢ P[X=1]= (])pa = 2pq
2 :
P[X=2] = (2) pq’ = p’

Thus, the probability distribution in tabular form for the computation of mean,
variance and standard deviation of X is given as follows:

x | P[X=x]=px) X p(x) % x* p(x)
0 (12 0 0
1 2pq 2pq 2pq
2 p2 2p2 4})2
E(X)= p = Zxp(x) = 2pq+2p°
= 2p@+tp) = 2p(1) = 2p
E(X*)= Zx®p(x) = 2pq+4p’
Var (X)= o® = E(X*)-[E(X)]? = 2pq+4p®-(2p)®
= 2pq +4p®—4p® = 2pq
SD(X)= 6 = 1/2pgq
Example 9.7.

Show that the mean = 3p, variance = 3pq and standard deviation = 3pq fora
binomial distribution in which n = 3.

Solution:

Here,” n = 3, . x = 0, 1, 2, 3. Therefore
3

PLE3T = [x)p"q:i"‘ x=0,1,2 3.
3 3

Blx=0) = (0)99q3= q’ P[X=1K= (1] pq’ = 3pq’
G (1 3

P[X=2] = (z)p‘q = 3p’q P[X=38] = (3) p’¢"= p’
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Thus, the probability distribution in tabular form for the computation of mean.

variance and standard deviation of X is given as follows:

xPDP[X=x]=px) | *xp&® x x* p(x)
0 g 0 0 0
1 -3pq” 3pq* 1 3pq*
2 3p’q 6p°q 4 12pq
a p 3p® 9 9p*
E(X) p = Ixp(x) =3pq®+6p°q+3p’=3p(q°+ 2pq +p?)
3p(a+p)* = Bp(1)* = 3p
E(X?) Ix*p(x) = 3pq’+ 12p°q+9p’ =3p(q® + 4pq + 3p")

Var( X )=

S.D(X\V="6¢ = /3pq

Example 9.8.
Find the mean, variance and standard deviation of the binomial distribution

(q+p)".
Solution:
Here,

P[X=x]

P[X=0]
P[X=3]

= 4,

3p[ q* + 2pq + p* + 2pq + 2p*] = 3p[ (g + p)* + 2p(q + p) ]

3p[ (1)*+2p(1) | =3p[ 1+ 2p ] =3p + 6p’

E(X*) - [E(X)]*= 3p+ 6p° - (3p)* = 3p + 6p* - 9p*

3p~=38p®=3p(1 -p) = 3pq

= q4

= 4p’q

x = 0,1, 2 3, 4. Therefore

s 4 x d4-x
& [x)p 4

x=01,2, 3, 4.
P[X=1] = 4pq’
P[X=4]= 'p*

P[X=2] = 6p’q’

Thus, the probability distribution i1 tabular form for the computation of mean,

variance and standard deviation of X is

iven as follows:

X P[X=x]=p®X) A p(x) x2 x% p(x)
0 q* 0 0 0

1 4pq® 4pq’ 1 4pq°
2 6p’q’ '2p’q’ 4 24p’?
3 4p%q 12p3q 9 36p’q
4 p’ 4p* 16 16p*
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E(X) = p = zxp®=dpg°+ 12p*q” + 12p%q + 4p*
= 14p(a’ + 3pq® + 3p%q + p%) = 4p(q + p)’ = 4p(1)% = 45
E(XY = zpx) = 4pq’ + 24p%g? + 36p°q + 16p*
= 4p[q’ + 6pq® + 9p?q + 4p%]
= 4p[q’+3pq®+ 3p%q + p® + 3pg? + 6p”q + 3p°]
= 4pl(a+p)°+3p(q* + 2pq + p?)] .
4p[ (@ +p)+ 3p(q + p)*] = 4p[ (1)* + 3p(1)*]
= 4p[1+3p] = 4p+ 192
Var( X )= o2 = E(X)’-[E(X)]* = 4p + 12p? — (4p)?
= 4p+12p°-16p® = 4p-4p? = 4p( -p) = 4pq
SD(X) = ¢ = \apq
Example 9.9,
Find the mean, variarce and standard deviation of the binomial distribution
(@+p)"
Solution:
The number of Successes x will be 0, 1, 2, 3, 4, ..., n. We know that

n s, i n N n \ n o
(G H+p)o= (.0) p’q *(1) Pq l*(?.) pq" 2*(3) p'q" 3*(4) piq"~*

n n M0
+"'+(n) Pa

Therefore the probabilities of 0, 1284 ... n Successes are respectively,

n n - n n-2 n n- n n— n
q’, (1) pq" 1,(2) pq (3) P’q 3,(4) 3 S

Thus, the probability distribution in tabular form for the computation of mean,
variance and standard deviation of X is given as follows:
—

