6.8 Function Approximation; Fourier Series

T thus sewtion we will show how orthogonal projectsons can be used 1o spprovimate certam
Lypes of Tunctions by simpler functions. The sdeas explamed here have mmportant
applications uy engineerng and soence. Caloulus s regumed

Best Approximations  Allof the problems that we will study in this section will be special cases of the following
general problem.

Approuim sticn l‘r;l_lnl_ﬁmﬂ'um f Mumu:;\ﬂ la.Bl. |
find the "best possible approaimation” 1o f using only functions from a specified
subspace W of Cla, b,

Here are some examples of such problems:

() Find the best possible approsimation Lo ¢* over [0, 1] by a polynomial of the form
g + apx + ayx’,

{b) Find the beal possible approximation to sin s over [—1, |] by a function of the
form ag + et + @e® + gyt

(¢) Find the best possible approximation to x over [0, 2x | by a function of the form
dig + @) 8in ¥ + ayin 2y + by cos ¥ + byoos 2x.

In the firmt example W is the subspace of C[U, 1] spanned by 1, x, and x*; in the second

example W in the subspace of C[=1, 1] spanned by |_¢*, ¢*, and ¢ and in the third
enample W |a the subspace of C[0, 27| spanned by |, sinx, sin Xy, cos x, and cos 2x,
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Measurements of Error hsMeappmumupw&monMpmedhglymuimnnéwnnhlhphm
“best approximation over (o, b]” beally precise. To do this we will need some
r way of quantifying the error that results when one conti ion is approai
’r by another over an interval [a. b]. If we were to approximate fix) by gix). and if we
were concerned only with the error in that approiimation al a simgle point 1. then it
would be natural 1o define the error to be

fieg - gy ervor = | flag) = pixg)l
B

P ] wmmwmmrwgm,lmmuu However, we are not
& Frgure 6.6.1 The deviat d simply with ing the ervor at a single point but rather with measuring
between f and g al g it over the enrire interval [a. b]. The difficulty is that an approximation may have small
deviations in one part of the interval and large deviations in another. One possible way
of ing for this is Lo i the deviation | fix) — gix)| over the interval [a, b|

and define the ervor over the interval 1o be

ermor = fl_ﬂx]—zu}ld.: (1]

‘Geometrically, (1)is the area between the graphs of f(x) and g(x) over the interval [a, &)
{Fiﬂrﬁj_‘z)—ﬂtgumlhm,lk mlkmﬂm

Ahhough (1) is natural and most meth iciand and dci-
2 H entists generally favor the following alternative measure of error, called the sean sguare
£TTOT

:F-guu:.u.l ‘I‘h‘:::d

tween

mr[o.ﬁl::n:n:hulwln AR LANE SO0 =[Lﬂx]—ﬂ:}]’a

approumating f by g over |a. b).
Mean square ermor emphasizes the effect of larger errors becanse of the squaning and
has the added advantage that it allows 0s to bring to bear the theory of inner prodsct
Spaces. To sec how. suppose that [ is a continnons function on (2. b] thar we want w

by & function g from a subs W of Cla. b]. and suppose that Cla. b is

Eiven the inner product

-
e = [ s
It follows that
lr—u’zu—u.f—ﬂ=flm:—surr‘¢-=-un-u--m
%0 minimizing ihe mean square error is ihe same 2s minimiring |f — g}°. Tlm.ﬂr

approximation problem posed informally at th imning of this sectis be
mose precisely as follows.

Least Squares |
Least 5
Approximation

L Let e a function thai is i on an
| interval [o. b], hl('la b| have the inner product

e =f.fumxm

and ket W be a finite-dimensional subspace of Cla. b]. Find a function g in W thar

|t-.|1=-rum—mnla.
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Since If — gi° and If — g|l arc minimined by the same functi this probi
lent 10 looking for a function g in W that isclosestto . hmhnh-mnuﬂl
that § = projy, fis such & fubction (Figure 6.6.3). Thus. we have the following result.

