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Thes chapter = with, " of bnesr shpobra. an anca of study
that encompasses technaques for sobving burge-acale lincar sysiems sad for ndsng
m]md’mk—di 1 5 noll o obgociyve bo discuss

s m fine detaad ance there are many excellent books on
dnuh,u:_ Rather, we will be concerned with minoducing some of the baac wdeas and

W g that rely heanaly an namencal
mbeas  ungubar vab and data A computing uishity such
a8 MATLAR, Math i, oo M aple o Sechuoms 9.2 42 9.5,

9.1 LU-Decompositions

Lip 1o mow, we haw focwsed om two methods for sobang bnear svstems. G
chmunation (rodos oo to mow echelon form) and Gauss Soedan elampation redsctsen 1w
reslunal e ochabon form ) Whle thes maethiods are fing (or the small-scale problems

i Ehen Besh, thay aew oot waitable bov Larpe-svale problems in which compuier roamdafl
witod. mamaory asage, and spoed sie concerns Bn thas section we will discuss s method
or solving & lmeas syviem of & pquatesn i # anknowiss that s hased on (G0lenisg 0
sonicioml matre i & peosdes b of lowgr amd upper iangular matnces Tha method
walled " LE adscomposition. o e hass for mam compuies algosithma in connssa vie

O flrid poal i Ui iction o 16 dhow how Lo solve & ksear syslein Ak = boln equations
o n unknowns by (acionng the corfficsnt matrn A We begin with some \ermvnology

1 Alactonmstion of 3 squers matrin A 2

A= LU in
wheve L w lower trangular asd U s upper ar, in called an L -derompariy
tof L Saviguiting] of A

Before we consader the problem of obs am LI 11 enpl
Mlﬂm_hﬁdu-ﬁ-hﬂmlﬂumﬂmwﬂh&r
Talive clasphe
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* Figure 8.1.1

The Miethod of L1 -Decomponition
Sarp I. Rewrae the system Ax = bas
Lin=k m
Sarp L. Defins s new n = | mate y by
Usmy L]
Saep 5. Use (1) 1o orwmite (2] as Ly = baned sobve thas sysiem for y.
h‘. Substsiuie ¥ m (3] 2 sobvr for n.
Thes proceduse. whech » dusirsiod = Faypure 91 1. replaces the ungle hoear sysiem
An = by 2 pasr of lnear wysioms

Un=y

Ly=h
et et by solvrd @ sucormson. Hewrver sace cach of these sysiems has 2 traagular
cogilicant matra. o procrally terms out (o svolw B0 mon computabion o solve The

e ayriems ihan to sl the ongmal sotem darecthy

gy Az

B EXAMPLE 1 Solving Ax = b by LU-Decompasition
Later m tha wull derrve the L
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4 9 2 4 -3 T)le
A = L

Uner thus resall ke sodvr e Bemrar pystesm

R 3

A
From i4) we can rewrsie thes sysiom a3
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As spexiliid i Step 2 above. ket s defir 3;. ¥, and vy by the oguaton

AEE -

[ G- "

In -2

BT -2

Ay, = I+ Ty =)
Thas system can be solved by 3 proceduns that » smiar 10 hack substiution, suoept
thal we sclve the equabions (rom the top down msicad of from the botiom wp This
P calied farward wickdi

or equrvalently as

mel, el =2
(verily) As mdicaled in Step 4 above. we substitute these vahees smlo (6), which yaekds

T EHIEME

n+la+ =l
B4+iy=3
n=l
Solving thes sysiem by back substsution yakh

n=} pe-l, n=l

o, equvalently.

(verify) 4
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Finding The peeondmy evample diestrates that once an L of Am d

LU-Decormpositions

a luwear sysiem Ax = b can be solved by one forsand substaution and one back ward
subititubos.  The mam advantagr of e method over Gamsan and Gawss Jordan
ehounatwon = that o “decouples™ A from b so that for sobing a2 sguence of baear
sysierns with the same coeffcerat matrin A sy

A=y, A= ... Ax=l
the work m A moed only be peric d omce afier wharh o can be reved for
xh e Saxh o m m aduch the mator A

nonasis fiked bl tar sl b vares with e

Mot every square matr bas an [ Sdaomposten However, of 81 = posable 1o
roducr 2 square sl A be row ochelon form by Gasssan chemmaton setbout periorm:
oy @y row miercherges. then A will kove an LU -decompossteon . though: i mary not be
unsque To soe wiy thes o 50, 2esame thot A has been neduced 10 2 row echelon form [/
u'.l.qundm*:_l-lﬁn—l-:l-h_-hi—p W kmow

firom Theonem 151 that thes: Aon the
Rt by am ol h-.hr:ur.i—nn-_r
matnom £, Ex. | E; sach thal

E - EEA=U [
Sancy e are e wr cam sobve (8] for A=

A=EE" BNV

o move brseily 2
A= LU ]
wheee
L=ETES B (W
Wi morw b all of the o prrr e g

THEOREM §.1.1 & A & & spare matrin shat cam by svdiced 1o @ row cchilon form
U by G dimmation withost row smicrchangpes. then A con be factored a
Am LU, where L is @ lewer iremmguler sasiviz.

Prood Lot L and U be the matroes m {10Y and (K}, vesp The maing
U 1 wpper trssguler bocsuss o s 5 row ochelon lorm of » square matr (5o sl catres
ko 15 mam deagonal sre revol To prove that [ » lowey tnangulas, it sulfices 1o prove
H-ﬂlmuﬁrﬂ*dllﬂ-h-t*ml‘hﬂ-l'ﬂiﬂﬂ
there smply that L sterll o bower gular Sence row claded. cach £,
ﬂ*h.ﬁlﬂl.ﬂdﬂmd-h}“h;mm
or by mmltaphymg one row of an siedtaly matri By & ponscre acalst | cither case. the
resultng matria £, s bower trasnguler and hence so . E; ' by Thoarem 1.7 Hd). This
complries the prool 4

B EXAMPLE 2 An LU-Decomposition
Fiad an LU -decomposton of
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Soiution Toobtam s LU -decomporstoon. A = LU, we will seduce A 10 2 mow echeion
form U usting Cuussan chmenstion snd then calculsie L from (100 The sieps are as.

