Chapter
13
STATISTICAL INFERENCE |

TESTING OF HYPOTHESES§

13.1 INTRODUCTION '

Statistical inference consists of estimation , of param
hypotheses. Estimation has already been discussed in thesprewvious chapter and in
this chapter our lesson is about the testing of ‘hypot} s Point estimation and
interval estimation as discussed earlier have theiy n” fields of application.
Sometimes there is a situation in which the poin

h’anged to improve the effectiveness of
the point estimation and the interval

(i) The contents of a medicine have
. the medicine. In this situati
estimation fail to answer tge tion about the improvement of the medicine.
oved.

possible by methods of estimation. [b
e

. In this case we have to t
~; the medicine has been im
(i1} A manufacturer of ti @ims that the average life of his tires is at least 15000
+ kilometers. The if%ces is an important factor to settle the price of the tires.

It is a big infor gﬁ if

life of the tires
by a point ¢&ti

ot more than 15000 kilometers. The answer is not provided
te or by an interval estimate of the life of the tires. What we
shall 0 is that we shall examine the claim of the manufacturer on the
basi% experiment conducted on the sample of tires. A certain procedure.
% opted to reach some conclusion. This is what we shall call the test of

5 hyDetHesis about the life of tires.
‘ “18.2 STATISTICAL HYPOTHESES

Any opinion or idea may be formed about the population under study. Conside?
the following statements: Average consumption of sugar per month for a consumer is

1 kg; Intelligent parents have intelligent "qhildren, tall fathers have tall sons,

average life of the people of Pakistan is higher than that of India, proper greasing
increases the life of ceiling fans, use of coffee ifcreases chances of heart attack, one
variety of seed is better than the other, a medicine of allergy gives relief to at least
80 % of the people, more than 25 % people are literate in our country, only 60 %
people will go to the polling stations for voting. These statements are the questions

117 ‘

‘and testing of

g8timation and the interval -

~ estimation are either not required or the estin @ fParameters does not provide
any inference. For example, the following si s require inference which is not
rom the sample data to decide whether or not

we prove with reasonable amount of confidence that the -
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in different fields of life and these questions are to be answered - after proper -
experimentation: These questions have come up in the process of investigations.
This is how the hypotheses are generated during various studies. When an
assumption is explained in the form of a statement about the distribution of a
population or populations, it is called a statistical hypothesis. In simple words, a
 statistical hypothesis is a statement about the unknown value of the population
‘parameter. The statement may be true or false. ‘ ~

13.2.1 NULL HYPOTHESIS ‘

The hypothesis which is to be tested is called null vhypothesis. It oted by |
H, Itisa 'starting point in the investigations. A statement whic

,rejected‘is taken as a hypothesis. Modern approach is cﬁ{fer . Today any |
hypothesis we wish to test 1s called null hypothesis and 1s f%» d by H,. In this

book we shall follow the old convention. Any hypo @ will be called null
hypothesis only when we hope to reject it. Thus the Wypothesis is framed for
possible rejection. Tall fathers have tall children. W assume that tall fathers
do not have tall children. This will be conside ull hypothesis and will be
denoted by H,. We are hoping that H, wil l%@ed on the basis of sample data.

Use of coffee increases chances of heart.att To start with we shall assume that
heart attack has no link with the ce. This will be taken as H, and we hope

( use _
it will be rejected by the sample data L
13.2.2 ALTERNATIVE HY SIS

The hypothesis which i Zd when the null hypothesis has been rejected is
called the alternative h% s. It is denoted by H, or Hy. Whatever we are

expecting from the sa:’%r ata is taken as the alternate hypothesis. "More than
25% people are lit i} our country". We are hoping to get this result from the
sample. It will bg% as an alternate hypothesis H, and ngll hypothesis H,, will be
that 25 % or %{ an that are literate. To be more specific, H, will be 25 % or less
are literg g an H |, will be more than 25 % are literate. It 1s written as:

, 5\“ % p<0.25 (25%orless) H;:p>0.25 (morethan25 %)
To}@t e things simple, we can write H, in the form of equality as Hy:p = 0.25
but it is important to write H, with proper direction of inecuality. Thus we write
H:p>025. . o '

In this case t}lle H, contains the inequality more than ( > ). We shall explain
later that H}‘ tmay be written with inequality less than ( <) or not equal (#). In
general, if the hypothesis about the population parameter 8 is 0,, then H, can be
written in three different ways. :

. For H,:0=0, H:0=%0, H,:0>0, H,:0<8,

But this is the simple‘ approach which is allowed for the students. Another way

of writing the above hypotheses H, and H, 1s

(@ H,:0 = 0, H,:020, (b) Hy:0 < 0, H,:0>8, (0 H.:0 = 0, H,:0<8,

N
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The alternative hypothesis H, never contains the sign of equality. Thus H, will
not contain =, ‘<’ or ‘2’ signs. The equality sign ‘=" and inequalities like ‘<’ and %’
are used for writing H,,. ' -

13.2.3 SIMPLE HYPOTHESIS

If a hypothesis has a single value for the population parameter, it is called 1}'
simple hypothesis. The breaking strength of copper wire is 10 kg. Here Hy p=10kg '
has a single specified value. H, is simple hypothesis, similarly T T and

i p = 0.6 are simple hypotheses. ' O »
:

13.2.4 COMPOSITE HYPOTHESIS

The hypothesis is called composite if it specifies a ran f wvalues for the
parameter. The hypothesis p > 10 is a composite hypothe8is. Similarly the
hypotheses (u, — ) 2 10 and p < 0.6 are composite.

13.2.5 ACCEPTANCE AND REJECTION OF NU % OTHESIS

The given hypothesis is tested with the helg .'ﬁ sample data. A simple
random sample has the full freedom of giving l,, e*to its statistic. The sample
18 not aware of our plans. We decide about o hesis on the basis of the sample
statistic. If the sample does not supp mull hypothesis, we reject it on

probability basis and accept the alte ‘hypothesis. If the sample does not
oppose the hypothesis, the hypothesis epted. But here ‘accept’ does not mean
the acceptance of null hypothesis ly means that the sample has not strongly

opposed it. "Not opposed" does 1% that the sample has strongly supported the
hypothesis. The support of mple in favour of the hypothesis cannot be
established. When the hyp .?‘. is rejected, it is rejected with a high probability.
Thus rejection of H,: is a.strong decision and it leads us to the acceptance of H,. But
acceptance of H, is c\% the acceptance of H,. The acceptance of null hypothesis

does not give us a €ertain strong decision. It is a situation which may require someé
further investi@& At this stage, many factors are to be taken into account. The

size ertain other things not yet discussed help us to do something more
pothesis before it is finally accepted. Thus rejection is a decision but
y true and acceptaice is not a decision in any sense of the word.

There is a modern approach in which the terms rejection and acceptance are not
used. This modern approach is beyond the level of this book. But it remains true in .
its place that acceptance of a null hypothesis is a weak decision whereas rejection is
a strong evidence of the sample against the null hypothesis. When the null
hypothesis is rejected, it means the sample has done some statistical work but when
the null hypothesis is accepted, it means the sample is almost silent. This-behaviour
of the sample should not be used in favour of the null hypothesis.

13.2.6 TEST STATISTIC : .

A statistic is calculated from the sample. To begin with we assume that the @
hypothesis about the population parameter is true. We compare the value of the
statistic with the hypothetical value of the parameter. if the difference between
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them is small, the hypothesis is accepted and if the difference between them is large,
the hypothesis is rejected. A statistic on which the decision can be based whether to
accept or reject a hypothesis is called test statistic. Some of the test statistics to be
discussed in this book are 'Z', 't' and x2 (Chi-square)

13.2.7 ACCEPTANCE AND REJECTION REGIONS

The values of the test statistic which we think do not agree with the give‘n

hypothesis are called the critical region or rejection region. The values e test .
statistic which support the hypothesis form the acceptance region: 1 jection
region is equal to a and the acceptance region is denoted by (1 = ese two .

regions are separate from each other and both regions combined tagefher make the
complete sampling distribution of the statistic. These regionssare separated by a
value (or values), which is called critical value (or values). O