1 = flmction in Cla. 4]
o he approsemated

» E = Pooj . = least squares
subspace of o from W
> Figure 66.3 functons
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Fourier Series

Since || = || and If = g are minimized by the ion g, thi P
lent 1o looking for & Function i in W that isclosest to 1. But we know from Theorem § 4.1
that g = prajy, Fis such & function (Figure 6.6.3). Thus. we have the following resuli.

= fanction m Cla 8]
1os e approsmaied

v =Pl g f ® eas squares
e rnsimabion
subspace of o F o
aApprouimanung
P Figure 68.3 s moss

THECREM 6.6.1 {f [ iz @ conituuons fimction on [a, b], and W ir @ finiie-dimsrnsonal
subspace of Cla. b]. then the fimction g in W thar miniviizes the Hican square error
"
f Lftx) — g dx
-
g = proju [, where the orthagonal projection is relaiive fn the inmer product

»
to = [ rwpmas
The fimction g = projy, {is called the leart squares approvisssion 1o { from W

A Tunctien of the form
Tix) = ¢q+ ¢ conx +eicoade + - 40, cosnx
+ dyting + dysindc 4 - - + d, sinnx

is called a rrigomamivic palynonlal; \f cx und dy are nol both zero, then Tix) is said to
‘have ander n. For example,

Tix) = 2 4+conx = Jcosde + Tainde
is a irigonometric polynomial of order 4 with
g=2 =1 g==3 =0 =0 dmui d=0 d=0 d,=7

11 is evident from {2) that the irigonometric polynomials of order & or less are the
various possible linear combinations of

@

It can be shown thal these 2n + | functions are linearly independent and thus form a
‘basis for a (2n + 1)-dimensional subspace of Cla, b].

Let u8 now consider the problem of Anding the leadst squanes approximation of a
conlinnons fonction fix) over the interval [0, 2x] by a trigonometric polynomial of
order & of less  As noted above, the least squares approximation 1o { from W is the
arthogonal projection of f on W. To find this orthogonal projection, we must And an
orthonormal basis g ;. - -- . £, for W, after which we can compute the orthogonal
i W from the fi k

Projy 1= {1 By + (12,8, +-- -+ (L 0B, 4

m

[see Theorem 6.3.4(3)). An orthonormal basis for W can be obtained by applying the

Ciram-Schmidt process to the busis vectorn in (3) using U inoer product

=
ey -L Judgix)de
This yields the orthonormal basis

then on substituting (5) in (4). we obtain
puu.l-;Hnnu+---+4.mu|+|b.-:+---+q.-n|

where
i 2 ™ 1 (W
d-wﬂ.ﬁ-ml fl.tlm-d'x-;-! fayds
i = : L-I';"'I.I‘II . ﬂl‘lllfh,ﬂllmldx
™ 3 & W 3 xJe
T 1 1 1
ﬁnwﬂ.ﬁilwl ﬂxiwmnd’l-;l fix) cos mx dx
b= - 1i 4 1= 1 Ih,ﬂll : h:ds-l.[hful'-xlr
Fra =) o garieg
2 i 1 b 1 | &
&-xﬂ_&;-zf ﬁ;ﬂwnhud’:-:f. Six)sinnxdx
In shoit.
-lfhﬂ(}euhdx n-lrm;unﬁ
ol e * n

The mumbersag, ay, ... a5, 0. ..., by arc called the Fomrier coefficients of I.

B EXAMPLE 1 Least Squares Appraximations
Fmd the keast sguares aporouimation of fix)=xonl0.2x1 by

&)

1
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Salution |a)
1 g 1 e
m-—f !ll)d'l-—f tdy =2x %a)
Ly X Ja
Fork = |, 2,..., integration by parts yields (verify)
™ 2
n,-%l J'u].auhh-li reoskedy =0 ob)
n
h.if’n)mt.l " iagagiaal
= xpuin ke dx ’j.- x - )

Thus, the least squares approximation 1o x on [0, 2x] by a trigoaometric polynomial of
onder 2 or ks s