follows.
Wlrmrsiars Mol
M et mh lorrer of B
Baw Edbeing Farm [ T 1 e y Silatrin
F I b
. R [
4 % 2
Jiiin i Loo o0
Snp | E=|0 1 o E'=jo1 0
o 0 1 [
Z |
13 1
3 8 [
4 9 2
[1 0 © 160
Swp 2 Durowlj+ow? E=|3 1 o] E's|-3 1 0
o 0 1 | 0 @ 1
p—
[ |
[ I |
4 0 2
[(1 0 0 1 o o
Sipd =dxmwlrrowd E=| 01 o] =0 1 ¢
|4 01 14 0 1
[ |
L I |
B -3 2
1o 0 [1 0 o
Sp 4 Burow2+row) Eslo 1 o] E'slo 1 o
a1 1 Lo -3 1
T
L I |
0 0 7
100 1 0a
Snp § beqow ) Es=la 1 o E'=|o 1 0
[ [}
R TS
0 1 3=t
U I |
4 Chaptery Mussesieel Motk
amd. From (101,
200 o o]t o o]t @& o)1 0 @
L= 1 oji-3 1 @ o1 elle 1 alie 1 @
a a1 o 1jj4 @ 1) =3 I1ljo 0 7
I @& @
=|l-3 1 @ un
4 =1 7
-
- T | : e ol 510[802
-3 -8 e|l=|-3 1 effe
a v 3 [ 4 -3 ][0 0 1y
= an LU -decomposison of A 4
Booikeeping  As Example 2 ahows, most of ihe work teng an L {'-de ded
o cakiulatang [ Howrwe ol this sorh can be chimsnated b some carelial book kicpang
of the eperatsons wad 1o reduce A 1o L1

Brcawe we are sspmuag that ne row misrchanges are requared to reduce A 1o U
ihatre are onby teo iypes of operatcons mrvohed  osultphyvang s tow By 2 sossctoconsiant
and sdiding a scalar muliple of one row 1o another  The first operabion 5 used io
wtioduor U headamg 1 aded the secomed to stioducr Frivs bokow the exhng 1's

In Exsenple 2. 2 meltaplier of § was mowded i Saep 1 10 mtroduce 2 beadmg 1 m
et flrst pow. i & saltipleer of | wan meoded @ Step § 1o mtroduce a leading 1 0 the
thard rew Mo actual sssltapleer wan d 1o duce a leadmng 1 m th d row
because & was already 3 | 2 the e of Siep 2 bt for comemence bet us w2y that the

w e Ul e afr v the b of the sultspleers used 1o
comntract [
2 e 0
t=|-3 @© o an
4 -3 @
Adso observe = Exasple 7 that to sstroduce seros below the leadimg 1 m the fira row,
e waed the oprratzoe
a3 namers e forst ow Lo the second
ke —4 vomes thee frst sow b0 he thard

and ko sbrodecr e fevo briow Uhe kadmy | m the seoond row, we awed the operatson
el 3 s the secnd row Lo the Thand

MNow mote o (11) that m each posstsen below' U mam duagonal of £, the entry is the
megatrer of e - e hat the zeve m thal position in
U Thes suggesss the b - an L. afa
square maives A asnsseg thal U sty cam e raduced 1o sow echelon form wathow
row milerchanges
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mh-('m-u-n-_ﬁ-

Siep I. Reduce A 1o a row echelon form U by Gassomn st wathont row
“mmdhm—ihm b keachng
Ts and the berlow the beadmg s

Sip hdpﬂuhhu&#d’&,#&mﬂd‘h
ety bl it roatucid Ut boadeng | o Uhal ponsisom m L7

Zrep 3. In coch postion below the mam dusgonal of L. place the negatne of the
ety wid Lo mtroduce the wete i thal possteos m L

Saep 4. Form lhe decompontion A = LU

B EXAMPLE 1 & ng an LU
Fund an LU -dexompossion of
s =1 @
A=9 =] 1
301 s
Salution  We will reduce A o 3 row echelon fomm U and sl cach step we will Bll i an
eniryof L m wth Lhe foursicp p shone
(6 =1 0 [¢ @ 0
L3 LA § s & ]
W = 0] e pmlripher = § re o 0
L I | . L]
s S A ) e o o]
[+ -¢ 0] r6 0 0
W 2 1| wlupha = -% 9 80
L@ & 8] mlupher = -1 3 & o]
[l 9 e o o
0 W 4| e b = § [
Lo L1 L} » o)
124 o fe o o
o 1 920
Lo @ 1] +— mehipher = -& ER Y
ri - L g
1 LN N e———
v=te 1 % L8 2 @ |retmed—
e
Lo o 'L-——lql--l Ly & 1] e
T, we have

ST

W e ot for vou 1o confirm thes end sesult by multphyng the (actors 4

W Chaprar 3 umesieal Muthede
LU-Decompositions Are I peoeral. L U-decompestsons are nol unsque For example of

Neot Unigue

o1

amd L b noneere deaponal entres (whach wall be trae off A = mverubie). then we can
shaili the dagonal entrves from ibe lefi facior to the raght facior by wrtmg

taf b 1 ol|@

[ 2 ][ . H 4 512 /802

1 0 lin liee des
=|la/by 1 @ Iz by
Ioily hefl= 1]l0® ®  in

whach = another LU -decomposstaon of A

W desared. the denponal ma-
i and the upper irsanguler
mainn s (19 can be mal
tipled to prodecs s LA
e camponstion w b the 1
i om the muaen dugonal of L
[ T

Thar mrtbond we buve prven for L my resall 2w “asym-
ey om that the satro [ bas 1's on the s dogonal bt £ seed not However, off
oo preferred 1o have 1's on the mam dugponal of both the lower trangular (ator and

U et Ursangnabar Cactor. Uern we can “shafl~ the diagonal moines of [ 1o a dagonal
mastrs I sl wrse L as

L=LD

wheere L --l-—:ru—.-l——--.ln-n-——d-—-l r-:-.n.
pemeral 3 = 3 lower emtnes on
lactored as

iR et

Note that the coblumas of L' are obtmned by dnidmg each entry m the correspondmg
columan of L by the duagonal entry m the colums  Thus lor example, we can rownie

"B T
LR

O can pros that ff A u a6 uroruble malna that cas be reduced 1o rew echelon
form wythout rew micrchanges. then A can be [sctored wagerly o

A=LDU

v



21 LrDesempesitions 49

wihwiy L ia a lower insaguler matr wath 1's oo the man dugonal. D s & dugonal
mhatnis, and L' is an upper inanguler matros with 1's o the mam dugonal Thas i called
the LD ~deeeposition |0 LIV ~forterizosion of A.