13.2.8 TWO-TAILED TEST

&
When the rejection region is taken on both % fAhe sampling distribution,
the test is called two-sided test or two-tailed te Q* Mcn we are using a ;wo-sided
test, half of the rejection region equal to a/@ ot on the right side and the other

half equal to o/2 is taken on the left side of sampling distribution. Suppose the
“sampling distribution of the statistic isﬁﬁrmal distribution and we have to test the.
hypothesis H,: 8 = 6, against the ative hypothesis H;: 6 # 8, which is two-
sided. H, is rejected when the c{ichited value of Z is greater than Ziyo OF it is less
18 Z > Zygor Z <—Zyg , it can also be written

than — Zy/9. Thus the critic 1 Gegic
as —Zgp < Z <Zgp K

When H, is rejectedNeben H, is accepted . Two-sided test is shown in Fig.13.1.
- \ Two-Sided Test A

. : , '

: \ ejection Region

Réjection Region

g

(I-a)

~ Acceptance Region

\Q G2
o ! ”
~Zan Z=0 : Zan
Lower Critical Value Upper Critical Value

Figure 13.1
13.2.9 ONE-TAILED TEST - .
When the alternative hypothesis H, is one-sided like 0 > 8, 0r 0 < 0y, then the
rejection region is taken only ¢n one side of the sampling distribution. It is called
one-tailed test or one-sided test. When H, is one-sided to the right like 6 > 6, the
entire rejection region equal to a is taken in the right end of the sampling
distribution.
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The test is called one-sided to B One—Sidedithe'Right
the right. The hypothesis H, is ‘ . /"m ~

rejected if the calculated value of a ' Rejection Region
-statistic, say Z falls in the rejection A (1-a)

ion SR . e cceptance Region
region. The critical value.is 7%, - : &

which has the area equal to o to its

i
right. The rejection region and . Z=0 Z
acceptance region are shown in Figure 13.2 &
-Fig.13.2. The null hypothesis H is . O
rejected when Z(calculated) > Z,,.

If the alternative hypothesis is
one-sided to the left like 8 < 0,, the
entire rejection region equal to o is
taken on the ieft tail of the
sampling distribution. The test is
called one-sided or cne-tailed to the
left. The critical value is -~ Z, which

cuts off the area equal to « to its 3 Figure 13.3 : ‘
i .. . - ¢ \ : o
left. The critical region is Z < - Z, t : : - ;

and is shown in Fig.13.3.

For some important valu ¢ the critical values of Z for two-tailed and one
tailed tests are given below:

ritical values of Z

o %wo — sided test One-sided One-sided
’ ‘\\‘ to the right - to theleft
0.10 (B4 |- 1.645 and + 1.645 | +1.282 | —1.282
\ 5%) | - 196 and + 1.96 "+ 1.645 ~ 1.645
\ﬁj\\oz (2%) |-2.326 and + 2.326 + 2,054 ~2054 |
0.01 (1 %) |-2575and+ 2.575 +2.326 | . -2.326

'13.3 ERRORS IN TESTING OF HYPOTHESIS
The null hypothesis H, is accepted or rejected on the basis of the value of the

test-statistic which is a function of the sample. The test statistic may land in
acceptance region or rejection region. If the calculated value of test-statistic, say Z, is
small (insignificant) i.e., Z is close to zero or we can say Z lies between — Z 5 and

Zyo is a two-sided alternative test (H;: 6 = 6,), the hypothesis is accepted. If the
. calculated value of the test-statistic Z is large (significant), H, is rejected and H, is
.accepted. In this rejection plan or acceptance plan, there is the possibility of making

any one of the two errors which are called Type I and Type Ii-errors.

—
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18.3.1 TYPE .1 ERROR - ’

The null hypothesis H, may be true but it may be rejected. This is an error and
is called Type I error. When Hy is true, the test-statistic, say Z, can take any value

between — o to + o . But we reject H, when Z lies in the rejection region while the
- rejection region is also included in the interval — o to . In a two-sided H, (like 6 # 0,), the
hypothesis is rejected when 7 is less than — Zy5 or 7 is greater than Zo. When H'is

true, Z can fall in the rejection region with a probability equal to the rejectipn re .
o. Thus it is possible that H,, is rejected while H,, is true. This is called Jype I'error.

The probability is (1 - o) that H, is accepted when H, is true. It i
decision. We can say that Type I error has been committed when\"

(i) an intelligent student is not promoted to the next class. O

(iii) an innocent person is punished. ' g
(iv) a driver is punished for no fault of him. \O
(v) a good worker is not paid his salary in ti

These are the examples from pra i%ﬂa These examples are quoted to make
a point clear to the students. - R A

a (ALPHA) . q

The probability of makig e I error is denoted by of(alpha). When a null

(ii) a good player is not allowed to play the match. 6

- hypothesis is rejected, we be wrong in rejecting it or we may be right in
rejecting it. We do not at H, is true or false. Whatever our decision will be, it

“will have the sup X%probability. A true hypothesis has some probability of
rejection and this prebability is denoted by a. This probability is also called the size
of Type I error %ia denoted by a. : .
13.3.2 T RROR _

‘% pothesis H, may be false but it may be accepﬁed. It is an error and is

called Type II error. The value of the test-statistic may fall in the acceptance region
when H, is in fact false. Supposc the hypothesis being tested-is H,: 8 = 8, and H, is
false and true value of 0 is 0, or 0. If the difference between 6, and 9, is very

"large then the chance is very small that 0,(wrong) will be accepted. In this case the

true sampling distribution of the statistic will be quite away from the sampling
~ distribution under H,. There will be hardly any test-statistic which will fall in the

acceptance region of H,. When the true distribution of the test-statistic overlaps the
acceptance region of H,, then H, is accepted though H, is false. If the difference
between 6, and 6, is small, then there is a high chance of accepting H,. This action
‘will be an error of Type 11. '




-

[Chapter 13] Statistical Inference Tésting' of Hypotheses Lo 123

B(BETTA) s :
The proibability of making Type II error is denoted by B. Type II error is
committed when H, is accepted while H, is true. The value of B can be calculated

only when we happen to know the true value of the population parameter being
tested. : ’

-13.3.3 RELATION BETWEEN « AND B

‘Suppose we have to test Hy: jt = i, against the alternative H:ip>p, A 1
sample of size n is selected from the population. and the sample rf X is
calculated. The sample size n is large and therefore the sampling digtriBution of X is

Du
normal with mean p. To start with we assume that H: p =y, is@ and X has the -
distribution as shown on left side of the fig. 13.4. :

Under H 4

(1-a)
"o X
: 13.4 ‘
Fig.13.4. has two sampling distri s one is on the left side and the other is on

the right side. When the null % sis H,: p = p, is being tested, there are the
following four possibilities. \ ‘ '

(i) H,is true and X fa‘t\@xe area marked (1 — >oc) in the Fig.13.4. The hypothesis
H, is accepted ‘d‘ his is called correct decision. Probability of this correct

e may or may not make this decision.

(i) H,is trt%
on the side. Now H, is true but it will be rejected because X falls in the

rejection region. This is an error of Type I and this error will be committed.with
the probability of a. We do not know whether we have committed o error or not.

falls in the arca marked a. This is the area of the distribution

(iti) H, is false. The true value of p is say i, and the true distribution of X is the

~ distribution on the right side in Fig. 13.4. Now suppose X falls in the area
marked (1 - B). This is outside the acceptance region of the distribution on the
left side. Thus H,: n = I, 1s rejected and the probability of this action is (1 - B).

It is called correct decision when H, is false. In fact, X belongs to some
distribution. When we take a hypothesis H, this is an assumption about the
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mean of the diﬂ'y'strib‘;uytion of X. If true distribution of X is on the right side, then
some .afeg™®f this distribution is falling on the acceptance region of the
hypothétical distribution on the left side. This area is marked as .

(iv) H, is false and the value of X falls in the areé marked B. In this case H, is

accepted because X has fallen in the acceptance region of the first distribution.
Thus H, being false may be accepted with probability of B.

e and if

If the distribution on the right- side is shifted to the right, g will d
this distribution is shifted to the left, p will increase. Thus the val depends
upon the.true value of population mean L. In a certain given gitudtign when n is

decrease o, we
called o-risk and

fixed the value of B increases when a is decreased. Thus if we

shall do it at the risk of increasing B. o -error and -error

B-risk respectively. Which risk do we want to keep at mi Qﬂ level? This depends

upon the costs of committing a-error and B-error, %o we are hesitant of

rejecting H, when it is true, then we shall take @( mall level. In most of the
5%

‘tests, a is fixed at a small level like 0.01 (1 %) o?\‘ ).
_ "~ The following table shows four possible d @ ohs in a certain test of hypothesis.

H, is'Tfag * H, is False
H,is A_ccépted C h&sion Type Il error
) H, is Rejected I error ~ Correct decision

hesis, our decision will fall in any one of the above
ecisions in terms of probabilities are shown below in a

T When we are testin
" four boxes. The four po
tabular form. .