X | P[X=x]=p X p(x) x° x* p(x)
0 q" 0 0 0

L@ | (3) e |

, S
k=]
L=
.D:'.I
%
e
f&\f_‘\
By WD g B
¢ AN N N o
=]
(3]
o

L PR g o
=)
L]
’Qn
A
©o
w0
’ - g

=)
L3
=
1
-
[
o]
—t
o
e
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E(X)= p = Zxp= ( )pq“ 1+2(2J pﬁqn—2+3(131) pPq® -2

+ 4(2) p'q"*+... + np"

=) nn -1 e nn-1)(n-2) &
= npq 1+2JT1 pXq" 2+ 3 5 paqn 3

nn—1) (n4!— 2) (n—=23) e b

n

+ 4

1l

< 3 n—-1)n-2 =
np[q '+(-Dpg"*+ o plq"~?

2 Q=DO-DO=3) 5 iy +pn_1]

e n-1 B n—1 e n-1 s e
=agorte (M7 ot (25 )t + (5 )t

=np [@+p)" ] = np[1)*)]= n
E(X%) = Zx"p(x) = ( ] i 1+4( )p"q“'%s(g) piq"

+ 16( 4) p'q"~*+... + n%p"

e n{n-=1 L nmn-1)n-2 .,
— npq i+4..—.(Tl piqn 2+9 3! pdqn 3

+ g Bo=1) (114‘— 2) (@ —39) p'q"*+... + n%p"

Mﬂﬁzn-a

= np[q""+2(n—1) pq Tt +3 o P'q

+4 (8D (n:; Za-3) PP+ .+ np“‘l]

n-1)(n-2) s
g

- np[{q““+(n—1) pg Ok of

N (n—1) (n:; 2) (n-3) e pn_l}

2 n-1)mn-2) , .
+{(ﬂ—l)pq“ “+2 51 p'q"?

g@=DO-DO) oy Dpn-ﬂ
= np [(@+p)™ "+ (-1 pf@?+@-2 pg-*

+gn_—21(n;32 2qn-4+ +pn——2}]

2! p
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—2
= np[(q+p)“"+(n—l)p{q"'2+(n1 )pq“'“
+ n;szzqn—d_!_-"_*_pn—ﬂ}]
= np[@+p)" '+ (- 1) p(q + p)"-7] = np [(1"" + (n - 1) p(1)"-]
np [1+(n~1)p]=np[1+:np~p]=np+n"p2—'np2
Var( X )= ¢o? = E(Xz)—[E(X)]"’ = np + n’p® - np* — (np)?
= Bp+0'p’—np®— n’p* = np — np* = np(1 - p) = npq
SD(X) = ¢ = Vnpq

Alternative method
The binomial random
distribution

P[X=x]= b:n.p) = (:) p gt~ %

- n X n-x
{(3) v

variable X with parameters n and p has the probability -

x=0,1,2,3, eesy I

n
B(X)= % xp(x) = Z
x=0 x=0
- n! NG T oo n(n-1)! ASH N7 x
xfoxx!(n—-x)! Pq - xgﬁxx(x—l)!(n-x)! BRNSY
== 2 (n-l)t > S I s Et (n_ ) X-1_.n-x
M B P =G o1
:np[qn—l+(n;1)pqn—2+(n£1)pzqn—:}_l_.”_’_pn-—]:]

npl(@+p)"~ '] = np [ ()"-!]
E(X*)= E[X(X- 1)]+E(X)=

np -
E[X(X—1)]+np

Where E[X(X-1)]= g x(x-1) px) = E X(xﬂl)(n) <
x=0 x=0 X
A ____,__,n! X n-—-x
E xED X(x = 1) xln-x) P 4
o i n(n-1) (n - 2)! 2.%x-2 n-x
Bl xx-D)(x-2)m-x! PP 9
= n(n-1)p° }2 in—2) AEfaech

b
&

n(n = Dp* [(q + p)"~2] = nn 1) p{(1)"~7] = n(n - 1) p*

n —_
n(n-1)p* x (n

x=2(x—-2)! (n-x)! P

E)P

Xx-2 n-x

x=2 \X = A
gl n-2 fA-\2 n-3
B i s py
)pzqnﬂi.{_“‘_i_pnfE]_ |
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So, E(X?) = n(n-1) p+ np = nzpz—np2+np
Var( X\)=~0*" = E(X*)-[E(X)]* = 1'12133*1’1132'FIIIJ-(HIJ)2
= n'p’—np’+np-nPp?= np -np* =_np(l—=p) = npq