Many computer algorthms lor sohang lneas nedems perform row micrchanges 1o re-
duce roundoll erron, 1m which case te of an LU'-decomp Ol -
aiitend  However, il 18 pomible 10 work arund ths problem by “proprocrsng”™ ihe
coullicunt matrn A so that i rew mierchanpes ase periormed prer 10 computmg the
LU -decompostion il  More specdiically, the sdes w 1o create & matna  fcalied 2
o ix ) bry mult thoue chemestary mustraoes that prosuce
ther row e bry comeputing the product 04 This product
can ihen be reduced i row echelon lorm svhesr row mierchanpes. = o & sssired 1o
have an L -decomposison

PLU-Decomposifions

i

o =L LLL)
Because the matrm (F m ivertsble (bemng 2 product of clementary matrces). the systens
Ax = b and QA% = O will have the same solulsons. But 4 follows. from (14) thal
the: Lilter systemn can be rewritien as LUs = (f aad heace can be sclved unng LU-

decom position
s s Ex (1L ] d as
A= PLU %
m whech P = " The n called 2 Pk ar (L of A

Exercise Set 9.1
1. Use mmnwlum LU -decomponsteon

=B S 3

o solve the sysiem

“IE-0)
I
i

In Enevcamas 78 s L L' <decompostion of s matrix 4 i given.
fal Compute L and U
b Lise the vonlt i paait (s} 4o fid vhe imverse al A
]

By

4
.I-I.I'.I'-[ ]
B The L decompomtass abtaned m Example 1

: 2
" -2
Moy =By =0 1 5
=Mt el

L Use the method oof Example | anad the LL-déxomponsteon

EEERR

E + by = -2
=g T A= ¥

<[
i
“I-
I I

=1
2
-1

1)
.

&
= I Engrciasi 34 fnd an LU-decomponituon of the cosllicest
Hm MMH thee mthand of Example | 16 il the iy

S -

=1
4
a

0 Chapter & Messsied Mt

2 =1
A= |2
b ]

2
L]
(8} Find an L L'-decomposton of A

% L
[}
-1
[}

weefi £ Y[

I, Lot dx = b be 2 limear sysiem of @ equations in & unknowns
sl ssmmmme thas A = an mwerrible matrm: that can be redced

i) Enpress A m the form A = LD, where L w lower
irsangubar ek Ty akong ihe mun duogensl £, 5 spper
wnd D s &
o) Express A m ihe form A = LylVy. wheve L) w lower in-
angubar wath I's along the mam duagonal and U; & spper
Arsanguhsn

R fu) Sharw that the musivn.

]
(I ]
bt ot L L it
s Finad o L C ol s oo s mmitrss.
In Exercis 11 1 wae the s PLL decompouta of A e

wrbvy the bnear vysem Ay = b by swrmmg o s P Ax = PO
and sibving thas vystomm by |1 s ompeomteon

[
it

A=

& =
- B B
[R—.——

n

- -
- -

:
. 1M
sl

In Exerooes |3 14 fmd the LD {decomposton of A

VT
a8 -
- a8

o] i
1 1
o) .

'y 1 -2 &
I.KA-E‘ ﬂ MA=i0 2 L]
& -3 13

*  In Exrscemes 14 . fnd 2 of A and wer

1t o sobve the bmear sysem Ax = b by the mevhod of Frevomes [
and 1T

e achelon form whsut row ascschangss  How masy
it ol B et e B et sl e Sy ulem
oy e st oof Exammple I+

Workr g with Proofs
W La
4-["
€
al Prove: ol then the o
deamprs, weh [ | song th
i Fomd her L {'-dhac ot dencr e WP T
P Prowe WA mamy s n 0 mates, thes A can by factoned =
Am PLU. wheree L lowot traigular. 1w apper srusgulas
i P gt Y ol i e i By U e o [, P
pramtaly [ Lot U by 2 sow echelon form of A and I
ol row mrechunges rogmeed = the sedecuon of A o U by
poriormed b |
True Fase Exercises
TF. I parts (ab dr) drscrmene siether the satoment » tree of
b mnd ety vy gm—r
ial By wpue st b an LU droomposion

1 W s e sty A @ e equrvalest 40 mppry trumpslar
e [ theew A e xm 1 deommmpostaon

b WL Ly Ly ssew = o lowes insagsle mabncors. s e
product LiL; Ly = bower traspular

i B eriible matrn A e am LU-droompowtion. then A
[V I ————

brd Every sopuse matrm bas 2 FLELdronmpowtion
Wt g ot Teshmolig v
n H—n.g—nn-,-l-.aql—l.uu.—p

TL The aocomposymy Sy e 2 metsl plate whoss sdges ane

H-h_ﬂ—_ khﬁ-lﬁﬂ—d]_
ai each of fhe ux i

evemimally sibilir 2l 2 vadue that is approsimuichy the avorage of

the emperamns o the frar neaghboarmg nede: Thewr are called

e syt srmyreriores 2l the modes. Thus, fior cxample, i

we demote e sieady-sisic iomprrsiures # the mienor nodes in

514/ 802
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the sccompanying fgare as Ty, Ty Fi. To. To. aned To. then o the L A ol -
node lsbeled 7 that temperaturs willbe T, = 400+ 8+ T; + Ty
ox, equivalestly, I In
- w
N-Ti-Ti=4 - |-
Find a lincar sysiem whose soluiion gves the sieady-stote wmper: 7 g L
ks by LU < r > 4 Figure ExT2

