5.3 Complex Vector Spaces
Bocawse the charactermix equatson of 2oy square matm can hove compiles soluboss, the
notwns of comphe opemalee aod oErevecton anse sataralh. cven wintbus the comtens of
ALitFices will fval eotows s Bl secton we wall dmouss thas adea and apph our resulis io

study sy s matiae @ Do dotal A roacs of e oscetsabs of compley mmbers
appears = the back of thi vy

Review of Complex  Recall thal o z = o + b 5 2 comples sumbee. (hen
Numbers . Biejz) = o and bmiz) = b s callod the neal part of © and the imgiy par of 7.
respectvely,

* ol = a I  callod the mudain (or el walee) of 3.
* T=ua— bi mcalled the complex cogjapasr of 2.

314 Chaptas 8 Bpenvaless snd Dpanvastan.

s Tmat b =P
* e angle ¢ in Fagure 3 3.1 is called an argussens of ;.
* Raiz) = |zjcon g
* Imiz) = || wng
* zwm [zjicosd + ¢ ) i called the poler formrof :.
& Figura 5.3.1
Complex Eigenvalues  In Formula (3) of Section 5 | we ob d that the ch i a gemeral

n % mmainy A has Lhe form
Mead s ota=0 (3]

m whach the highest power of A& has & cosflicant of 1. Up 1o saw we have bisited our

dmcmmon to matrices m whach the solutions of (1) are real numbers  However, o s

possible for Use characiermisc equabion of 3 mairx A with real entries io have imaginary
for example, I b of ithe matrn

a3 7]

+12 1 i
r'_s *_2|-J.' +1l=0
whach has the snagmary solotions L. = i and & = —i. To deal with ths cass we will need
10 explore the notion of 2 comples vector space and some relsted sdeas

Vectors in C7 A veclor space m whach scalan are allowed 10 be complex mumbers is callod a complex
vecier spacr. In s sechon we will be concerned only with ihe following camplen
penerahuatis of the real vector space &

DEFNITION 1 If n 15 3 pontre mieger, then 3 compler s-taple = 2 soquence ol o
compley, members (1, F2. .. e ) The uet of all comples n-tuples is called compler
m-apace and 13 denobod by O Scalars are comples mumbers, and the operaisona of
|mmm-dum ip

L p

The lermanology wsed e o -tuples of neal numbers applhes Lo compley o -tuples with-
oul change. Thas. o v, <« i mi comphen, mumbora, then wecally = (. vy ... 0,)
a evier 0 O and vy w2 W 1S compenents. Some examples of veclors m O are

il i =l Y N vl S --F-dl.ioii.ﬂ}

Every vextor

v im e  + hiar a, + bt
o ™ can be splsi mio meel and imepieary party as
¥ b+ it b b}

» = Raivh + i lmiv)

3 ComplenVonw Spoess ¥

Fu @ Fo.... Fob = s = iy = il = i)
- complrs congupeie of v andl cam be oup wm erms of Reiv) and Imiv)

oy ) = iy by ) Rety) — ) -]

T oliows that the vectors i B can by varwed & thosr vectors i C whon snaginary
part i seves or skabed another way. & vector T m O oo B o and only I T = v

s thes drtsegum b byt ) b renl
‘mumbers. calied renl sasrices. snd matrces whose entraes may be croher real numbers
or complen sumbers. called complcs maivices. When comvensenl. you can thank of 3
real matro a8 & complen mairn cach of whose eniraes has 3 sero smagmary pari. The
andand oprtateons of wal mattace caiTy el wilhout change 1o complen. mathice
amell all of the [ssmdest properises of matrces contmme 1o bold

WA s acomples matrin. then Ref A) and bmd A) are the matnces formed (rom the
real ased smapmary parts of the entraes of A. and A & thr matrn formed by Laking the
compley conpagate of each entry m A.