X H%+c|m1 +ayoondy + by sinx + bjrindy
o, from (9a), (9b), and (%),
rg=leny - sinde

Seisven (5 The least squares approximation o 1 on [0, 2y
nomial of order n or less s

X B“?n+lmcmt+--v
o, from [(9a), (9b), and (9c).

| by & trigonometric paly-

+agconne] +[bsing + -+ b, sans]

anm-? ,.l.,“,ﬂ’.i...ﬁ......*.ﬂ)
2 3 n

The grupha of ¥ = x and some of these approximations are shown in Figure 6.6.4.
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Fourier (1768150 E i
1
Mistorieal Note  Fourier was a 13 =
Franch mathamatician and phyal- 1 u
st wha discovered the Fourlr s A A A " al
saries and aiated (dean whim > Figure 684 ' 2 F 4 1 am3
warking on problems of hem
difiusion.  This A Ik J 1o expect that the error will diminish as the number of lerms

one of the most Influential in
the histery of mathematics: it i
the cornersone of mary Reide
of mathamatical ressarch and &
banlc toal in many branches of en-
pinaaring. Fourler, 8 political e
Hvint during the Franah revolution,
wpant i in ol for his datares
of many vietims during the Tar
rod, He later bacame & levorim of
Napolwon who made hin s berom,

in the least squures approsimation
.
iy
fixp = - + Eln. conkx + by sinkx)

d=1
increuses It can be proved that for functions f in C[0, 2|, the mean square error
approaches 2e10 as 8 = +=; this ks denoted by writing

fix)= ? + ;lqcuh + by ninkx)
TMMIH!DTIMWIIHH&:MMMM!WHINMHI[D In|.

|imnge: Multen drohive’
Gty images]

Such series ure of major importance in enginecring, science, and mathematics. 4
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Exercise Set 6.6

1. Find the least squares approximation of fix) = 1 + 1 over
A intsival [0, 2 ) by

6] a irigonansir polyscemil of onder 2 or ke
ib) a irigononetr: polysomial of onder o of ke

1. Find the least squares approxmation of fin] = 17 over the
intarval [0, 2x) by

i8] atrigonometric polyeomsal of onder 3 or ke
1) a rigononmire polyscemil of onker o of ke

3. {a) Fisd the kst ' over L
[0. 1] by & Nanctson of the form a + be"

K Fmd the Fourer seves of fz] = — 1 over the mieral
022}

%, Fmal the Foursr serwrsof f{z) = 1.0 < r < xand fix) =0,
& < x < 2% over the mievval [0, 2x).

M What i the Fourier sevies of sm(1r)?

True-False Exercises

TE. In parts ja}-le) delermme wheiber the stalement 5 e or
fakse, and pustally your amswer

hlll'nl‘-_l'-t‘l- ] & approsssaied by the fomcton g,
s exver i Lhe came 2s the area between the:

1) Find the mean squane ermor of Lhe app
. {u) Find the keast squares approsmation of #* over the mier.
val [, 1] by 2 polymonual of the form s, + a5
i) Find the muan squan ermor of Lhe approcmatons
5. {a) Find the leasl squarns approxmmabion of un®1 over the
imberval [~ 1, 1] by a polynomsal of the knm
iy wyt g’
i) Fimd the mstan scpiase ervod of Lhe approtmatas.
& Use ihe Cirme-Schmadi process. 10 oblas. the onbhonormal
basia [5) from the basis 13).
7. Carry oul lhe misgralions mdbcaled in Formalas (Sa), (P
and (%)

Chapter 6 Supplementary Exercises

1. Let & s the Enchdean mser product.

fa) Find a vector in " that is orthogonal lo 8y = (1.0, 0, 0%
and &, = 1. 0.0, 1) and makes equal angles wilth
o= (0, 1,0, 0 and e = (0.0, 1,00

i) Find a vector & = (3, 3, 1, 5,) of length | that iz or-
thogosal 1o & and & abewr and sch thal the comne of
the sandw, af the angle
Ttwern 5 and -