9.2 The Power Method

The agennvabues of & uquare matrn con = theary e Sousd by hang the charsctorsta:
equation However, this proceduse b wo muamy compotstions] diffcubtses that o s almost
never wied i apphcations. s thi woues we will dogn aa alpaithe thal can be used o
approvimate the exgennalue with greatcil sbwluns value and a ¢ offesponding cipomccion
This particilar eigemvahoe and 23 comesponding cigomedion six importas hecawe thry
anse naturally e meey seranve procoses The methaods we widl study an the section hav
recemtly been wied to create Intermey s arch engames such as Caogle

The Power Method  Theve are many appiscations m whach some vectar x, = F* 1 multiphied repeatedly by
anm x nmalng A Lo produce 2 ssquence

N, Av Ame... A'me
We call 2 wquence of this form 2 pewer soguencr pearested by A In Uus sction we
the

will be with pence of power sog and how such sequesces
can be wmed 1o and eape For ths purpose. we make
the follow ing definton

DEFINITION 1 I thhe dhurincr evgeervalues of & matn A are Ay, Az ... 4. and
Lyl o Rarper tham Ayl ... Ay . then 3, o called & demsinant sigeavaler of A. Aoy
103 wapervabus iu Called & damalnant o prmictor

of A

B EXAMPLE 1 Dominent Elgenvalues

Sone matrces have domanant epenvalues and some do mat For example. if the distinct
engemvalues of 2 matn are

bym-d dyw=3 =l i,m]

then iy = —4 1s dommant unce Ly = 4 u greater than the sbsolute values of all the
other exgenvalues. bul of the duimct evpervalues of & matrs are
=T A= -T be=2 el

them A, = i) = T, s theee 15 oo eypeavalue whose absobute value (5 greater than the
alrsobute vahee of all the other expeavalues 4

The most of pawer sequences apply ton = n
mainces with & kaeardy matrices. for example), s
we walll bt our dewcusson Lo S case m thas section.

R Chapter? Mamesieal Mathads

THEOREM .21 Lot A be @ symesersric n x & masris that hav o positive’ dominant

wigwwvader i I %, iv @ st vector B that iv mot orthogonal o the rigempace
g fo . thew bl i

i by = n
LT ok
Ang ey Angemg Amgenmy .o Anemg. . @

Remark I the cxrrcmes we will ask wou o show that (1) can abso be

s o: 516/ 802

T form of the power squence copremes each: sl m iorms of the 5
i i e of st penecrmos:

‘W will pot peove Theonem 92 1 bt we can make @ plasuble peometracally m the
Ixicamwhere Am omatrre wath devtwrt s, i amdl ds
one of whach =» dosesast To be speosfic s ot i, = domant ol

iy iz >0
Semy wr e amummy thal A 5 vt and b dotoet cprvalees @ lollows

Theorem 72 2 it the = Ay amed iy chwrmbar b
through the orgen. Thes, the ssmmptaons Tt 5, = 2w vector that = st oriboponsl
10 the oprepace cormspondeng 1o 4, saphes gt 5, doss oot be m the apenspace
corespomding 10 i:. To soe the grometrs: effect of maliplymg 1 by A, 8 will be narful

10 sphi ks mio te sam

Ny =y Wy (]
whve vy and Wy 2w the orth d of 55 om of iy and &3,
respectrely (Figuee 92 Loy

Eperspae oy | Eagerapace i,

» Figum 821 -

Thas enables us to cupers Ax, &
Ang = Any o+ Amg = o+ dgmy (L]

I e it g b = e e g (5 will vl oo 10 e domime oypowvslue. but
e T e 1 Mew
[ Sr—_——— Lampe vaduues itk

4.2 ThaPower Mothod 503
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which tebls us that mulsplymg s by A “scales™ the bermms ve and we i (4] by &, and A,
respectvely Howeves, A, u bages than 1. o the scalmg s greates i the dusction of %
than i the da of we. Tham, wphymg e by A “pulls” % iounnd U Gigenapac
of &;, -lllllﬂl'-lllll.l—‘-u-!mllu. = Ay Angll, whiach » on the wnt cucle
and i clossr o the egraspace of Ly than s (Faguee 9.2 1) Swmslarly. maltaphng v: by
A and notmaboag produces 2 unt wnu-hhkmdhn
Ny Theid, i s asonably thal by sop plyeng by A and

will prodduce & wqurncr of woors L lhl-r-ll-—lwehudw-ph.—l
wector & in the ngemspace of A, (Faguee 9.2 Ik ﬂ-vw.l’t,_pu'l.llnl

alis skl that Any - 5 wall
m-n-a.u-n-a.lul*-x.
which w the domman! sgeovaler of A.
Thee Pawer Mathod with mvum-muwt— &
Euclidean Scafing  and a matng A, Mﬁm
wigenvalue i postive. mwdump.-u.um-u ]
a follows:

Thee Pawer Slethod with Euclidean Scaling

Siep 8. Choos an arbsliary Sohseno vadlal and mormakise i, o aeod be. 1o oblus a
el Vector X,

ey I. Compute Axg and normaloe it 1o obtam the firs approximation x; o2 dom-
mani unii eigesvecior. Compuie AL - 1; %0 obtam the first appeoxsmatson
o ihe domenant exprovalue

Siep 1. Compuie Any and normakre il to obtam the ssoond appoos maton x3 o 2
dominanl nit aganectol Compiile A%: - X: 1o oblam the snoond appeaks-

enprarvalue

malpen b lbe dormaant
Siep 3. Compule Av: and ! 0 oblah the trd 10 2 donm-
mani sl eypeovector. Compute Axy - Xy Lo obtaie the third appeoxmmation
o the domenant apeovalue
Cm—-ﬁwﬂ-ﬂ}mawdmndbmm
mabons ko Lhe

B EXAMPLE 2 The Powsr Method with Euclidean Scaling
Apply lhe power method with Encldean scaling io

asfy o mewefy

Stop ot x; amd compare the nesulling spprousmstions 1o the exact values of the dominant

eagemvalue and exgemvecion

M vt - o the do e———
dﬂ—m&!lﬂh#dﬁ—.ﬂ- Hamrs gy ey 1o than woundall
-——ﬁm-—*hh-m-‘-ﬁﬁw- Thia in ome
makemr m whah