SD(X)="g = Vnpq
Example 9.10.

If X is a binomial random variable with E(X)=1.44 and S.D(X) = 0.96. Find
the parameters of the binomial distribution. Also find PIX=21

Solution:
Here, E(X) =np = 144, SD(X) = \Vnpq = 0.96
Var( X ) = npq =(0.96)?= 0.9216
1.44q = 0.9216 (since np = 1.44)

.9216
or q= 91_94—4— = 064 and p = l-q = 0.36
np = 144 or n(0.36) = 1.44 (since p = 0.36)

1.44
B X638 = 4

RPX=2]= (;)(0.36)2(0.64)3 = 0.3185

Hence, n = 4, p = 0.36 and P(X=2) = 0.3185.
Example 9.11.

Is 1t possible to have a binomial distribution with mean = 10 and standard
deviation = 6?

Solution:
Here, Mean= ; = np = 10
SD(X)= ¢ = \Vnpq = 6
Var( X ) = ¢? = npq = (6)’= 3¢
o
10g = 36 (since np=10) or q = Tg = 3.6

Example 9.12.
Given n'='5, P(X=1)=5/32 and P(X=2) = 10/32. EndP(X=0 ) and
P(X = 8). Also find coefficient of skewness. :

Solution:
5 § i 5
P[X=1]"% D SR e (1)
i 10
P[X=2] = (2) oL el = (2)
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Dividing equation (2) by equation (1)

10p%*g® 10/32 2p g e
3% ol e A i 2q0r pEYFO5
8Y(1Y(1l% _ 1
wseor - (AT - &
Y (1w iy _ 10
rx=a1 = )3V ) - &
Coefficient of skewness = bl 0, there is no skewness, thus the

distribution is symmetrical.
9.8 PROPERTIES OF THE BINOMIAL DISTRIBUTION
Properties of the binomial distribution are listed in the following table.

&npq >

Mean p=np
Variance ; o’ = npq
Standard Deviation o =\/npq

. q-p
Moment Coefficient of Skewness Y. = \/El =

npq
Moment Coefficient of Kurtosis B, =3+ f it S ok
npq
Note: Skewness is negative, zero or positive accordingas p> 1l/2or p =12 or

p< 12

BINOMIAL FREQUENCY DISTRIBUTION
Let the n independent trials constitute one experiment and let this experiment
be repeated N times. Then we expect x successes to occur N( 2) p*q” ~* times. This

9.9

will be called the expected frequency of x successes in N experiments and the
possible number of successes together with the expected frequencies will be said to
constitute the binomial (expected) frequency distribution. In practice, the observed
frequencies will differ from the expected frequencies due to chance causes. For/N
sets, each of n trials the expected frequencies of 0, 1, 2, ..., n successes are given by
the successive terms in the binomial expansion of N(g + p)", q+p = 1.

9.10  FITTING OF THE BINOMIAL DISTRIBUTION

Suppose there are some intelligent and some non-intelligent students in a big
college but we do not know the percentage of intelligent students. A random sample
of 6 students is selected and the number of intelligent students in the sample is
counted. This number will take any v:lue between 0 to 6. We repeat the sample a
large number of times say 100 and each time note the number of intelligent
students. The frequencies of 0, 1, 2, ..., 6 intelligent students as observed in this



[Chapter 9] Binomial and Hypergeometric Distributions 381

experiment are, say, 14, 15, 25, 25, 10, 6, 5. The sample data can be written as
below:

No. of intelligent 0 1 2 3 4 5 6

students (X))

Frequency ( f) 14 15 25 25 10 6 5
X 240

sample mean = 2.4 and substitute it equal to np when n = 6, Thus 6p = 2.4 and
P = 0.4. This value of p is called estimate of proportion of intelligent students in the
college. When p = 0.4 thenq=1-p=1-04= 0.6. Usingn=6, p=0.4 and q = 0.6
we can find the probabilities of 0, 1, 2, ..., 6 intelligent students as given below.

distribution.