P EXAMPLE 1 Rasl snd maginary Parts of Veciors and Matrices

As you might expec i A ; i
inglis aar e 4T y=(4i -2 5 ad .1:[':' i
Iﬂnhnp_-h-i gk
St = F=0-i2iSh Rev)=(.0.5 butn=(.-2.0
e e 1-& i 1 -1
= R A) — 1 i A) o G _ - -
‘l_[ & i+1'i]' H‘“—[q :] l""J”_[u —z]
1+i —i i ] o .
Juun_I i ‘_x|_||+.-nb—z.|.—|—nu)_l+:. -
Algebraw: Properties of the  The mext two Tesl sovme properies of weclars and matnoes Lhal we will

Compies Comugste  need mthes srton Some of the proofs are groen as ewercoes
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wharre
Rolv) = fay. @y, ... and bmivi s by by, ... KD
The vector
P (PP Fad ey = by = byl ..o = B}
= called the rowpdes of v and can be eup of Re(v) and lmiv) s

Vo g, ) = iy, By, .. b,) = Rei¥) = i i) i

It follows thal the vecton i A can by varsed as Usosr vocions m O whom snagmary
Pt is 2ero. of staled anather way, & veclor ¥ @ (™ wm B f and caly T = v

I thus sectson we will nevd 1o dutingunh beinoen matroes whan oatrscs s be roal
numbers, calied vl ssstrices, and matraoes whose enines may be ather real numbers
of compley mumbers, called complier matnioes. When comvemsent, you can think of o
real maina 2 2 comples matrn each of whose entries has & 2o napnary part. The
starubard operatsons on seal matrces carty over without changr b comples mustnon,
aind all of the famalcai propertees of matioes conte lo hold

Il A 8 a complen muatrin s Re(A) and b A) are te mutnoes formed from the
reall and aaganary parts of the eotres of A. and & n the matris formed by tskmg the
comphex conpigate of cach enlry m A.

P EXAMPLE 1 Resl and imaeginary Parts of Vectors and hiatvices

As you might axpect. if A s

a complex marria. then A and y=(34i -2 5) aad J|.=[I:"i ﬂ:‘.h'
7 can be expressed i berma of
et A s anf) e Fe-iZf Re)=(L0.5. bmy=(1.-20
i-l«ndlhlﬂal 1=i " i
= Rl A) = i lmid) el - o
J\'-[ 4 l+.‘h] Raihy= [1 L1 I""‘“_[o —:]
Vi =i . i : :
dulnh-l PP R e U e B

Algebraic Properties of the  The nexl twe thearems kil some propertas of complex vectarns and matroes that we wall
Complex Conjugate  need 11 thes section. Some of the proofs ane piven as exercises.

THEOREM §.3.1 I wand'v ane mecsorr in C°, and ifk ir a sealar, then:
w T=u

(7] =0

#) TTv=0+7

Wh F-v=E-¥

THECREM 532 J A i aw i u k commpllex waavix and B is o k % 8 complex satrix,
them

w T=a
® (A=A
0o =TT

3 Chapier % Higevesines and Fymevesiers

The Compiex Euclidesn  The iollowmy defnumn extends the notwns of dot prodisct and norm o C®.

Inner Product

DEFNETION 2 If @ = fw,. w.. ... m,) and w = (r,, &5, _ ., &) are vectors = (%,
then the rempler Emclidran immer preduct of w and v jalso clled the comples dot

prodiuct| B denobed by @ - ¥ and 13 defimed 23

The comple conpges =
1M emwure that |v] s a2 read
mumber, for withous them the
quantiy v v ) maght be
Mg mary.

sev=mf+mf -l (E1]
W alinr defin U Earliegs s on (™ 1o be
M= mE i+ iy

As mithe real case, we call v 2 it wecter m O of Jv] = | snal we sy b veclors woand
+ are aribogenel d8 . = 0

P EXAMPLE 2 © B

Fodu-v. v-n Jul. and v for the wecion

o=+ i) el vl +i 2 4)

Sedutan
werm (LU TED + 0T+ 0= B = 1+ 0M0 =)+ 25+ (D= M) = =2 = I
vemm (1 +AMTE00+ 200+ 0T 1) o (0 4 dM = i) =2+ 34 0) = =2+ IO
=T+ +ir+0 - = TF T+ W= T

Meits e = Tsdsie=ya «
Recall from Table | of Sectson 3 2 that if w.and v arv cofuren woctors m B then Uher

doi. product can be cupressed a1

sv=alv=va

The analopous formmulas s O ae (venly)

sov=a'f=a L]
Example 2 reveals 2 mapor dllesence between the dot produc on K™ and ihe complex.