1. Prove: M . v) s the Encldean mner product on £, and if A
Bana x e matrix, Len
mAY = (A"
[Himi Use the fact that (n.v} = 8-v=1"u]

3. Let M bave the muer product (U, V) = trfU7V] = (VL)
that was defined m Example & of Sechom 6 |. Describe the

praphs of fix) and pix) over the mierval fa. b

b} Cloven & hmte-dumenaonal sbopace W of Cla. b]. the fumc
Lom § = oy | ey the mwran sguare o

i {1.coex umx ons 2y mnYs) m an orthopumal bt of the
wvector space C0, 2x] with respeci 1o the mmer product
g = Madpis)ds

) {1, oo s, mm . oo 2. s 2r] & an ovthonormal bt of
ther vector space O, 2x ) with mespect 1o the mney product
e =7 fadpis)ds.

tel {1.conx, e 5, con 2. mm 2r) s a beearly idependent subaet
of C0, 2x).

4 LLet Ax = e 2 system of m equations m x unknowns. Show
that

X,

s a solution of thes system o and only if the vector
=, 0., 1) 1 orthogonal 1o every row vecior of A
with respect to the Eucludean mner product on 8°.

%, Use the Canchry-Schwarz imequality 1o show that if




4] & Iriganameiric palynonsial of order 2 or less
1b) a Wriganametric palynomisl of ondet 8 of less
2. Find the least squares appranimation of f{x] = 5” over the
intervid [0, 2| by
18] a wiganometric palynomial of order 3 or laa.
1{b) a Inganametric palynomial of order n or keas.
3. (2] Find the least sy pp [ x aver th d
[0, 1] by a functson of the form a + be' .
{h) Find the

gL ervor of the app!
4, {8] Find the least syuares approximation of #* aver the imber-
val [0, 1] by a polynamial of the form @y + @5
i) Find the mean squane eoor af the approsimaston.
8. {a] Find the least squares approximation of sinxx over the
inberval [— 1, 1] by & pohynomsal of the form
PR LR
1) Find the mean square eomor af the appraximation.

&, Usé the Orim-Schmadt process 1o obtum the orthonormal
i (3] froa the Basis (3).

7. Carry aut the iniegrations indicuted in Formulas (Sa), (9h),
und (%),

Chapter 8 Supplementary Exercises

1. Let & have the Euclideun innar product

18] Find 5 vector in & that is arthagonal tow = {1,0,0,0)
andw, = (0,0,0, 1) and makes aqual angles with
w o= (0, 1, 0,00 undw = (0,0, 1.0

1B) Find & vector x = (x,. x;. %y, x,) of length | that in or
thagonal to w and sy above wnd such that the cosing aff
the angle belween ¥ wnd B, 16 twice the coding of tha angly
between x and m.

2. Prowe: If (m. v} is the Euclidenn mner product on A, and if A
iana x m matria, then

(m, Avp = (A"w,¥)
[#Hime: Use the fact that (m v) =w:v=y"n]

3, Lt Mz have the inaerproduct (1, ¥) = iUV = i ¥'U)
that wis defined in Example & of Soction 6.). Describe the
orhogonal complement of
{81 the subspace of all diagonal matrices.

1) the subspuce of symmetrc matriees

Ix]

9. Fd the Founersenesof fiz) = 1.0 < & < Tand fiz) m 0.
x <1 < Ju over the imterval |0, x|

18, Whl 15 the Founer scres of smi s ?

True-False Exercises

TF. In parts (2]-ie) determane whether the statement = nue or

falwe. and sy your answer.

{a) If & functson § i Cla. b| i appeosssated by the functon g,
thoen the menn square error i Uhe e 23 the area between the
praphs of fix) and gix) over the mterval fa. b

(b] Chrven a fnrbe-dimensonal subspace W of Cla. &), Bhe func-
bian g = progy | menimdaes the mean square emor.

te] (l.comy, miny, couly, mnle] m an orihoponal subwet of the
vector apace C0, 2] with respect 1o the meer podact
gl =" flaheiz)ds

(] {1, coax, sin s conle.mali] s s orthonormal sbeet of
the veclar space Cl0. 2 | with mapect 1o the maer prosduct
gl = 7 fladpis)ds

ig] {1, cosx, sin x, cos 1y, ua 2x| ua ncarly indopendent subert
af €8, 2x].