WM Chapier? Ml etk

Solution We will leave n for vou 1o show thot the expemabes of A arel = 1and i = 5§

annd that the o e A=05u the hne
dl by the Iy =1, 3z = I, winch we cam wrile m vector
form a
.=,[‘I] ®
Setting r = 1/./F yuekda th
s = ‘[lmlu‘mm___ @
d B TOTIOETEIIET . __

T T B8 7 802
S [ R R = B 1 W R e
o 3] o]~ [es] == .t.-mm-[:.”;]
”"[; :][L"n:]'[iﬂ m.l u....[‘m [':..]
Sl | i v ISRy B ] i
] A [ = B oo R - B o |
A" m A ey = A, = 16083 mu-][:‘:m-ums

AP AR - = (AR e = 150097 3seaas) = 49981

o)

A = A g = Ay = A sd10 35297 [lm"] =499

A = A = (A e = 353608 1mn][:"m'] = 49999
W is wocibental that A (the

Efth appronmation | produced 0T

v decumal phace accracy In A = A - w = () x = 35357 15]531][‘ ”]:esm
mral & geratens meed ot 0. 70688,
prochce n devimal place sccme  Thg % app e dhe 10 five decimal place accaracy and x;
o ke o e = (T} 1o theee decamal place accuracy. 4

The Power Method with  There s a varsatwom of the power method m whach the serates. rather than besng normail-
Maximum Entry Scaling  @nd al each stage aiv saled o smke e satnin eotry 1. To descnbe tos method. i
wall e comvenent 1o denote e mot s afssbte nobee of the enines m 2 vecior x by




B2 T Power Mothod 008

maxin) Ths for cuample. of

= -7

then manin) = 7 We the kollowmg of Th ®21

THEOREM 8.2 2 Mo‘kll_’l’l:l—h“hlﬂ!ru'
eigemvalur L. If 1, it a nonzere weter i B° that s wet orthogponal to the ciprepace
corresponding fo i, them fhe scquence

g A e oM T
man| Axa) i Ax ) mani Ans o)
in dimg i 3., ol thr sonparmcy
Az -z An-x As,-ny Ay -n ®
X -Xy x:-%3 L IRE 1] LIRS
rowveTges o A

Remark  In the evercees we will 2ok you 1o dhow tha (§) can be wrnes o the giiernatnve form

Ans Al Al'n, i
N, Ny — g — g — q
] AR AR i A

i b enpormes the doraies m bevme of ihe sl vocior 5.

Wig will oml the prool’ of thes theorem. but of we acoept that (E) converges W an
wigamvection of A, the it s not kasd 1o see why (9) pes 1o the
T e ths, mote thal sach term m () o of the form

Ax-x
R ES
which s called 3 Ruyieiph guesionr of A. In the case wivere & 1 an esgerrvalue of A and 3
# 2 corrmgumbag ngrevecied the By lragh quolent s
Ax:w _duew  dinew)
ek EE I

-4

T, if my o i &, then il speims rensonsble that
Ay - Ry & -ll-!-i
L "RY " L L)
M-&HM
9.2 2 prondusces Uhee folll hgoiithim, which is called the pewer mrthed
wiikh s e oty vonting

i Thewvem 91 0.0 -
np-nm-q——qnng—pl—w [ —
Mo sl il d (i Esiichi 1]

B Chapiar 3 Mwmasieal Mathods

El‘
1
o

H
i
[t

i
|
i

i
i

|

Thee Power Yicthod wath Vaviesses Fstry Scaling
Siwp 8. Choow as arivirary soaser veclor 5,
Spl. _d.ﬂ# ® by the factor 1/maniAxs) o cbtam the fret
Sapeee u—ﬁmw
ch.hull—ﬁbl_,, o the &
hl. _Ju‘ﬂnhhhb‘ﬂlh}hﬂ_hmﬂ
T Compute the Faybengh quotient
cfl,hdl_ﬁ-——‘ e o ol
Swp . _&ﬂﬂlhﬁ“ﬂ“h)-hﬁ“*
Compute

the Raybeagh quotient
dhhﬁ_h“q—_-hh_#

i i thas wary will a ol bethet aid betie? apphotamatds
o tha and & dm

e g

P EXAMPLE 3 Exsmpls 2 Revisited Using Maximum Entry Scaling
Apphy U poser mariivod with Satsmen obtry salsyg o

wof ]l

Siop al x: and o the exact values and 1o the
= .‘.. e 2

appe

Solution We beave il kot vou Lo conlirm tal

i [ L I 2 I oo
: ][um? [usm] wo uxhn-.i*ﬁ[m“]t[lm

3 — Axz S 1 A5
b} lm -I.C.nllﬁ 428615 | 4023 O.Hll!

][.,...,} [“”] Rt P ]
| e e [ o L e

Ani-n (A s o o000
ey N i
Anpeny (A wg '—!lli?-

AT — = —— = 4 91
- uy wp BT

A

= 4 8615

An - (Ans) w5 o PEA
TR LA 1 96E5]
Angeny (AR e, 96ROE
A e e o = L W
i e N i L™ (K15
Ao iAn )y o 2o
L TR i,’u 19972

FRa

- 500000




Rate of Convergence

Stopping Procedures

Thas, 1™ the b

=[]

thal resals by taking 1 = | mis) o

WA wa symmetrc matny whoss detinct soprarvalues can be arranged s tat
dol > kgl 2 Wl 2 o0 2 1kl

then the “rate”™ o whach the Rayiogh g W the

Ay deperads on Use rabeo [3,)/ &), that m the comverponor i show when thas ratso
near | and ruped when o i large —the prester the raten. the mone rapsd the comvernpence:
For example. ff A s a 1 » J symesctrc matnis, then the prostor the ratio &, |14, . the
greater the duparty betweoen the acalimg ellects of o, and i: 0 Fugare 9.2 1. and henor
the preater the effect that multsphcation by A has on pullng the terstes loward the
engrmspace of i, Indeed, the rapsd comverpenoe 1n Example § w due 10 the fact that
A/l m 551 m S, whech u comudered Lo e 2 Larpe rati In cases where the ratio
chose 1o 1. the converpence of the power method muy be so slow that other meethods mus
be used