No. of intelligent Probability B Frequencics
students ( X ) px) = [f:) (0'_4):; (0.6)° Nt
9 (g) (0.4)" (0.6)° = 0.046656 4.67
1 ( ?J (0.4) (0.6)° = 0.186624 18.66
2 (S] (0.4)* (0.6)* = 0.311040 31.10
8 ( 3) (0.4).3 (0.6)°=0.276480 | 27.65
g (2 ) (0.4)" (0.6)* = 0.138240 13.82
2 (E) (0.4)° (0.6) = 0.036864 3.69
§ (2 ) (0.4)° (0.6)° = 0.004096 0.41
e Total 1 100

This procedure of finding expected frequencics of the binomial distribution is
called fitting of the binomial distribution. It is basically the method of estimating
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probability of success p(parameter of population) from the sample data and then use
it to find the expected frequencies (most likely) of the given experiment.
Example 9.13.

The probability of male birthis equal to the probability of female birth. Out of
400 families with 4 children each, find the expected number of families with 0, 1, 2,
3 and 4 males.

Solution:
The binomial frequency distribution 1s
NP[X=x]= NbXnp = N(I;) p*q" ™ * x=0,123,...,n
Here, N = 400, n=4, p = 1/2, q = 1-p =12 and x=0,1,2,3,4.
1 1
400P[X=0] = 400(3)(50(5)4 = 25 Families
4 1
400P[X=1] = 400(1)(%)(5)3 = 100 Families
1 1
400P[X=2] = 400(3)(«2-)2(5)2 = 150 Families
4 1
400P[X=3] = 400(3)[%)3(5) = 100 Families
4 1 1
400P[X=4] = 400[4)(5)‘[5)0 = 25 Families

Example 9.14.
Six dice are thrown 729 times. How many times do you expect at least threc
dice to show a five or a six?

Solution:
The binomial frequency distribution is
NP[X=x] = Nb@xn,p) = NLE) g 201 28
Here, . p="13] | g, =y 1=D = U3 | Bi= 6 and N = 729.

Let the random variable X denote the number of dice to show a five or a six,
then the possible values of X are 0, 1, 2, 3, 4, 5, 6. Therefore

T mareNeNioNens . L
729 P[X=x] = 729(){)(3) (d) =01 Bl

The expected number of times a least three dice will show a 5 or a 6 is
=10 (3) (3 (&) + mo () (3) (3 + (G A& (B)
~10(3)(5)' (3)
= 729(%) +729(%) +729[%j + 729 (%) =10933

@
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Example 9.15.

Fit a binomial distribution

coin 5 times,

to the following data, obtained by tessing a biased

No. of heads 0 1 2 3 4 5 Total
Frequency 12 56 74 39 18 200
Solution: The value of P is not given. Let us first calculate p.
No. of heads (X) 0 1 2 3 4 Total
Frequency (f ) 12 56 74 39 18 200
Product ( f X) 0 56 | 18| 117 72 5 398
Here, Zzf = 200, XfX = S8 i Pl E
X = np= Ezf—f—x = %((‘;—g- = 1.99
or bp = 199 (since n = 5)
1,89
or p = )\ = 0398 and q=1-p=1-0.398 = 0.602

Hence the binomial distribution to be fitted to the data is

200P[ X =x]

The expected
calculated as below

200( i) (0.398)* (0.602)° %

or theoretical frequencies of 0, 1

» 2, 3, 4, 5 successes ar:

No. of heads Probability Expectéd Frequencies_—
(X) P[X=x] NP[X=x]
0 ( g) (0.398)" (0.602)° = 0.079065 15.81 or 16
1 (‘;’J (0.398) (0.602)* = 0.261360 52.27 or 52
2 ( g) (0.398)* (0.602)° = 0.345586 69.12 or 69
3 ( g ) (0.398)° (0.602)* = 0.228477 45.70 or 46
o (i) (0.398)* (0.602) = 0.075526 15.10 or 15
5 (g) (0.398)° (0.602)° = 0.009987 2.00 or 2
Total 1 200