dot product an . For the dot prodect on B we alwarys have ¥ - 8 = & - ¥(The pawnciny
properr]. but for the comple. dot product the cormespondng relationsup = grves by

-9 =T R wheh & calind is anih The falk theoien o a8

amaboyg of Theosess 323

-—ﬂ.l llt.-l--r-u-nh(' -ll']'l&-n-l-r i b commples

o a-y=""10 | eyt gy |
i a-ir+w=n-v+u-w | Mritrate: gaajuarts |
o) bimew) = (hm)-w e e
@ a-bv=Fn-v TP A—
) vz Oandv.v=0§andedyifv =0 ety ppey]
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Parts ic) and (o) of this thecsein stale that 2 scalar mliyphong a compiles. E:
maer product cal be regiouped with the st vertor bull o regroup i with the second

vector you musl et Lake its comples conpuzate We willl prove part (o ) and ke the
others as evercaes

Proat id)
e s kT D =@ D =100 = G -a=a- @
T complete the proal, ssbstitute T for & xad ue the faci that T = . 4

Vsctor Cancepts in O whhmdmﬂnh“dluml—-hu
ng. baas, and & cary over without changs 1o £

E arc defined for complay matiors cxactly as llor neal

I B° o mhopace of €2 Ex-  matnces If A 5 an m x » matri with complex entracs. thon ihe complen. roots of the

pluin. characterntx equation detiif — A) = 0 are called complex sigravalers of A. As m the

real case, B = 3 comples agernvalue of A of and only if thete cuits & oREE vdlor L s

€ such that Ax = iy Each such 3 15 called 2 comples sigeswecter of A cormmponding

1w i. The comples expemvecton of A corresponding Lo & are the nonmm solutions of

the hnear systers (14 — A)s = 8. and the st of all such sclutions i & subspace of £,
called the compilex sigempacr of A cormespondang lo &

The followmg theonems states that of a neal marry has comples cupeavalues. Usen those

and thew aoour m Mgale pair

B

THEOREM 5.3.4 I ) & av cipeowalir of a real n x n matrix A. and if ¥ is @ corre
aponcding sigrmvecior, them T is alio ax cipemvalec of A, and X i & corneponding
Pigreeior

Prood Simce ) b an enpemvalue of A and % & & corresponding cipemvacton. we have

An = Inm T [
Homarver, T = A, simee A has sead entrees, w0 it follaws from part ic] of Thoorom 5.3.2
that

A= A= AT 4]
Equations ¢4) and (7) togrther smply that

A= Ti=ly
it which ¥ b @ i), thin bells un thai T in an eogemvalue of A and ¥ is & corresponding
mgemvecionr 4
P EXAMPLE 1 Complax Ek o snd Eige
Find the ancl bases fon the

-2 -l
”"[ s z]
The of Am

11+2

1 B %
-5 l—dl-l + 1=k — iHA + iV
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w0 the engrenades of A o i = ¢ and i = —i. Notw that thew agaavaluss a complen
conpugales. & pusrastocd by Theorom 5 1 4 To find the agemvecton we must sobve U

(=2

wath i = i sod dhen with i = —¢. With i = i. e sysiem becomes

(5 26 .

We coubd sobve ths svitem by ordcang e stagirnled Salioh

(o ] 1
B2 .
o redwced row exhelon form by Gamss - hordus clssssatem  thoogh the compies. anth.
“-m&uﬁ*mh-hnmhh-ﬂd
row echelon form of (%) s have 2 row of zeves b 5] b ]
Thas benny U cane eanch fow of (9) ol be 2 scaler sltnpile of the other. and hencr The
first row can be suade mio 2 row of sevos by adduy 2 sustable suslteple of the sreomd row

Wi Acconkagly we can smply st the eatoee o the st sow 1o 0. s mirochang:
the o i s ssltaply e oew hﬂq—éhhﬂwﬂﬂ—
form

1 §-4 ©
L] L L)
Than., a grawral sobuteon: of the sysiem =
.,-{-i-ﬁé&}i_ =1
T teilly e that the d A= d il and comasts.
ol all covmpley soalar ssalivphes of Usr bams vocion