I3 im e enact vibue of the dommant epemvaluc. and if 2 power method piodisces Uhe
approsmalion 4™ sl the kih Aevabion, then we call
|l_ld-l

- i

the redesior srver v 32", I thes i expressed as a percentage. then il is calied the pev-
crmsngr sover i A", For example. if A = 3 and the appe altar thiee !
83" = 51, then

=i
velatove ervor in 4" -l%

.l%l- 002 = 002
pevcentage exvor i A" m 002 x 100% = 2%

In applcations one wually knows the relative ervor £ that can be tolersted in the
dommani exgrenabue, 1o the poal » o slop computing (icrales once the relative error
m il approsmmation Lo thal eapemvabee is o than £ However, there is a problem n

Trowm {1 270 that the sape Am . To
i by 4*" and slop th when
Cy T ]
_L ": |¢I

e o wial

{13

The quantity om the left sde of (13) 1 calied the essimased ralatior srver i 4" and its
pexcentagy form s called the sxtimated percemtage svver in A0,

P EXAMPLE 4 Estimated Relative Emor

For the computaisons = Example 3. find the smallest value of k for which the evtimated
percentage evme m i %Y B less than 0 1%

W Chaptar? Memaried Maetheds:

ion  The 4 ermors m the m E 3 are as
follows.
AFFREIUA TS EELATIVE PEROENTACE
EREOE ENEOR
= Ei"‘"—i""|=‘]l..!!!il—IJIilSi%.m”_‘nE
] ae | a3l | T
e
Lo AT e —aeeel) —a
| ™ 1 B
e ;1-'—1"|2|1m—¢m:2 e
| = T A
2 -
— & | | S o000 — 499999
L —_— = 000 =
= | [T

whaow

Remark A rule fior docudmg when 10 1op an seratne process s callod o mepping pescrdee b
the ruevames, we will duces soppmg proceduses for the power method that are based oo, the

Sasni

raherr s th

Exercise Set 9.2
= I Exarems 0 L thet et sngrasaliirs of & S S PR
Dhutermine whether A has 3 domana s epravabue, snd o s, fnd a
Liaddy=T dy=] b= =0, iy =1

Wa=-f =k =) b=t

Lihi=l y=l b= =) =l

Bli==) e -l ls= =l k=]

In Eastims b 4 appby i purnes Sthond oot Folabeas mal-
ingg b e ematrin A, sbartimg with u, sndd vioppeng o 1, Compesy
il renulting approt mmstaoas (o the el valoe of the dommmest
worrvalut amal th dm ¢ wnd g ‘

y

NN

133

~ In Exercees © & appiy the powrr method with manmem m-

iy scaling to the matrn A starung wuh % and Soppmg & W

Compane the revsitmy spprocmatsons to the ouct vakees of the
amnd the o abesd

N i

SRN

"

: -¥ 1

el ol

s} Une the power mrtleed woth mussmpm cotry scalng o
P & Sttt cpittol ol A Slanl Sl
ol off ol pomsputswan v Uset decomal places snd
sep adfuct Dhetr et stctve.

i Ling the sosult s par (a) and the Raybogh quoticen 10

- & bot o A

-

el Fd e chacd vabwrs of Use rypinecion s copminesher
appeoussatod  parts (3] st 1By
s Pt
g b

o the dowm.

W Repeat ther derectaon of Exevcase 7 with

~fi Jf]

* i Enewcimes % 18, 2 matrm. A with 2 dommant cigenvalue and
a equence k. Ay, . A'sq s gven Use Formmlas (9) and
e and a correspond-
mg o -

waefy el e[}

an= ] 4= [3] = [

122




B3 Compaieis o Prsininnm bee Bolring Unos Sysims MR

g I P et

i} e f2)

1. Conssder matrmes

B Prove 1 A s 2 nomsem n x m matria, thes A’A and AA"
L e poutny domanam sgmvaien
m..-["]
LH]

Wi (Fow rrnders fmiliar wish pracf by indprses) Lot Abeann x n
matria ket be o wnst vector m . snd define the sequesce

1 o LR .
.l-[_ and .-i ] ey A Ry
b, ) Sm— - — . - ee—
o B 7 T 7T R 7w
wheare w0 et vector and a 4 0 Show that s tough 2
e matrin A 2 huas 2 dewmarams eprmraber the Frove by mduction that 5, = A'5, /| A'5,).
Powsr sequence (1) m Theonem 9.2 | does not comenge Ths 13 (5 fomiier wish proay iy PPy | e
e Sk that thy dommant i et g e s Bemaere vechor m &° . and define the wquence
eugenvalon by powtrer 1 cormtal B e
AL Use the power i = - A . Ww A o
the & pitvales ad 2 agesn L e A i A,
A. Chodie yout own startmg vooor and sop wheo the on A
L orror m e = iy
than 0 1% - o
1 & 1 1 ,
AR LI | Ay
il Lo AN 1 =y o
Bl 1o s
= Working watt Techr ology
1w 1 o mhen ol T Use your sechmology meility 1o duplicats the compuistions i
eminies m P i« *

less than 301 in absobete value

i Repeat Exervise |} uang mazmmmm smery scsling

9.3

Flops and the Coat of
Sodving & Linear Syalem

TL Lse yous sechmalogy mility 1o duplcae the compuiations g
Examply 3

4
Comparison of Procedures for Solving
Linsar Systemns
Thers i an okl saymyg tha “tme wmoney * Thas i espaceally trae i isdusl iy where the
cont af sabang a bnear syutem n penerally determined by the time o takes dor o computer
ta pertarm the required computateons Ths typmcally depends both on the speed of the
compuiet preesor aad of the member of operatons requered by the alponihm. This,
choing the nght lgpositham has imporian Saancal mpbc suon i an mdustrsl o

rescaich seiing In thin soction we will disc o somme of the factan that sfect the Py ———
lgowithm for sobveng lanpe wale b s sysloms