7 o\\ | H, True H, False
%Avccepted (1-a) B
is Rejected o 1-p)

m}' be noted that « is an area in the right tail of the distg‘ib\ition' under H,
and B is the area in the left tail of the distribution under H,. Thus a + B # 1'in
general. In some special case and that too very rarely, o + 3 may be equal to 1. Level

" of @ is usually small. Thus probability is small that our decision will fall in the box

marked «. But when our decision has fallen in the box marked o, it is a powerful

decision against H,,.

-~ 18.4 LEVEIL OF SIGNIFICANCE

~ level is usually 1 % or 5 %.

The a-risk is the probability of rejecting a true null hypothesis. It is also called
the significance level or level of gignificance of the test. It is denoted by o and its
The value of a is usually decided before the selection of
the sample.
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13.5 FARMULATING H, AND H;, AND MAKING CRITICAL REGION

Now, when we have discussed different terms used in the testing of hypothesis,
we are in a position to discuss a point which is quite confusing sometimes. The
question is how to formulate the null hypothesis H, and the alternative hypothesis

- H,. We elaborate this point here and we shall repeat here certain points already

discussed in this chapter about framing of H, and H,. Let us consider some cases.

(1) A machine has been producing components with mean length of 3 hich is
the required standard. A new machinery has been installed and uired to
test the hypothesis that the mean length of the component same. It is
obvious that in this case the H, and H, will be: -

Hy:p=3cm. H;:p#3cm.
H, contains the inequality '#' which means that the yej8
both ends of the sampling distribution.

tion region is taken in

The test-statistic used is-Z = &:E.
. o/\/n

The null hypothesis H, is rejected if
Z<="Zgp or Z > Ly . 1t is called two-

tatled test with rejection region , : 'ul=‘3 '
both sides. H, is rejected ~Zan 7Z=0 Zyn
sample mean X is sufficie rger , Figure 13.5
than 3 cm. or sufﬂcie aller '
than 3. ' : v
- (ii) Suppose that t to test whether the mean p of a normal distribution
exceeds a sp ‘H value p,. We set up the null and alterhative hypotheses as
follows o H=Hg H:p>p,
othesxs H, and the alternative hypothesis H, in this case can also
b as  Hy: psyp, H,:p>p, ‘

omplement of H, and the area of the distribution under H, and H, makes

complete distribution. In this case, the region of rejection is taken in the
right tail of the distribution.

The test-statistic is

' ' Rejection Region
Z= ')'(""p‘. The null hypothesis (1-a) ' ’
o/\/n

H, is rejected when the %

calculated value of Z is ‘ B= M,

greater than the critical value ‘ ' " |

Z ] Z bt 0 Za
o

~ Figure 13.6°
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(iii) At least 60 % of the people are in favour of English as medium of instructions.

The sampling distribution of proportion p is divided into two parts (1) at least
60 % (2) less than 60 %. , 7
We have a serious doubt about the statement and we hope to disprove it. The

proportion of the people p 2 0.6 is to be tested. The idea or suggestion of at least.

60 % (p = 0.6) will be rejected if the sample gives the result well below 60 %: The
rejection region is decided by H, which is one-sided to the left. Thus we frame

H, and H,as: H,: p20.6 H,: p<06
In this case the entire critical region lies in the left tail. If Hy: p Yis true

then the sample proportioh p-should lie in the rejection regiog.\'
‘ .

The test statistic used here is -
A

7 = L;Ec-‘ The hypothesis H, Rejection Region .
N | %[ :
is rejected if Z < - Z,,. Y 2 p=06
) T
— Z - 0 -
} .
, u Figure 13.7
Example 13.1. _

Indicate the type of error @ ed in the following cases:
() H,: p =500, H,: p# 500 HNgTejected while H, is true.

() H,:p=500 H;:p< %' » is accepted while true value of p=600.

committe
(i) Hyi d has been accepted. Type II error has been committed.
13.6 RAL PROCEDURE FOR TESTING OF HYPOTHESIS

Following are the main steps involved in the testing of a hypothesis about the
population parameter. _ ’

1. Formulating Null hypothes‘ist'o:

Ansu;er: \ |
(i) The ~hypoth€% V= 500 is true and it has been rejected. Type I error has been

First of all we have to identify the problem and then we frame the hypqthésis
which we think shall be rejected. Suppose the population parameter is 6 about which
we have to frame the hypothesis. We specify a value 6, for the unknown parameter.

The null hypothesis H, can be written in three ways as shown below:
G H,:9=06, (i) H,:0<0, (i) Ho: 62 8,

om




[Chapter 13] Statistical Inference Testing of Hypotheses 127

In some particular situation any one of the above three forms of H, is taken. The -
important thing about H, is that H, always contains some form of an equality sign
such as ‘=, 2, or ‘'s’. As H, always contains sign of equality of some type, some

people always write H, as H,: 0 = 0, and they do not write the mequahty contained
in H,.
Alternative hypothesns H : -

The alternative hypothesis H, is the opposite or complement of H,@nd H,
combined together make the entire sampling distribution. Both }@ H, are
equally important and they are to be defined properly and As H, is

complement of H,, therefore H, stands decided when H s»been fixed. For
example, for each value of H,, the corresponding value of b@ven below:

@) If Hy: 0=6, then H;:0=z6, 6
" ). If Hy, 050, then H,:0>0, g
(i) If H,:020, then H;: 0 <0, O
2. Level of significance a: - \9 )
It is the probability of rejecting Hoﬁvbm o 18 true. It is denoted by «. It makes
the size of the critical region. '

3. Test-statistic:

The test statistic depe b on the shape of the sampling distribution of the
statistic. If the sampling dis{ribittion is a normal distribution, the test-statistic to be
used is Z and if it is @ 1butnon the test-statistic to be used is t. Other test

statistics are F and d%ﬁ quare)
4. i\

Critical regl
Critical re
equal to , . : ,
(@) -alternative hypothesis is H,: 6 # 6, the rejection region is taken in

h ends of the sampling distribution. Each side has rejection region equal

to a/2. It is called two-sided rejection reglon The reJectlon regions are
separated by the two critical values.

(i) When H, is 8 > 0,, then rejection region of size o is taken only in the right

side. It is called one-sided to the right. The rejection region is separated
from the acceptance region by a critical value of test-statistic.

(iii) When H, is 0 < @, the rejection region of size o is taken only on the left
side. It is called one-sided to the left.
5. Computatlons'

The relevant test-statistic is calculated from the sample data. The calculated
value is to be compared with the tabulated value. :

rejection region is decided by Hl The size of critical region is
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6. Conclusion:

If the calculated value of test-statistic lies in the rejection region, the null
hypothesis H, is rejected and H, is accepted. If the calculated value of the test-
statistic falls in the acceptance region, we say that Hy is accepted but it is not
acceptance in the real sense of the word. The word acceptance only means that the
sample has not provided sufficient information against the null hypothesis.

18.7 HYPOTHESIS TESTING - POPULATION MEAN p, c KNOWN

(LARGE SAMPLE) - »

Suppose a population has the mean p which is unknown and th ard
deviation ¢ which is known. A large sample of size n is selected from™; ulation

and sample mean X is calculated. We are required to test a hyPothesis that the
population mean p has the specified value p,. The steps of the ure are listed

below: : : ‘
1. We frame the null hypothesis H, and the altern t@ pothesis H,. Three

different forms of H, and H, are possible which a
(@ Hyp=p,andHip=p, G Hep<p, N : Ho
) A

(©Hy pzp,andHy:p<p, . ‘

Level of significance o is decided. ('b

Test-statistic: _ .

When sample! size is large %mpling distribution of X has the normal
distribution with mean standard error o/\fr_m . The population may or

Radl

/

- ' - X-Yo
may not be normal. %@statistic to be used is Z where Z = T
4. Critical region?

The critical
possible rejecti

(a) Whenak
gion equal

rej re
t% In size is taken
on both ends of the

sampling distribution -
as shown in Fig. 13.8.
L T
T};le? ;:lntlcal valute;}sl; of2 —Zon 720  Zon
which separates the ‘ Figure 13.8 .

orfuTarls. We discuss all the three turn by turn.

Rejection Region

critical regions from the central acceptance region are — Zys2 and Zgp. The
critical value — Zo has the area on its left equal to o/2 and the critical value
+ Zq 9 has area on its right equal to /2. H, is rejected if the calculated value of
7 lies in rejection region.. The rejection region is Z < —Zgp and Z > Zg9. When
0= 0.05, then — Zgjg = ~ Zogys = — 1.96 and Zg gy = 1.96. -

cgioh tepends upon the. alternative hypothesis. There are three

[r=

(c

ac
ag
re
1S
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(b)

5.