4 Lot Ax = 0bea of ma unkn Shaow
thait

s a nolution aof this system of and anly if the vector
LN E TR PP xa) s orthogonal 1o every row vectar of A
wilh respect io the Hucludean mner product on £°.

5. Llse tha Cauchy Schwars imequalsty (o shew that if
Wy g,y e positive real umbers, then

1 1 1
* - - o
oy + oy + +l,!(.l +°*+ +.-):=-

. Show that of v and y are vectors i an inser product space and
& i weny slar, then

len+yi' = 1l + 2elm ) + Il°
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7. Lat B° have the Euclidean nner product  Find owo vectors
of ength | that are orthogonal 1o all threr of the yectors

B Prowe: I (m. v), and (%) ; are fwe e ==t~ = ot

spmace V. then the quantity {u, v

=L L =1) 8y = (=2 =1, 2], and s, = [—1.0.1). et procdiect. 414 802
B Find & weighted Euclidean et product on 8 such thal the 15 Prowe Theorem 6.2.5. /
vectorns
Yo=1.00....00 15, Prove: 1 A hos lineacly —
n=mvio...0 13 orth b cols of A, then the least squares
solutin of A =bnz =0

"»=10.05....0

5 IT. 1s there any wabee of 5 for whach 1, = 1 and 1, = 2 the beast

W= 0.0.0,.... /&)
form an orthonormal set.

. s there 2 weightsd Euclidean mner product on & for whch
thse vectors (1. 3) and (3, = 1) form an onbonormal set™ has-
tify your saswir.

10 W w and v are vector n an innet product space V. e ¥,

and W — v can be rigarded a8 sides of a “trangh” @ V (e
the accompanying figure). Frove that the fow of cosmes holds
for any such triangle: that .

Tu= o = o’ + o1’ = Ziwjiv] oo
whare § is the angle between wand v

- 4 F gure Ex-10

1L (m) Asshown n Figure 328, the vectors (k. 0. 9. (0_L. 0).

and (D, 0, k] form the edyprs of 2 cabe m &* with duagonal
(k& k). Semalarly, the vectors

o0 8 (ke .. ... @ee.. .. b
can be neganded as edges of a “cube™ m B with dagonal
Gk kR ... k) Show thal each of e shove edges makes
B angle of § with the disgonsl where cosd = 1/ ./5

by (Gl reguiveal) Whal happets to the angle # i gart (a)
as the demunnon of B appooaches x*

1L Lt wand v be veciors s an meer poochect space.

() Prove that ju] = [+ if and only of m+ v and & — v are
orthogonal

() Give: a geometne mlerpretabon of thes resalt @ X sl
the Exclidean intet prodst

13 Let m bw a vector i an meer procduct space V. amd let

v %) be a0 orthomormal buss for V. Show that
i o, i 1 amegle between mand v, then

con'my 4o+ b e =1

I Show thal of pand g ane

o sk el

n— =1

x4 3, =1

Ay + 5 =1
Explam vour ieasommg.

IR Show thet of p and g are detunct postres miegers. then the

hactcis: fiz) = =i pa and pic) = sags aw orihegomal
with sespect 10 U mmows prodiect
2
wo=[ foswid

then the &
Jix) = cos px and pix] = um gz 2ve orthoponal with recpect.
o e s poochecy

Ly = Lk flx)pis)ds

B Let W be the mtersection of the planes.

s4F4+:=0 and s —y+z=0

K. Fund an equatuon for W

X0 Prove that o ad — be 3 0. then the ot

A-[. ]
c 4
[t 2 woague PR -decomposton A = (R, wher
o= 1 a -
Jorc|c «
1 a*+c abtod

e - - [ IR

<»