In Jargon, an [ I+, =, &, +)ontwa real namsbens n callead
 flap. which 1 an acromym for ~Sosting-pomt operation " The total mumber of Aops
mmnmnm-ﬂ-ﬂdkmdh-ﬁm”;m

Tarall mamlbry s v dewrd —— il sdiod fi bory I b

loﬁr%hhhum L T T ———_—
= o g o g g o U o) ot LR L e Ty —

& iy ol | L LT TE T o e e ——
——!‘&—«;YI-_-I-.-—.—

§0  Chapier § Musosival Misthads

e — qdﬁ-.lu_t—-dpmhh-h-.npﬂ- When nesded, the
m’m‘“"_‘: H-ﬁtc-‘hn-rnuu-ud‘mu-nyt-l“dﬁmw
i ol oppe anpocts.of s op are known. For example, today's fastest
ol Hevens, we il w-uﬂiﬁn-qumdlimﬂm-w’m.
write “fhaps” simply as the pls- h-m“ml“hﬂhnﬁ-—d-ﬁ“lw
mlof “Sop” Whea meeded,  ond By contrast, today's petional compuiers can periorm m excess of 80

o will wris fogs pot wosad (| ppafiop = 10 flops) Thiss, 2 algoruthen that couts 1,000,000 fops would be per-
flopain. formed on & prreonal compuier im0 0000124 spcomd

hhﬁhmlnlﬂuhmh-nmm*dm

requared 1o sobve s bnear system of & equations w » wnknowns by Gauss Josdan chim-

nation. Mmmnﬂuﬂhhmmmudl‘hhu
mmﬂh—dh“dhhnmﬂm

I+1+l+--~+u-2i"—“ in

|‘+2’+!‘+---+l’-w 'h )

mn-tn.h—md._--%uhmhuﬂ-

hﬂ-hnlm_u“hhuh-l‘hdml

For ssmphity. bet us aseme that A & svertible

and that no row wierchanges ane s

quired 10 reduce the sgtmeated matr | 4 | ) cn o ekl form The diagrams tha
Sccompany the bollowing analyss provade a way of the

Fecquered |6 iistroduce a keadiag | i the first row and then zevos bebow . [n o,

ur operation

eounts, we will hh—:-ﬂm% = “muduplestions” and we

will lump ach together as “adds o
Siep &. 1t requares n Bops fsl st the bemaditng | im the firs1 row.
I = = x x|=
* e 8 - 5 ala
LA R I * it o qu— St b blng rmp—
AN R .---”HI::‘
= < i ~ T sngumed setvis sae 5 u i 4 1),
- » - - - -
- 8 - - L] -
Siepl b n dhu ihe leading
l.ﬂm&--lmbﬂﬁhﬂql.mﬂ:—hdlﬂpw
o mizoduce foros below the keadong | i 2uin — 1),
I = 8 . o afe
0 x x . x x|=x
a E - ® oxflu
® x x - ox x|k
0 x = .. X ow|x

'I:—L Comsbumang Sicps | and 2. the mursber of Sops roquired for cokums
-

LR LR [T "L




A3 iy § sy Symemme  §TH

Column 1. The dhre for colun T s for colemn 1, except that
mow we it deaking wilh one ke sow and one bess ool This, The musnber of
Hops requared 1o mtroduce the leaduy 1 m row 2 and the 2evms below 1t can be
ablamed by replacang & by & — 1 m the Bop comnt for the frd column Thes,

the aumber of Sops. sequared for colums ¥ s

Yw =1~ —1)
Colmms 3. By the srgumcnt for column 2. the mamber of Sops soquned for
column bu

Yu -2 -a -2

Total The pailern should mow be clear Thee iolal numsber of Bops. requaned 10
creale the » leadmg 1's and the amocisted sevos 1

2 = w2 = I =l = 1)+ (B =2 =i =2+ 0210
‘which we can rewriic as

N R Rl I P e el
or on apphing Formulss (1) and (2)

wa+ M+ ma+ly 1, ) 1

¥ . el ot
Mexl. kel ws counl e mumber of aperaticns requared Lo complote the hack-
wird phase [1be Back substitutson)

Cobamn ». It coquares x — 1 and x — | i t*°

evos above Lbe beading | i Uhe nth cobuma. #0 the iotal number of flops requined
ot the columa w Hn = 1)

I = » # 0=
ol e - 0w 0fx
aa il - w0
aa0 1 0 x
a a0 o ije

Tl (8 = 1) The procedure w the same s for Step |, except that now we are
deabng with one less row. Thus, the number of Bops required for the (v = 1isl
column 5 2 - 2.

1 = @ ° 8«
@1 = @ 8| x
a a1 @ 8|x
aa 0 - | @|le
a a0 - 8 1|e

Ui (8 —T1 By the argument for cobumn (8 = 1), the number of flops
veqpusned o cobmme (x — 7) 1 Xm — 3).

M2 Chepter 1 Mumasiesl Motheds

Cost Estimates for Solving
Large Lingar Systerms

The cost in Bops e G-
¢ i e i e i
hat for ihe formand phas of
L hadan clamnatn.

Total The pattern shoukd acw be ciear The total ssmber of Sops 10 complete
the backwand plces o

He-D+e-D4+la-N+ - +Ha-m=2a'—(1+2+ - +a)]
‘which we can sewnte wsany Formmaba (1) as
z(;_ﬂ),.r_.
X

In sumsencary we hove shown thot for Gomss— londan slsmmaton the number of Bops
e lor Ut Kerwaund asd boxckweard ploses o

Bops for formand phose = ju’ + da” — da in
Sops for backwand phate = o° — x “

Thus, the total cost of soiviag 2 bewar systiews by G foedan st =
Bops for both phoses = §a° + $n” — n in

s a property of polysomsals Ukt for Large valoes of te mdepesdent varcide e lerm
of haglersl power makes the mapr contnbuizm lo the valor of e pobnommal  Thn,
ot karpe bamwar sy stems we can e (3] 2nd (4) lo approsemate the number of Sop m the
lorwand and backward phoses as
Bops for fornard phowe = fa’ [
Bops fox backuasd phas = o® m
Thas shows thatl o = more coustly Lo euecute the forwand phose thas the hackwand plhose
ot Laspe bmwas sysiemms Insbeesd. the cost delferemce betworn U korward and back wand
phasrs can b reormows. 20 the aral example shows
Wir brave o aa an evercsr lfor you W conires ter resulls s Tabie |