6.

When H, is p >y, the
rejection region equal
to o is taken in the
right end of the
distribution as shown , :
in Fig. 13.9. The test : ' : Z=0 Zy

Rejection Region -

(1-a)y

plan is called one-tailed Figure 13 9

to the right. ‘ :

The hypothes1s is rejected when the calculated value of Z is han Z,
where Z is the critical point on the right of which the are%' l to a.. '
When H, is p < p,, the »
rejection region equal Rejection Region
to a is taken in the left
end of the distribution
as shown in Fig. 13.10.
The rejection plan is

called one-tailed to the
left.

The hypothesis is rejected
critical value — Z, where —

calculated value of Z is less than the
critical point on the left of which the area is

a. The rejection region 1 . Corresponding to each null hypothe51s the
alternate hypothesis reJectlon regions are given below: '

Null hypoth@) Alternative hypothesis . Rejection region

. (a) H Ou¥\uo H, : po# py (two-sided) Z<- Za,z.and Z>Zys |

A&; (L 1 H,:p>p, (one-sided) ‘ Z>72,
"\ o' 2N, H,:p<p, (oné-sided) Z<-Z,

Computations:

X -
The value of Z is calculated by using the formula: Z =
T G/‘\/;l

Conclusion |
If the value of Z lies in the acceptance region, the hypothesis is accepted. But

acceptance 1s just an indication that the sample data has failed to provide evidence
against the null hypothesis. If the value of Z lies in rejection region the hypothesis is
rejected. When H, is rejected there is only 100 a % chance that the null hypothes1s

18 true.
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iExample. 13.2.

Past records show that the average score of students in statistics is 57 with
standard deviation 10. A new method of teaching is employed and a random sample
of 70 students is selected. The sample average is 60. Can we conclude on the basis of
these results, at 5 % level of significance, that the average score has increased?

Solution: ,
1. Null hypothesis: H,:n=57 Alternative hypothesis£ H, &7
2. Level of significance:o =0.05 ‘ : , O
e R ' ‘ 0
3. Test - statistic: Z-'—_- y \/; o \o
4. Critical region: = Z > 1.645. Here we use one:siged est to the right. The

hypothesis H,: p = 57 rejected if Z lies in
rejection region.

| (From the area table of normal distributio@a e Zy = Zggs = 1.645)
5. Computations: Here n=7@'5¥, o = 10, and hence ‘
= 19 V70 = 251

6. Conclusion: calculated value of Z = 2.51 falls in the critical
‘ . so we reject our null hypothesis Hy: p = 57 at

% level of significance and we may conclude that the
average score has increased.

Example 13.3. .\\ , .
An electr%ﬁrm manufactures light bulbs that have a length of life that is
approxi ormally distributed with a mean of 812 hours and a standard
devmti\q hou.s. Test the hypothesis that p = 812 hours against the alternative
N ¢v rs if a random sample of 36 bulbs has an average life of 800 hours. Use a
5 % level of significance.- f '

Solution: ‘
. 1. Null hypothesis: H,:p =812 Alternative hypothesis: H;: u# 812

2. Levelof signiﬁcance:a =0.05

3. Test - statisti v/ X to
. - statistic: =
¢ 4 ! ' c /\fr_x
. 4. Critical region: | Z|>196 (Z<-1.96andZ>1.96)

(From the area table of normal distribution, we have ‘Z% = Zioes = 1:96)
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5. Computations: _ Heren=236, X= 800, o = 40, and hence
' | 800-812 12
= = 6 =-18
40‘/\/36 40 ©

6. Conclusion: ' Since the calculated: value of Z = -1.8 falls in the
acceptancc region. ThusH p==812is not rejected.

13.8 HYPOTHESIS TESTING POPULATION MEAN u—o
KNOWN (LARGE SAMPLE) Q

This is an important case in which o is not known. When sang’

the poplilation may be normal or not, the.sampling distributi has the normal

. distribution with mean p and standard error c/\f‘ But »@ o is unknown, it is
estimated by the sample standard deviation S and the ated standard error is

e nis large, -

—_X)2
S/\/— The Z-statistic becomes Z= )S( p \/—— wher%6 M. The remaining

n
procedure is exactly the same as discussed eﬁ@
used in place of ¢ in the calculation of Z.

.Example 13.4. : - ¢

e only difference is that S is

A home heating oil delivery co ‘1 would like to estimate the annual usage
for its customers who live in single-family homes. A sample of 100 customers
indicated an average annual e-of 1103 gallons and a sample standard deviation

of 327.8 gallons. At the 1 9 of significance, is there evidence that the average
annual usage exceeds (% ons per year?

Solution: g\,

1. Null hypot \ H,: p <1000 Alternative hypothesis: H,: x> 1000
2. Level of gignificance:a = 0.01 ' | .

X - Ho
3. : t ti Z=
istic: » S/\/—.
4. itical regnon Z>2326

(From the area table of normal distribution, we have Z, = Z,,, = 2.326)

5. Computations: Here n= 100,' X= 11.03 S = 327.8, and hence
) 1103 — 1000 103
= 10) = 3 14
327.8/+/100  327.8 (10) -
6. Conclusion: Since the calculated value of Z = 3.14 falls in the critical

region, so we reject our null hypothesis H,: p <1000 at ’

1 % level of significance and we may conclude that the
average annual usage exceeds 1000 gallons per year.

Tk
||'
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Example 13.5. _‘

A sample of 42 measurements was taken in order to test the null hypothesis

that the populationi mean equals 8.5 against the alternative that it is different from

- 8.5. The sample mean and standard deviation were found to be 8.79 and 1.27,
respectively. Perform the hypothesis test using 0.01 as the level of significance.

Solution: , -
1.  Null hypothesis: H,:p=8.5 Alternative hypothesis:. H&SE

2. Level of significance:a = 0.01

X-po - OO

3. Test- statistic:» Z= S /\/; : . \‘
4. Critical region: P21 >2575 (Z < —2.575 and Z 75) .
“(From the area table of normal distribution, we ha Zg 005 = 2.575)
5. Coniputations: : Here n=42, X=_38. @ 1.27, and hence
' 8.79-8. '
= 42 = 1.48 -
- 1.27/7[42\ 27 V42 8
6. Conclusion: Since the dlated value of Z = 1.48 falls in the
' - acce gion, so we accept our null hypothesis
} H_: ‘5 at 1 % level of significance.
13.9 HYPOTHESIS TES OPULATION MEAN g, 0 KNOWN -
NORMAL POPUL (SMALL SAMPLE) - '

Sometimes the sis about the population which is normal and its
standard deviati&\ i Khown. In this case Z-test is used both for small and large
Y

o % - | | .
sample size. = ;—\ﬁ—]‘ . The procedure for testing of population mean p is the

same sed earlier. . '
13.1 HESIS TESTING - POPULATION MEAN i, 0 UNKNOWN -
RMAL POPULATION (SMALL SAMPLE)
When the standard deviation of the population is not known, it is estimated by

the sample standard deviation 's' wheré s = \/; _1_ 1 (X - X)2. The procedure runs
as follows: ‘ .