= [‘i : 4’] (1
As 2 check let us comlrm that Ax = in. We oblam
I | Psou

W could fimd 2 bass flor the epraspacy corresponding 1o 4 = —¢ m 2 slar way, but
e mork = ssseorsary smor Theonem 5 3.4 mmphes thal

t-['i'{"] on
1

sl be 3 bass for the The mg comp confirm thal ¥is an
opewvector of A correspondmg o i = -

s T

AHERNE
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Samce a musbes of our ssbrsoguent cvamples will rvolve 2 w2 mainos. with real

entrws, i will be usedl 10 derues some groeral secslts showt the cgrevalues of wuch
matnoe. Observe st that the charactonste: palynomial of the matns

[ 2

=& =b
"""""'rh, ‘_‘1-u—-m—d:wh-ﬁ-u-un-o-u-m

Wi can expiuis this i bevms of the Lracr aind deiermanant of A a

det{id = A) = AT - WA + (A} “un
from whach i follows ihat ihe characiensts: equatson of A =
AT AN+ dei(A) = 0 i

Mow recall from algebra that if ax’ + bs + ¢ = 0 m a quadratic equation with veal
coefBcunts, then the disrintons b’ — dar determanes the natune of The roots

o= dar > 0 [T Sa vl mats{

P dac =0 [One sqpeted sel sn]

B —dac <0 [T conjugets imaginary s |
Applying this to (13) with o = | b = —tn(A). and c = det( A) yuelds the following
Ahoinem

THEOREM 5.3.5 If Aisa 2 x 2 muatrix with roal outrics, thon the chanacloristic apee-
o af A in AT — WA + det{ A} = 0 and

(#) A A iwo distinet roal cipemalrs § (A — ddetiA) > 0.

) A b ar repewied ol cipromaler f i AY — ddei{d) = &

(€] A s iwo compilex conjupaie cigennalers §f (A} — ddei{A) < @

B EXAMPLE 4 Elgemvshsss of 5 2 x 2 Matrix
I ench part, use Formula (13) for the charactensis equatvon Lo find the apravalues of

was[2 ] wasf Y ea-[2 ]

Fovlercal Mot Dige Todd

b 0 Bha et woman appoivied e the Taculty o the
Catioma ingtiute of Technology B worked st the National Physiosl
Laborssory i London during Workd Was il, whare she wan sssignad
S ey Bullei B dapiraaiic awoiall. Whila theva, she naalised ihat
il it b Wk vt of & GaLin & = b oamglan matric
cxnakal et bt 40 P fry Ques e aboul tha uttar protiem that

Oips ety T Cipniautd bt weirrk. & mairin-redsted nulspesin and
Ittt N0 B o Wy et 1 SRUR NG HEMANS SBOU MMNSEN Wi
et Colaieped Susapiect BT el ey GO R LTIN Bhaory.

imags. Comtbay o4 Bhe dechivas, Cofarmia insiue of Tachnodogy,
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2 Chapter ) Egaswsbess sl By
Solution (sl We bave i A) = 7 and deti A) = 12 sa the charactensta equaton of A =
P-Tayiz=0
Factornng yeebds (3 — 44 — 3) =10, 30 the agemalees of A are i = dand i = 3.
Solution (8 'We have trA) = 2and det(A) = L. 50 the characlenstic equation of A 15
P-nm+1=0

Factonng thes equatson yaekds (3 — 17 =0 s03 = | 1= the anly exgemalue of A; 2 ks
alprtvrasc mulnphoty 2

Solution (o) We have ir{A) = 4 and Se0( A) = 13, 3o the charsrtenste sguation of A 5
V-a+i=o0

5 by the formuly yuekts

i bE 3 ]

_lt‘-'l—lr—lilll--lt.q_
2 2
Thus, the apemvalussof Aared =2+ Vandi =2- % 4

Symmetric Matrices Have  Our next resall, shech with the eape of real mmatnce. b
Aeal Eigarvalues  saportast m 3 wade vanety of spphcations. The key 1o its prool = o thenk of 3 sl
Ay St s s oempley et whess entree oy 55 enageary part of e

THEQREM $.3.8 If A & w read atrix. thew A bas real h
Prood Suppow thal & 5 a8 oy ol Asndum 5 wheke
o allow for il possbdity thai & » complen and x nm O Thes

