1.6 Elernerltary Matrim am:l a Mathod for Finding A™'

B this section we wall develop an algorithm G Giadsng the mvere of & matrn. and we will
liscuiss mring of Uve basw properiies of myveriible matnces.

Ini Section 1.1 we defined three clementary row operations on 2 matrix A:

1 ply & row by & €

1. Interchange iwo rows.

3. Add a constant ¢ times one row io another.

It should be evident that if we let B be the matrix that results from A by

al the aperations in this list, then the matrix A can be d from B by p
the corresponding operation in the following lisi:

1. Multiply the same row by 1/c.

1. Interchange the same two rows

3. If B resuited by adding e times row r; of A o row r;, then add —ctimes 7, tor,.
ItrnllwnhudxnubmudﬁnmAhpuhr—samdmm
operations, then there is a second ¥ TowW oOf which when
applied 10 & recovers A (Exercise 33). Wmﬂ*mm

DIFIMTDON'I Matrices A and B ml:ﬂmhmwlm(“cﬂhl
can be obtained from the other by a of ek ¥ row

Our next goal is o show how malria multiplication can be used to carry oui an
elementary row operation.

WIM'I"I‘CH! A mutrix £ in called an sfementary matrix if it can be obtained from
uh identity matrix by performing a single clementary row operation.

1.5 Hlementary Matrises and s Method jor Pinding 4! ®

B EXAMPLE 1 Ek y Mairices and Row Oy
Listed below are four elementary matrices and tha operations that produce them.

L] Ill \
of o
0

0

R

1
L]
0
L

The following theorem, whose proof i kel as an exercise, ihow s thal when a matris A
I muliiplied on the &yt by an clementary matrix E, the effect is 1o perform an clementary

row operation on A,

THEOREM 1.5.1 Row Operatians by Maisbx Multiplisation

I the cheensary mutrin E resulis from p g & CETiEn row ap 1, and
WA s amm xn matrex, thn phe product EA b the matrix that resilts when 1his saome
oW aprralion b perforid an A

P> EXAMPLE 2 Using Elsmentary Matrices
Consider the matrix

1 » 2 3
A=|2 -1 3 &
1 4 4 0
and conaider U clemenlary matig
1 o0
E=|0 1 0
101
which results from adding 3 times the first row of 15 1o the third row. The product EA is
Theorerm |51 will be & wee- 1 e O
Tl tual for deve loping new -
wislts about matricrs, bl as 8 EA=12 -l L
practicsl mater o 5 wasally 4 4 w9
preferable 1o pariorm row op-
vrations dirvelly. which is precisely the matrix that results when we add 3 times the first row of A 10 the
third row. 4
‘Wit know from he di sodi al the b of thas section that if E is an clementary

matrix that results from performing an clementary row operation on an identity matrix
1. then there is a second clementary row operation, which when applied 1o E produces
1 back again. Tablc | lits th P The ions on the rght sde of the Lable
are called the inmverse sperations of the corresponding operations oa the lefi.

M Chapter | Systoms of Lingsr Equations and Matsicss

Tabde 1
By Chporation o / w Oporntion a F
“That Praduem £ That Beprdnres §

Mubiply row i by e % @ | Mubiply row i by 1/c
Interchange vows i and j | Interchange rows i and §
Add ¢ e vow i borew § | Add —c lmes ow i o row

™ EXAMPLE 3 Row Operstions snd Inverss Row Opsrstions
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Equivalance Thaorem

Tatsle 1
Bew Oparoten = / B Oopaeton o £
That Prabues § Tt Bepoudners

Multiply row i by ¢ 9 0 | Mubigly sow i by 1/
Interchunge rows | wnd § | Interchange rows i and |

Add ¢ timme row i torow § | Add ¢ temes row i 1o row j

P EXAMPLE 3 Row Operstions snd inverse Row Opentions

In cach of the following. an clementary row operation is applied 10 the 2 x 2 identity
matrix 1o obtain an elementary matris E, then £ is restored to the identity matrix by
applying the inverss row operation,

1 a

a1

o 1 =[]
r |

Mulliply the sevsnd  Muliply the sevond
pow by 7

PEYEE
! |

whanps the fir Enierchangs the il
weal spcasnal prws

=0
|

The next theorem i a key reault sbowt invertibility of dlementary matnices. [twill be
& bullding block for mamy results that follow.

THEQREM 15.2 Evry wmentary imatrix i iweriible, and ihe inverse ix albo an ele-
MEniary marrix.

Proof Il E isan elementary matnix, then E renults by performing some row operation
on /. Let E; be the matrix that results when the inverse of this operution is performed
on J. Applying Theorem 1.5.] und using the fact that inverse row operations cancel the
effect of each other, it follows that

EEm ) and EE, =}
Thus, the elementary matrix E, is the inverse of £, <
One of our objectives as we progress through this text is 1o show how scemingly divenie

ideas in lincar algebra are relaied. The following theorem, which relates revults we
have obtained about invertibility of matrices, homogeneous linear systems, reduced row

15 Eia R 4 o i 4~

echelon forms, and elemeniary matrices, is our first step in that divection. As we smdy