The different forms of hypotheses are
1. (@ Hy:p=p, and Hyip = p,

(b) Hy:p < p and H,:p > pg

(©0 Hy:p = p and H:p<p,

. 2. Level of significance is decided. ‘
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3. Test - statistic: ‘
When population is normal  and sample size n is small, the sampling

diétribution of X has the t-distribution with (n — 1) degrees of freedom. The test-

‘ T - X - Ho
statistic'is t = S /\/;1- .
4. Critical region:
The critical region is based on the alternatzvu hypothe31s y @
(a) For the alternative . OO '
hypothesis H, : pu # p,, .

the rejection region is Rejection Region  # ’
two-sided as shown in
Fig. 13.11. The two
critical values —t, /o ;1)

and typ (4-1) are seen . . - :
from the t-table below ‘ —1&/2;10—\‘?‘ =0 ta/2 (n-1)

a/2 and against (n - 1) .

degrees of freedom. The (b .

critical region is 4

b2 (n-1)0TtS~tg/a(n-1) q |

as show in Fig.13.11. q '
(b) When H,is p > pu, the \ ‘

' rejection region is ta @'
the extreme rig the
sampling dlStrlP%

The

shown in Fi
cntlcal (n—1) 18 seen L “l Ho S
L@ble below o and : t=0 te (n-1)
aga 1) degrees of Figure 13.12 i
h @n Fhe critical region is
t >ty (n-1) ' , ‘ ' ' : '

() When H, is p < p, the entire
h rejection region is taken on Rejection Region
the left side of the sampling
~ distribution as shown in Fig.
13.13. The critical value L |
to(n-1) 18 seen from the t-table £ Ho

Rejection Region

f

(I-a)

below o and against (n - 1) ° ~to (1) =0
degrees of freedom. The
eritical region st < -t 4y

Figure 13.13
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~. 5. Computations:

’ ' X - o
The test-statistic 't' is calculated from the sample data where t = /\/——
; s/n

6. Conclusion: ,
The null hypothesis H,, is rejected in favour of H, when the value of t lies in the
rejection region. H is accepted when the value of t lies in acceptance regio&

Example 13.6. ;
A manufacturing company making automobile tires elaims tha@er;: w Life -
a

of its product is 35000 miles. A random sample of 16 tires wa% ;and . was-

found that the mean life was 24000 miles with a standard de s = 2000 .« los.
Test hypothesis H,: n = 35000 against the alternative H;: 0ata=0.0"

Solution:

1. Null hypothesis: H;:u = 35000 Altern ypothesis: H;: p < 51100

2. Level of significance:u = 0.05 \O

X - Mo :
3. Test - statistic: t= = (b *
’ ' s/N ‘
4. Critical region: t<-— k

(From the t—table, we hay b=~ toosan = -1.753)

5. Computations: é& n=16, X = 34000, s = 2000, and hence ;
34000 ~ 35000 _ —1000 | o

= = _.9 .
\6 2000 /\[16 2000 @) =-2
6. Conclusxon‘\ Since the calculated value of t = =2 falls in the critical

region, so we reject our null hy psthecls H,: p = 35000 at

5 % level of significance.

content of 4.2 milligrams and a,stzmdard deviation of 1 4 milligrams. Is this in line
with the manufacturer’s claim that the average nicotine conient does not exceed 3.5
milligrams? Use 1 % level of siguificance and assume fue distribution of nicotine
contents to be normal. ‘ ‘ ' ‘
Solution: ~
I. .Null hypothesis: =~ = H,:

U

2. Level of significanece:a = 0.01

w<3.5 Alternative hypothesis: H;: p>3.5

?

Test - statistic t =

n
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4.

Critical region: t>2.998
(From the t-table, we have Yim-y = tooin = 2.998)

Computations: Heren=8, X= 42 s = 1. 4 and hence

: 42~35 O 0.7 ‘
‘ t = 8 = 1.414
- ' 1a/8 © \f g(\
Conclusion: Since the calculated‘value of t = 1.41, s in the

41
acceptance- region, so we accept ourephypothesis
- Hy: =35 at 1 % level of significanae. .

13.11 HYPOTHESIS TESTING - DIFFERENCE BE ’@4 TWO

POPULATION MEANS y, - u,,c ANDo K

(LARGE SAMPLES) %
Suppose there are two populations {(norma rmal) with means pu, and p,

which are unknown and the variances c@ Wthh are known. Two large
random samples of sizes n, and n, are s egd from the populations and the sample

means X, and )—(2 are calculated. i@% ence. (X X,) 1s a random variable and its
2
o

- i G
o . ~ (%1, %
distribution is normal with 1@ — 1, and standard error n—l t e

The procedure for te @q hypothesis pi, — p, = 01 is explamed below.

The null and the X@mtno hy potheses which are p0331ble are
(a)Ho TR u; Ty =g, and Hy:p—p, # 0 {or My # 1)
(b)H

< 0 lorpy <py) and H,:py—p,>0(orp, > 1y)
,20(rp, 2p,) and H,: My =1y, <0 (or p, <ny)

'(% '
' of s1gmf1cance a is decided.

Test - statistic:

The distribution of ()-(1 - )_(2) 1s normal, therefore the test-statistic to be used is Z,

& - X2) - (i — ™)

o o

L2
n, n,

Critical region:

where Z =

For each alternate | ypothesis Hl, there is a rejection plan as explaix: -d carlier.
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5. Computations: ; v
The Z-statistic is calculated using Sometimes the null hypothesis states
the sample data where, some difference between p, and p, and
the difference. is denoted by A. In that

7= Ki-X)-Qu-pg)  |case H,isp, — ;= A (say) and

S‘Q
- 1= wajt
+
~ [S- 3 o
(W]

I}
|
1
—_ o 1
woljp>

A=+
6. Conclusion: \0 )

The hypothesis is rejected if the calculated value of Z li ejection region. If Z
lies in acceptance region, the hypothesis is accepted. 6

~Example 13.8. : ’ :
- Suppose you wish to estimate the effects o in sleeping pill on men and
women. Two samples are independently tal é\ d“The relevant data are shown

" below:

en Women

“h, =236 | n, =64

Sample size %

Sample X,= 875 | X,=725

-

. —_ : 2 _
Pop ariance ;=9 c,= 4

Test the null )\
ato = 0.05.0\
Solution: _ %“ o :
1. Null! esist - Hyip =1, Alternative hypothesis: H, :p; > 1ty
2. I&}b

sis Hy: py = 1y against the alternative hypothesis H: py > 1y

significance:a = 0.05

X1 - iz) - (i —p2)

3. Tesf — statistic: . Z = > 3
' g, 9
—— + .
, n, n,
4. Critical region: 7 > 1.645

(From the area table of normal distribution, we have Zg = Z, o5 = 1.645)

5. Computations: Here n, = 36, X, = 8.75, o> =9, n, = 64, X, =1.25, o2 =4,
(8.75-7.26)-0 _ _1.5

"and hence Z="" 5 4 = 0.5590
36 64

= 2.683
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6. Conclusmn. Since the calculated value of Z = 2.683 falls in the critical
region, so we reject our null hypothesis H: p, = p, at 5 %

level of significance.

Example 13.9.
Two . astronomers recorded observations on a certain star. The mean of 30
observations obtained by first astronomer is 8.85 and mean of 40 observations made

. by second astronomer is 8.20. Past experience shows that each astronomer obtained

readings with variance of 1.2, Using a = 0.01, can we say that the differe tween
two results is significant.

A

Solution: :
1. Nullhypothesis: Hyipy=ny Alternatlve hypotgs'OH T BT
2. Level of bxgmfxcance a=0.01 ; : q

3. Test - statistic: 7 =

4. Critical region: | Z| >2.5 2 575 and Z > 2, 575)
(From the area table of normal k txon we have Zu = Zo 005 = 2.575)

5. Computations: 30, X 885 n,=40, X =8.20, 6’°=1.2, 0 = 1.10
’ . -
(885 820)-0 _ 065 _ , .

¢ enceZ = 1 1 =0 27
LY 1.10%/36* 30 |
o

6. Conclusion: \ Since the calculated value of Z = 2.407 falls in the
‘ acceptance region, so we accept our null hypothesis
H,: n, = p, at 1 % level of significance. We may conclude

: that the difference between two.results is insignificant.
13.12 HESIS TESTING - DIFFERENCE BETWEEN TWO .
U

\q& LATION MEANS p, - ,, 6> AND 62 UNKNOWN
MLARGE SAMPLES) -

~ When the population variances o? and o2 are unknown, they are estimated by
their samplg variances S2 and S? and the test-statistic to be» used becomes,

(Xl X2) = (i —u2) -
2 2

[st s

nl nz

7 =

ThlS formula is used only for large sample sizes but the populations may or may
not be normal. The procedure for testing H, is the same as explained earlier.
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Example 13.10.

Basic Statistics Part-Ii

Suppose that two randomly selected samples yield the following information’

SampleI | Sample II
Size n, = 82 = 41
Mean X, = Y5Q X, =
Variance S2 = 405 S? = @

Test the null hypothesis that the two population means are@ that is,
H,: n, = p, against the alternative hypothes1s Hyip <pata= O\'

Qesw JH ey <,

Solution:
1. Null hypothesis:

2. Levelof signifi_ca‘nce:a =0.01

H,:p,=n, Alternativeh

3. Test~ statistic: Z=

4, Cmtlcal regxon

5, n,= 41, X, = 55, S = 324,

(G0=565-0 =5 _
’\\6 and henceé _19_}+§_2_4 358 T 1.40
R2 41

Since the calculated value of Z = — 1.40 falls in the
acceptance region, so we accept our null hypothesm

6. Conc
Hg: p, = p, at 1 % level of significance.

13. 1‘3\%’1‘ ABOUT p, ~ pz,c, AND o KNOWN, POPULA’I‘IONS I\ORMAL
: (SMALL SAMPLES)

In case of small sample sm:a we can use.Z-test for testing the dlfference
between p, and p, when c and csz are known and the populations are necessarily

(X - X2) = (g = 112)

normal. The Z-test usedis Z =

‘al
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13.14 TEST ABOUT u, - t,, ¢© AND o} NOT KNOWN, POPULATIONS
NORMAL (SMALL SAMPLEb)

This is a case which is different from the previous three cases. Here the

conditions are that:
(1) the populamor s are normal . :
(i1) cs and c are unknown but assumed tot be equal.