Taibde 1

gt ot i P
Gonm hondun simmensten fioruasd phuses | = bn®

Ganss hadlan damsnatucs (hachward phasi) | = a°

L Lo ompataos of A -
Furnail bttt i why L3 = & -
Backwand subttuteon 4o sobvy Ly =y =l
A oy wedbucing | A | 1) |F | 4] -’
Compue A% =2’

B EXAMPLE 1 Cont of Solving a Large Linesr Syntem

Approzmate the e requured 1o cxecuie The forwand and backwand phases of Giaus-
[k o { cme mill e i "
\snyg a computer that can execute 10 petafiops per second (1 petafiop = 10" flops).




Conaiderstions in
Choosing an Algorithm for
Soiving a Linear System

83 Compiopn of Prppotims for Sodving Lineas Syimema 511
Sotution We have n = 10" for the prven system. so from () and (7] the number of
prtaliops requind kor the form and snd back and phascs o
petafiops for forward phase = §a' x 107" = F(09)" x 10 = § x 10
priaflops for backwand phase = a' = 10" = (0 = 107" = 10
Thaim at 10 prtafiopeis te reculsen iimes bor he forssnd snd hackward phases are
e for formard phase = (§ « 10') x 107" 5 = 8667
time for backward phas = (10°") = 107" 4 = 00001 5 4

Fot a single hiwat syslem Ax = b of n equabons m a unknowns, ihe meihods of LiLX
decomposstion and Capss- bordan dulfex = peng but otherwaes o
volve the o sumber of Bops. Than nether method has s oot advantage ever the other

H LU - s the adbvaniapes thal make o the method of

chowe:

s Cams- lordan <l aid b both use the augs i
[A | b 30 bouast be kacwn. In LU aly Sl melchi 1
0 once Ul d k i can be iih as many rght-hasd sades s
are required.

= The LUk tht = d 16 solve Ax = b can be wied 1o compule

A", il meeded, with e addional work

*  Forlarpe hnear sysiesn ia whach computes maesnosy 5 af 2 presusm. one can dispense
with the sorage of the i's and 2eros thal appear oo or below the man duagonal of
U, unce ilose eniries are known from the form of . The space that this opens up
‘can Lhen be weed 1o siore Lhe entraes of L. thersby reduong the amount af memory
requuared Lo solve The system

WA S o b malrn condating maaitly of Senoi, and of The nonren colnes ar o
centrated n 2 "band™ sround the mun dagonal, then there are technupes that can

be wawd bo reduce Lhe cosl of LLCdecompomtion. grang il an advanlage over Gane—

Jordan chmmaton

Exercise Set 9.3
1. A cerain compuier cas ensrute 10 pgailops pev second Usi

Fairmula (5) o find the e requaned b sobe the oy iem wang

Gamss- Jordan ehmsnanos.

2] A sysem of L1000 squations i 00 snknowns

B} A sysem of 10,000 squanons s 10000 sknosmn.

(e} A system of 100,000 cquations m | 00,000 snksowns
LA Uw
I’nrnh{!lhﬁdilmmluuhtiﬂyﬂ-q
Crume hotdym ebmanarme.

18] A vystem of 10,000 o 10000 unk

tah Eascute the forwaid phase of Gauss Jordan clminsiion.

it Exncute the backward phase of Gauss Jordan elimina-
taom

i) LU decampositaon of A

1) Fomd A" by oduacing (A4 | F]1a 1| A~}

A The IRM Soquena computor can operste st speeds in moms
ol bé prvaliops per woond (| preaflop = 10" fops) Use Ta:
hl-a—-ﬂhq-d-pnhﬂmluludq

bl A system of I00 D00 coparnons wm | 00000 snknowss
16} A vystem of i

b A crtais computer cal sacats Y0 ggallps. pui sxoid U

Table | b sntumate the e requind 1o perions e followng
opetutions on the invernble 10,000 = 18,000 s 4

100,000 = 110, M) madria A

umuup—nu—mu—

bt Ewecuse the backward phas of Gauss Jordan shmina:
o

il LUdecompontion of A

) Fnd A" oy pochcimg (A | F]0a [0 | A%}

& (a) Approcimate the tme negmed W0 ot the Erwsnd

Decompoiitond of Squsrne

¥ Chapterd Masssiesl Methale

I Eeweases 708, A anad B age 8 matrices and ¢ i & meal

phuse of Cumss lonkin dimmanion, for & sysem of BT <

100,000 equations i 100,000 smknowns nung 2 com-
puter that can execwte | pgaliop per seoond. D the sume
o e bk waaed pliase (S Tabile 1 §

1) How many pgaiops ud g e
A eurwute v R the L L -devomposon off & matn of
it B OO0 10000 im v e 8 5 o e Wil 1}

& Aboui heow many berafiops per woond mest s computer

e able b0 exswie o Gnd e mvers of 3 e of wme
100,000 100, 000 i ke than 0 5 «* {1 iralop = 107 Sops )

T. How many Sops are sequed u compane < A

& How many fope ae sequered 1o compuse 4 + &Y

B How many lops are squened e compune AT

B WA s deagonal mare snd | i o possres sacger bow many

flops ave requred i compane 4"+

9.4 Singular Value Dooompuliuon

15 this woton ov will dscens o8 fikrEecs of L dagotals st Baory lof & = &
et Retrae W praersl m s o8 matraes The revsiie that we sl dovebop m th
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Wi conclude thes section with an optiosal proad of Theorom 9.4 4

Proof of Thearem 9.44 For solawonal amphoty we will press Uhis thoorom s the cae
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Thas is an orthogonal set, for f # ¢ 4, then the orthagonality of v, snd v, mmplies that
Av o Awy o ATAY, A, A e =

Miovecver, the firut & vectons m (3] are nonsero mace we showed 10 the proof of Theo-
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