An = in

wheoe % # 0. 1 we mvaltiply both sdes of ts equution by T7 and use the fact that
A = i) = a0 = adn - ) = afu)?

thwn =y oblus
Tan

¥
Sence U denommnaton @ s cupresson & fral. e Gn peove thal A & neal by showng
et
Far=t'a a4
Bt A i symenrtre and has real esiraes, so 5 follows from ibe sscond equakiiy in (5) and
propertees of the conpurate tal
Pu=Ya=+ria= (A2 =AD" 2= (A x=TAx =T «

im

A Geometric Interpretaton  The lollowmy theorrm = the key 1o md th - of compies.
of Compilex Eig = af veal 2 x 2

5.3 CamplexVector Spases T3
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THEOREM 5.3.7 Thr riprewalurs of thr real ssstrin:
a —
c-[* .] s
ﬂh-u!ﬂ.ﬂcdbmmhﬂmhkm-hﬁ-ﬂ-

N I I e I

where § is the angle from the positive 3 -axis de the ray dhat jois the orgm io e
poimt (a. b) | Fgre 3.3.2).

Cieometncally, thes thearem slales that mulirphcabon by 2 matrn of form {15) can be
varwed a3 a rolabon theough the angle ¢ followed by & scalmg wiih [acior i) (Figure
533

Proof The charactermstic equation of £ 1 (i — alf + b = 0 (verify). from which
follows Ukl the exprmalbers of C are 2 = o + bi. Assumang thal « and b arc nol both
Hev0, kel  be the angle from Lhe postove 3-anm o the ray thal powms the angm Lo the
pauat (@, b). The angle ¢ 5 an arpement of the cpemvalue L = 0 + bi, 50w we from
Figuse 5 3 2 that

a=jijcosg and b= |ijung
It Follows from the thal Lhe matns m (15) can be wnillen.

30 A ] e =

The following iheorem, whose prool s consdered 1n the exerases, shows thal every
real T x 2 matros with complex enpeavalues is smular 1o 2 matns of form (1 5).

THEOREM 630 Lot A b rvl 2 5 2 mastrin with complex sipewles 4 = o & bi
(wherr bl 00 I & i i cigrowecior of A corresponding fa 3 = a — bi, then the
ey Pom [Rein)  Dmiub] o svererisde and

4-![; ':]r-' un

P EXAMPLE 5 A Matsis itioh Labhyg Ek k

Facior ihe maina m Example 3 mio form (17) wsng the eigemvalue A = —§ gnd e
cormapombag apeavector that was gven m {11)

Solution For conumtency with the notaton m Thearem 5. 1 K, let us denote the sigen-
wector m 1 | 1) that cornesponds to &4 = —i by & (rather than ¥ as before). For this & and

T | R
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A Geomaetric Inferprefation
of Thearem 538

P = (Retn) |-m|-[': '*]
= A can be lactored = form (17)
-2 <] [=% =t]fo -1 o
s 2%l v ellt e)|-® -2
Vou may want to conlirm the by multsphymg out the rght sale o
To charily what 18y Iy et s o the right
-ﬁdl“lhs.—lnmﬂiﬂulhlumllﬂu

i 0 |lcony —sme e
0 ij||l=me cose

A-fﬂ.?"-?[ [114]
W we now view P & e Hasston St e e b § = (Re(x). illll]}lnl-r
statndard burse, thars { 19) vl e toat i prodact Asy cal be beok

a Unied-ep proces:

limterprrtimy Formais (15

Step 1. Map, i e cmond B & e - L
Pl

Step 2. Rokale s scabe the vector "5 by formeng e product SR, P~ "5y

Sy ). Mlap the sotaled amd scaled vector back 1o standand coondales Lo oblam
Ang = PIR, P 'ny

There are many probiems m siech one = d m how ofa
mmabin bransiormalon affect 3 speclc veclor Foe de ol An

lor an operalor on B and 5, 5 somme fued vector m B Then one maght be mibevestind m
e beburvsor of Uhe power sequence

N A, At . A'ag

=l

tnem with the belp of 3 computer or calrulslor one can show thal The first four lorms m
he power SQUCnoe are

okl I v At e R

With the belp of MATLAN or 3 compuicy alpebra sysiem one can show thal if the first
1130 berms are plotiod s ordered pass (1, v). then the ponts move slong the clhiptical
jpath shows m Figure 5 ) da