(iii) the sample sizes 1, and n, are small and are selected independently

. . 9 ; ; : 2 . .
The variances o] and o are unknown but o*_f = g, = a®. The para:

estimated by the sample variances. The sample estimator of 6* is SZ w

NI T T LA O R o \0\,
P ’n&+n‘_,-—2 : Con, + n,~ZQ
/;‘:(Xl — R+ IX, - K :6

and 'sp = /\/ n,tn, -2

2

s is called pooled estimator of the comi@pulation variance o°. The

difference (X1 — X,) has the t ~ distributi%it‘ (n, + n, — 2) degrees of fz‘eedom_‘

where

_ & -X - (u; - ) L X2) = (i —_Lu')

/1
3 —_ 4
P\ n, n,

\]i nl @ . ' )
The tabulated Valueé' r n, +n, - 2 degrees of frecdom is seen from the

t-table \ _ .
“For  H;:p, #pg \the critical values are — ty ¢y 1y 9y and tgp (n+0,-2)
For H;:y the critical value is ty (3, 4n,-2)

and For x& H,  the critical value 1s — ty (3 1n,-9)
The‘@{ pothesis H is rejected when the calculated value of t lies in vejection
region.

Example 13.11.

Two samples are randomly selected from two classes of students who have been
taught by different methods. An examination is gwen and the results are shown as
follows ‘

, Class I | Class 11

R , © | Sample Size n,o=8 | n,= 10
Mean : X, = q; , ;\3 97

Variance s’f’: 47 ; j 30




TTYRR T

140 , , Basic Statistics Part-I1

On the assumption that the test scores of the two classes of students have
identical variances, determine whetker the two different methods of teaching are

equally effective at « = 0.01.
Solution: - .
1. Null hypothesis: Hytpy =1y Alternative hypothesis: H 1 p, # 1,

2. Level of significance:a = 0.01 ; @
. : t“_;(}'w—?“iz) (W —-p2) . O |

3. Test - statistie: %«——T
Sp™N\ | + ' 0
! n, 0,

XN\

. ) < S
4. Critical region: [t >2921 (t <~2.921 anc 921)
(From the t-table, we have t% o4 w2 = Loescio ‘6 )
5. Computations:  Heren, =8, %, 295 8247, n, = 10, X, =97, s5 =30,
(m~-Dsi+m-1) s: (8-1 {10 — |
- L+ (ny P (e=nWI00-130 _ 89 _ 474
s = T mem-2 8o+ 10 - 2 = T¢ = 874375,

10

Conclusion: : Xince the calculated value of t = — 0.689 falls in the
~ acceptance region, S0 Wwe accept our null hypothesis
\6 Hyp, = pyat 1% level of significance. On the basis of
, é\ the evidence, we may conclude that the two different

A

- (95 — 97) ~ 0 -2
8y = \f37.4370 = 6.12 ence t = ] 9’ _l_mT =3 9030 =~ 0.689 |
q 6:12\ |3

o

methods of teaching are equally effective.

13. %@r ABOUT p, - p,, DEPENDENT SAMPLES, POPULATIONS
YRMAL

Suppose there are two populations with mean and y, which are unknown.
Two random samples of sizes n, and n, are selected. It is further assumed that the
samples are dependent. Suppose we record blood pressures of a sample of some
patients. The patients are given a treatment for some period and again their blood
pressures are recorded. These two scts of abservations are called dependent samples.
The first set of observations is called before' and the second set of observations 18
catled 'after’ observations.: These observations are in pairs. If X,, Xy, Xg oo, Xy are
{he 'before' observations and Y,, Y., Y, o Y, are the ‘after' observations, then the
paired observations are (X, Y (X, Yy, Ky Y., o X Yo Let us find the
difference between the paired values. Let difference d, = X, - Y, 4 = X,-Y,
(!‘; = X‘; - YL!’ (RN d n - Xn - Xyn
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The mean of the bainple 'd’ values is dencted by d. Suppose the corresponding
parameter of the difference between paired obscrvations in the populatlons is
denoted by pp. The various steps of the procedure are:

{ 1. Three different forms of null and alternative hypotheses are
(@H,:up =0 (orp,=p,) and “H, tpp = O (orp, =y
bHgipp = 0 (orpy<py)  and  Hyipy > 0 (orpy>py)
) Ho iup 2 0 (orp,2p,) and H,:ipy < 0 (orp, <py)

Sometimes we h‘we to examine that the differences of the paire wauons in
“the population have some specified value say A. In that case ;\'

IA

2. Level of significance « is decided.

3. Test-statistic
d has the t- dxstubution with (n-1) deglwa of fr @Q

d -d, [y 2
t = —= where sq = V (d d
<i/\/n n-1

‘4, Critical region:
Corwspondmg to each Hl, there Ja!cytlcal region.

5. Computations: The te%

¢t is calculated where ¢t = )
“:d /'\[X;

/ _—— r-
When H,, is pi,:%'@tz d-0 _dxn

ezl

84 / \/; d

6. Conclusxon.\ : ,
F The hypo%is Wy = 0 is rejected if the calculated value of 't' lies in the rejection

region
Exam% 2 ,

w se that a shoe company wanted to test material for the sales of shoes. For
each pair of shoes the new material was placed on one shoe and the old material was
placed on the other shoe. After a given period of time a random sample of ten pairs
of shoes was sclected and the wear was measured on a ten-point scale with the

u following results: -

‘» Pair number 1 2 3 4 5 6 7 8 9 10

’ Néw material | 2 4 5 7 7 B 9 | 8 8 7

3 Old material 4 5 3 . 9 4 7 8 5.1 6

) ' Differences | -2 | -1 | w2 =1 =2 ]+t ] w2 0 +~3 +1

, At the 0.05 lr_vel of significance, is therc ev 1dcnw that the average wear is

higher for the new material than the old material?

L | f;
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Solution: |
1. Null hypothesis: Hytpew € p;,dor pD Hoow = Moig £ 0

Alternative hypothe51s H,  fey ™ HdO Hp = Hpew = Mg > 0
2. Level of significance: = o =0.05 V

3.. Test - statistic: t = =
’ ‘ d /

4. Critical région: t > 1.833 O®

(From the t-table, we have t, 1) = ty45 = 1.833)

5. Computations: Let X; = new material and X, = &material.
The necessary calculations arc given below: :
| X, {2145 7175 %Q 8 | 8 | 7
X, 4|5 | 3| 89 ACB7 8 | 5.1 6_|
d=X,-X, | =2 | -1 | +2 2N | 42 | 0 | 43 | 41
& 41| 4 %4 14091
' " Her & =3 $d2=29, d= zng =% = 0.3,

Hewq

Q (W} oL { _@E}
n—l[ZdZ n |~ 10-1[29710
\'%— 3.1222, sy =1.77, and hence

0.3-0 0.3
\\6 1’-_'7/_\/—6 = 1.77 10 = 0.536

6. Conclusi Since the calculated value of t = 0.536 falls in the
Q “acceptance region, so we accept our null hypothesis
Hy: By € Hog at 5 % level of significance. On the basis of
“the evidence, we may conclude that the average wear is
not higher for the new material than the old material.
Example 13.13.