For evample of
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--,Ill.ll
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e i
it i
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! ¥l
d R
3 i,
e
Ay

& Figure 535

To wnderstand why Uhe pomls move slong an dliplical path, we will feed 1o skanmine
the eigemualues and sipenvectons of A. W leave o for you Lo show that the sypeavalues
of Aaseh = § = i and that the commponding egenvecion ase
Mymiogh e (f4il) and mirp wm(f-nl)

W Lok & iy = § - h-n = vy m (4 4+ 1) i ] Thamed e e fact tht 4] = 1.

T

whene R, 5 a rolalion sboul the ongin through the angle ¢ whase tangeni is

i

TR 5i
lan ¢ ;-ﬁ-d (¢ = tan *.H.Q"'}

The matres # m (19) 1 Use Lranssion matrn (rom the bas
B = [Reix). bmi)} = |(§.1).(1.0)]

w0 the standand bass, and P~ = the transsion matrix (rom the sandard hass to the
i B (Figuwe 3.3 5). Next, observe thal o o i & posstive mieger. then (19) implies thal

Alny = (PRP'Vug = PRSP ',

-hmfumhmhhmummﬂr"uhlo
eooudwates, then multyplymyg by K," 1o rolate s point sboul the angm through the
#¢ﬂh—hﬁq;r"gurummmwmhmwum
dard coondmates W can now se wiat 13 happ

ench A pu-lr x.l-oldwlhuqhmnﬂl
#. theveby racomg 3 oncular orbet sbout the ongm. However, the basis 8 (s shevwed (nol
arthogponall. w0 when the pomis on the cncular orbil ane transbormed buck o gandand
coondmates, the effect = ko dnlort the cancular ortut mio the ellsptacal orbat iraced by
A" (Frguee 53451 Hene ave the computatons for the first siep (sucoessive stops ire

M Chapwr pawalues snd Byaswatons
hustrated & Fagpuoe 5 34c)

HM (i
I

g i

A0k -0
A0 0] e
[ —

e g (. 1] i e e e coariimes |

_|#
4
Exercise Set 5.3

* in Exercies |2 find il Revm). bmami, snad fuf
Lm=il=idil#n Luwmibl+ds-2

* In Exerumes b 4 show thatm v, sl b stufy Theoses 3§ 1

Lowid -2~k v il 0 20 b bma

domibiodib=-N) valleobi=-0 bo-

A Sobve the squaton 15~ v = e o wier w and v the
gt in Exenges 3

& Sobve the squaton (1 + 008 + 35 = Viw . whowe oand v aov
the wegiors m Enercs &

* o Enevoses T fimd A et A) BmiA) deviA) and wid)

- 4 “ -
TA=l Iok] ""'[:.I- |]

B, Lav A by i matres grven m Exevcinr 7_ sl et I e the matrn
=i
--[ e ]
ool Vit reet Sty o, Buer tlar P tars stasbed o The-
onim $ 1 1
Bl Lot A be the matrm proes m Execone §_ aned let i e the matrn

o Y

Conlirm ikt Bhewe matrue huve the propertes siated o The-
omem $1 1

* I Exserciwes 111 L compute w-v. 0 -w. and v -w, and show

that the veciors saisfy Foomula {51 and parts ol ¥, and ic) of

Thenoem 53 1

iLe=i b 5 vl -b I+ weZ-iX 5+ ML
k=X

ML we (] +i kM) w3, D4 M
weil -l 4- S k=141

1A Compuic in -1 - W- for the wecion o, v, and w i Exer
o 11

—
ML Compute i - w) + v - w for the voriors o v, and wm
Enerone |2

* I Enovcues 1% I8 S the apeevslecs snd bases for the

ol el
g 6]

* b B 1% 11 each matns O b form (15 Theoton
847 mmplers that O w the product of o scalig matin wih facior
A emed o votsteen mutrm wwh sngle ¢ Fod (0] and @ fov which

el ] meeld]
4] {3

*  m Exewcrrs 13 26 fimd an svvertible matrr * and & matris O
of o {1 5 vmch that A = PCP".

s I I |
mwled ==k d