Two varieties of wheat are each planted in ten localities with differences in yield
as follows: 2, 4, 2, 2, 3, 6, 2, 2, 4, 3. Test the hypotheﬂls that the populauon mean
difference i 18 zcro using a = 0.01. :

Solution: o ,
1. Null hypothesis: Hy i p SRy orpp = py = py =0
Alternative hypothesis: ‘H" R TR R TS O TR TR TR R

2. Level of significance: = o =0.01
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o d-d,
3. Test - statistic: t =
. Sd /'\/I-l
4. Critical region: | t | >3.250 (t<-3.250 and t > 3.250)

(From the t—table we have tu 4 01

= tooosg = 3-250)

5. Computations: Here n = 10,2d = 30,2d>°=106, d = == N = 5

i nil[mz"@m E 1[ ]

= 1.7778, sd— 1.33, and
3-0

6. Conclusion: Since the calculated M33 falls in the critical
L , region, so we reject our othems Hoopy=pmat 1%

: ' level of significance? @ ‘

13.16 TEST OF POPULATION PROP(Q N p (LARGE SAMPLE)
Let us consider a binomial popula with a proportion p which is unknown
and we have to test a hypothesis e unknown populatlon parameter. A

random sample of size n (n > ‘3% cted from the population and the sample
le size is large ‘the dlstrxbutxon of p is normal

proportion p is calculated. Wh

with mean p and standar«@t \ /J The random variable Z can be calculated

A

from p. Thus Z =W
q
*

~ The ran riable Z is used as test statistic and the value of Z makes a base
for the z% nce or rejection of the null hypothesis about the populatlon
‘proporti procedure for testing p runs as below: A

1. frame a hypothesis about the population proportmn p. Let us qpemfy a value
P, for the population parameter p. The null hypothesis H, and the altematlve

“hypothesis H, can take any one of the following three forms:
(@H,:p = pyandH,:p = p, () H,:p<p,andH,:p > Po
(@Hy:p 2 poandH,:p < p,

2. Level of significance is decided. It is denoted by .

3. Test-statistic: Used in this caseis Z = —7== where 4= 1-p,
‘ , 4 ‘ Po 9o
' ‘ n :
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>

The sample proportion p can also be written as p = g where 'X' is the number
of successes in the sample of size n. Putting p= L 0 the above formula for Z,
X o X-n po ‘

L n P X-n X-npg X X-npy

weget Z =
Po (Io Po QO Po 9o \/npoqo
. n @
X-npgy o
Thus 7 = —p===== can also be used as test-statistic for tes pulation

\ﬁ;;o Qo

proportionp. _ O\‘ '

4. Critical region: , ,
The critical vegion depends upon the alternatjve hyp@% H,. The three forms
of H, ave: : .

(a) H, is.p # po. In this case

the rejection region is - Rejection Regio , Rejection Region
taken in both ends of the . 0y -

sampling distribution. ’
The rejection region on
each side is equal to of2,
The two eritical values

Lo d 2y scpamt(Q | Figure 13.14 7

the critical regi n% h*'acceptance region as shown in Fig. 13.14. H, L
\ culated value of Z lies in rejection region. H, is reJected E

when 74 < %‘ or 7 > Z,m. The values between — Zy/p and Zyp form the

acceptal on. The test is called two — sided.
{b) H, \’& In this case : ’

W sction  region s
tak®n only in the right

gide of the sampling
disteibution. The test is

rejected when

Rejection Region

called one — sided to the : P=Po

right. The critical value ‘ Zl=0 llZ
between the aceeptance B " o
region and the rejection Figure 13.15

region is 2, as shown in Fig. 13.15. The values above Z, form the critical region
and the values less than Z, form the acceptance region where as Z, 18 the
cvitical value and should not be used for aceeptance or rejection of H.

— |
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(¢) When H, is p < p,, the entire ’
rejection region falls in the left Rejection Region
side of the sampling
distribution. The test is called
one-sided to the left. The

__‘a)

critical value — Z, is a point = _ : Pl=Po
between the critical region and L -Z4 Z=0 _
the acceptance region as Figure 13.16
shown in Fig. 13.16. The value less than — Z, form the crmg ion. H,
rejected when the Z value calculated from the sample data the erectlon
region otherwise the null hypothesis H, is accepted w1t oual meaning of
the term 'acceptance’. The rejection region is Z < — Z ‘
5. Computation 6. Conclusion .

Example 13.14. ' ‘
In a poll of 1000 voters selected at ran 1 the voters in a certain

null hypothesis that the proportion of all t ters in the district who favour the
candidate is equal to or less than 50 pe ainst the alternative that it is greater
than 50 percent at a = 0.05. C ' '
Solution:

1. Null hypothesis: H %50 Alternative hypothesis: H,:p>0.50
2. Level of significance: : ‘ v ‘

A
p—Pp
3. Test - statistic; \@ -
\6 Podo
\ N

4. Critical r%?ln Z > 1.645
table of normal distribution, we have Z, =Z,,, = 1.645)

(From t
5&& o . 518
5. g&b ions: Here n = 1000, X = 518, p= = =7555 = 0518
| ‘ P,

= 050, g, = 1-p, = 0.50, and hence
(0.518-0.50)  0.018

1000 :

6. Conclusion: Since the calculated value of Z = 1.125 falls in the
: dcceptance region, so we accept our null hypothesis
H,: p <0.50 at 5 % level of significance.

district, it is found that 518 voters are in f% particular candidate. Test the
h
ag

><1

Example 13. 15.

At a certain college it is estimated that at most 25 % of the studen*q ride
bicycles to class. Does this seem to be a valid estimate, if in' a random sample of 90
college students, 28 are found to ride bicycles to class? Use a 5 % level of
significance. ’
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Solution: : .
‘1. Null hypothesis: H,:p<0.25 Alternative hypothesis: H, :p>0.25
2. Level of significance:a = 0.05 ‘
| . ~ P-Po i
3. Test — statistic: L o= T
' Podo

. ’\/ "
4. Critical region: Z>1.045 : ' : @

~(From the area table of normal distribution, we have Z, = Zp s = @
. i 8
5. Computations: Here n = 90, X = 28, ﬁ = =%.= 0.31,

n

P, = 025, gp= 1-P =¢ Qand hence

31-0.25

7 = 0 = = = 1.32

- (0.25)(0.75) (& |
90 i o

6. Conclusion: Since the calcuk ue of Z = 1.32 falls in the

acceptance re?zon e accept our null hypothesis H:

p < 0.25 atb vel of significance. On the basis of the
eviden v conclude that at most 25 % of the
‘ studel e bicycles to class. '
13.17 TEST OF DIFFERE! VEEN TWO POPULATION
PROPORTIONS, p X ARGE SAMPLES)
Suppose there are th mial populations with proportions p, and p, which
nt large random samples of sizes n, and n, are selected

are unknown. Two in

from the populauo@ aid sample ])lO})OI‘thD pl and p, are calculated. The difference

“ariable and has the normal distribution with mean p, - p, and

A ' P2q.
standard&%\;; — 4+

Thawrocedure for testing of the difference between p, and p, is given below:
1. Three forms of the hypotheses are as below:
(a)H, : p, —'p2‘= 0 (orp,=p,) and H:p, = p, # 0 (or p; # py)
(b)Hy:p,—p, <0 (or p, <p,) and H,:p,—p,>0(rp,>py
(©H,:p, - pQZO (orp,>p,) and H,:p, —p,<0(orp,<py)
2. Level of significance is decided and is denoted by a.

3. Test-statistic:
The random variable Z is used as test statlsmc whele

( _)—(pl
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but Z as defined above is only in theory. In actual plactlce when H, is p,—p, =0
(or p, = p,), the values of p,, q,, p, and q, are not known because these are all
unknown parameters. When H, is p, = p,, then we assume that the common

- population proportion for both populations is Pe- Thls proportion p, is estimated

A X1+ X Dy + n»pf
by p'C by pooling the data from both samples. Thus p. = : _ b

n, +n, +n,
Thus the test — stfmstlc used in actual practice is &

' (pl p;) 0 _ .pl—p’

pc qc pc qL \/pc Hc n. n) o \‘
n, 1

When H, is p, ~p, = A (say) then the test statistic Q

7 = <pl - Pz) - A Og
4. Critical region: Q

The critical region depends up %It‘ernative hypothesis H,. For three forms

of H,, the rejection regions O& ‘

(a). When H isp,-p, =
of the sampling d

gx = Py, the rejection region is taken in both ends

tion. The critieal values are — 7,5 and Zys2- The
w2 and less than — Z ;5 form the rejection region. The
values whichadi ween = Z,5 and Z,;9 form the acceptance region. H, is

rejected% Zojz ov 7> Zyyo. When H, is P, — Py = 0; then it does not
fe

rence whether we take (pl—pz) or (pZ—pl) in the test-statistic.
118 p; —p, >0 or P, > p,, the entire rejection region is taken in the
ide of the curve. It is called one — tailed test to the right. The crltlcal
is Zg, and if Z lics in rejection region the hypothesis (p, — p,) <

< or (p, < py) is xejected and H, : p, > p, is accepted. It is important to note
that if H, is p, > p,, then the difference (ﬁrﬁl) is used in the test — statistic.

h values greater t

(B, - D))
Thus Z = % 1] e The rejection region is Z > Zy.
A A —_— .
A\/pc QC (nl + nz) '

() When H, is (p, - Py) <0 (or p, <p,), the rejection region equal to o is taken
in the extreme left side. The critical value is — Z., and the hypothesis
H, : (p, = py) = 0 is rejected and H, : (p, — p,) < 0is accepted. The critical
regionis Z<-7,.- ' ' '

5, Computation 6. Conclusion’
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Example 13.16. v

The cigarette-manufacturing firm distributes two brands of cigarettes. It is
found that 56 of 200 smokers prefer brand 'A' and that 30 of 150 smokers prefer
brand 'B'. Test the hypothesis at 0.05 level of significance that brand 'A’ outsells
brand 'B' by -10% against the alternative hypothesis that the difference is less
than 10 %.

Solution: . . ,
1. Null hypothesis: H,:p,~p, 2010 o

~ Alternative hypothesis: H,:p,-p,<0.10 : O@ .
2. Level of significance: «=0.05 0

| (=B~ @1 =) X
3. Test - statistic: AR ! O

A A A A
Pid: P92 ' '
f R
4., Critical region: 7 < - 1.645 q :
(From the area table of normal distrihuti@n,\@v Zo == Zoos = — 1.645)

-~

+

ny

5. Computations: Heren, = 200, X, =5 f smokers who prefer brand A),
‘ n, = 150, X,

<5

No. of smokers who prefer brand B),

A

.0.28, §, = 1- 9, =072,

A\~ .20 ‘ |
@ = 1o =02, §,=1—- P, =0.8, and hence

.

-(0.28 - 0.2) — 0.10 _ =002 _ ..,

GV | [023012)  (0208) = 0.0455 -
\S 200 - 150

. ) ., .
6. Conclusio% +Since the calculated value of Z = — 0.44 falls in the acceptance
region, so we accept our null hypothesis Hy: p; — p; 2 0.10 at

\\',; : 5 % level of significance and we may conclude that the brand

y ‘Al outse{’lls brand 'B'.
Exampie 13.17.

A random sample of 150 high school students was asked whether they would
turn to their fathers or their mothers for help with a home work assignment 1n
Mathematics and another random sample of 150 high school students was asked the
same question with regard to a homework assignment in English. Use the result

o>
il
2 b0
S 19
<
I

shown in the following table at the 0.01 level of significance to test whether or not

there is a difference between the true proportions of high sehool students who turn
to their fathers rather than their mothers for help in these two subjects:

v Mathematics English
Mother - 59 85
Father o1 65
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Solution: ' ’ | o
1. Null hypothesis: _ 'Ho : p"l, =P, Or p; ~ P, = 0 ‘ | | i
- Alternative hypothesis: H,:p, #p, or p,—p, # 0 '
2‘. Level of significancex o= 0;01 -

A A ' . ' ) ;
3. Test - statistic: 7 = ®: Py (f' fz) ‘ . ' v ‘T
e | \/ﬁcﬁc(n—ﬁ;;) | &(\
4. Critical region: 1Z | >25%5 @<-2575 and 2> 2§75

(From the area table of normal distribution, we have Za = 2.575
5. Computations: Heren, = 150, X, = 91, n, = ,

A X1 _ 91 4 _'
Pi=h, T 150" *’2‘

A Bt 0B, b, 150 150 150 91+65_156 _ .
Pe™ n 4+, €b1‘50+150 © 300 "300 " 04

A

q; = 1 - = 0:48, and hence

(&%)
0 150 150)  0.1733 -3
) ~+J0.003328  0.0577

\ (0.52)(0. 48) 150 150
6. Conclusion: ‘ e the calculated value of Z = 3.003 falls in the critical region,
6 we reject our null hypothesis Ho: p, = p, at 1 % level of -

sxgmﬁcance and we may conclude that there is a difference
\ between the true proportions of high school students.
13.18QHOICE OF PROPER TEST - STATISTIC

In a certain given situation, we have to choose the proper test-statistic. For
example the population mean p can be tested with the help of Z-test and t-test. The . i

testing of hypotheses along with other things, mainly depends upon the sample size. -
The sample size plays a major role in the testing of hypothesis. The, following table
can be used for guidance in choosing the proper test-statistic.

‘n- Large n - Small

o — Known . 7 — test 7, - test

o — Unknown Z—-test |  t-—test E
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- ‘ SHORT DEFINITIONS 1
Hypothesis ' , : /
)/(tatement about a population parameter developed for the purpose of testing. v
: or . 1
Hypothesis is a statement which may or may not appears be true after conclusion. 2
ypothesis Testing : ' - I
he objective of hypothesis testing is to check the validity of a statement about a !
. population parameter. ‘ &
: or . \ 1
A procedure based on sample evidence and probability theory to deter&h’ether t
the hypothesis is a reasonable statement or not is called hypothesis,{e's' ng. F
Statistical Hypothesis ' A : T
A statistical hypothesis is a statement about the numerical Qof a population w
-parameter. Q :
; or
A statistical hypothesis is a quantitative statement a Q}Opulation. T
«- Null Hypothesis \s o : is
A null hypothesis is any hypothesis which@ ted for possible rejection or A
acceptance:ixnder the assumption that it 1 e : T
. , H .
The null hypcthesis is a statement a value of a population parameter. »a
Alternative Hypothesis or Re ypothesis
The alternative hypothesis"’is u e hypothesis for which the researcher wants T
to gather supporting evidence : i le
‘ _ or , C
A

\/»'A statement specifyin t%\i;he population parameter is some value other than the:
ne-specified-under bﬁ\ ypothesis. : ¢

- Simple Hypothe is

Al

A hypothesis whi p’ecifj all values of parameters of a distribution is called simple A
hypothesis. , ' ' _ B )
\ ‘ ' or : - p ) : .
A hypothesis”is said to be a simple hypothesis if the hypothesis uniquely specifies T
. the distribution from which theeample is taken. : : A
\Composite Hypothesis o ) . o ; , Sl
A hypothesis is said to be a composite hypothesis if it does not completely specify the S W
probability distribution. o '
~ A | or A
A hypothesis which does not specify all values of parameters of a distribution is di
called composite hypot}fegis. v . ’: « -7 C
\Significance Level or Level of Significance o 8 VT T
The probability of rejecting a true null hypothesis is called the significance level a. vé
S o or ‘ :

The probability of making a type I error: is called tHe significance’level of the

hypothesis test and is denoted by a (alpha). _ ;Iz
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Tests of Signiﬁ;{énce ,
A significance test'is a statistical test laying down the procedure for deciding
whether to accept or reject a'statiSpical hypothesis. ' '

Test Statistic =~ ,
A statistic used as ‘a basis for deciding whether .the null hypothesis should be
rejected is called test statistic,

- :

, or
The sample quantity on which the,!d{fgcision to support Ho or Hi is base@ 1% ealled the
test statistic. ) } %. ¥4 '

Rejection Region~" - (b i:/';/f
The rejection region is the set of possible computed values 6f the test statistic for
which the null hypothesis will be rejected.

AP or
The set of values for the test statistic that lead to rejection of the null hypothesis Ho
is called rejection region, . T — L _

Acceptance Region ./ : - ,
The set of values for the test statistic thatlead ¥o accept the null hypothesis is called ‘

acceptance region. . : ‘ T .
' “or

The portion of the area under @ ¢uryve that includes those values of a statistic that
lead to acceptance of the null hypothesis. ,;x‘ L. oz N
One-Tailed Test — b bR Pr—— f"“‘\') - s

A statistical test in whieh the critical bregion is at one end of sampling distribution is
called as one-tailedtest: ”

‘ ‘ v _ ‘or , ;
A one-tailed tdst™of hypothesis is one in which the alternative hypothesis is
directional, and‘includes either the syrgnl!)ol “<or“>" :
Two-Tailed\Test ) o> 1 )\ . f ; A
A twotailed test of hypothesis is one in which the alternative hypothesis does not
specify departure from Ho in a particular direction; such an alternative is written
with the symbol “ = . '

or

A statistical test in which the critical region is located at both ends of sampling
distribution is known as two-tailed test. :

Critical Value , ' ‘ B

The value which separates the rejection and acceptance regions is called the critical
value of the test statistic. Y ,
. or .

.,

The dividing point betweer: the regi,()ﬁng‘wheye the null hypothesis is rejected and the
region where it is accepted is said.to be critical value. ‘ “