Bew topics, more stakements will be added 10 this theonem

THEOREM 1.5.3 Eqpuhwalont Stntneents

If A sanm x n mairiv. then the following siatewenis ore exuuivalent, that is, off e or

ali false

@ A iz iwernibie

) Ax =9 has only the irivial sodation

{6)  The rediuced row echefon form of A is I,

() A in exprewible as 2 precit of slementary mairices

= Proal  We will prove the N by ing the chain of impli
The fallewing figure iBusirates
My i e (a) = (B) = (c) = {dh = lah.
quence of mphatons

) = (B) = ) = (d) = (@)

we can conchude that

) = o) = (b) = (o)

and hence that

far) & (b} 8 () 4 ()

(s Appendix A)

o) e
N

It =0 o 5 = 0. Thus Ax = @ has only the trivial solution

I8l = (&} Let Ax = @ be the matrix form of the system

ay sy 4 apiy oo+ aes, =0
anxy 4 apiz 4o+ aat, =0

a1 Xl + Ga2E2 4 -+ Ganta =10

sl =it} Assume A is invertible and let 15 be any solution of Ax = & Multiplying both
sides of this equation by the matrix A~' gives A~'{Ax,) = A 'R or (A "A)x, =0 ar

n

and assume that the system has only the trivial solution  If we solve by Gauss-Jordan
climination, then the system of equations corresponding Lo the reduced row echelon

form of the augmeated matrin will be

X =0
’ =0
=0
Thus the augmeniand matriz
an @z --- @ 0
ay 4p - dp 0
a 8y - 4, 0

for (1) can be reduced io the augmenied mairix

1 00 oo
o140 ---20 0
L I | a0

[ei]
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A Mathod for Invarting
Matrices

of cb

for (1) by & seq ¥ row I we disregard the Last column (&l
aeroa) in cach of these ices, we can dude that the row echelon form of
Ainl,

leh = (a1 Assume that the reduced row echelon form of A is [, so that A can be reduced

10 1, by 4 finite seq of el row By Theorem 1.5.1. each of these
ions can be spliched by multiplying on the left by an i ¥

matrix. Thus we can find elementary matrices Ey. E3. ... £y such tha
Ei-E:EiA=1 [£]]

By Theorem 1.5.2, £y, Ey. ... . £, are invertible. Muktiplying both sides of Equation (3)
o the left successively by E; ', ..., E;'. ;' we obtain

A=E'Ey - E'L=E'E' - E'
By Theorem 1.5.2, this equation expresses A as a product of clementary matrices.

o

lefh = (& IF A isaproduct of clementary matrices, then from Theorems 1.4.7and 1.5.2.
the matrix A is a product of invertible matrices and hence is invertible, <

An a first application of Theorem 1.5.3, we will develop a procedure {or algonithm) that
cun be used to tell whether a given matrix is invertible. and if so. produce its inverse. To
derive this algorithm. assume for the moment, that A is an invertible » x » matrix. In
Equation (1), the elementary matrices exscute a sequence of row operations that reduce
Ate du. I we multiply both sides of this equation on the right by A~ and simplify, we
obtain

A =E, .- E.E|I,

But this equation tells us that the same sequence of row operations thar reduces A 1o [,
will tromsform by to A=". Thus, we have established the following resnlt.

huu:f:lhndlim “To find the inverse of an invertible matrix A, find a sequence of
elementary row operations that reduces A to the identity and then perform that same
sequence of operathons on [, to obtain A~

A zimple methed For carrying ol this procedire is given in the following example

» EXAMPLE 4 Using Row Opatationa to Find A~
Find the inverse of

123
A= (2 5 3
108
Soiution We want to reduce A to the identity matrix by row operations and simultane-

ously apply these of 1o I to produce A" To plish this we will adjoin the
identity matrix to the right side of A, thereby producing a partitioned matrix of the form

A1)

Then we will upply row operations o this matris until the kit side & reduced 10 1 thes

operations will coovert the right side 10 A", 30 the Bnal matrix will have the form

1A
The computations ane as follows:
1 2 3] 1 o 0]
5 3 ] | 1]
1 0o 3 U I

1 1 3 1 & 0
L] 1 =3 =2 | a
0 =2 5| -1 @ 1

1 2 3 1 o 0]
=3 -2 1 o
-5 3 1

L]

-3

1 1 oj-14 & 3

L] 1 13 ~-§ =1 W sk | s ot
P N -

LU ] 5 -2 -1 S el e e e s

LI N [ E QG U § [
o o 1| 5 -z -] T
Ths, _ .
—% 16 9
A=l B -5 3| =«
5 -1 -1

2 & Dbathad b :h._'..—i "

Often it will noi be known in advance if a givenm = n matrix A is invertible. However.
ifit is mot, then by parts (a) and (<) of Theorem |.5.3 it will be impossible to reduce A
10 I, by elementary row operations. This will be signaled by a row of seros appearing
on the ki sde of the pariition ai soms stage of the inversion algorithm. If this eccurs,
then you can stop the computations and conchude that A is not invertible.

P EXAMPLE 5 ShowingThet a Matrix ks Not lnvertible
Consider the matrix

[+ & 4]
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Applying the procedure of Example 4 yields

1 6 4] 1 0o @
T 4 =10 1 o«
-1 o2 5|l o o i
1 & 4] 1 o q
0 - -9|-2 1 @
Lo & o] 1 o 4
1 & 4] 1 o 0
0 - —9|-2 1 @
o 0 a]-1 1

Since we hive obtalned a row of zeros on the kel side, A & not invertible.

"

P EXAMPLE & A

PR e

Lsg Thearem |.5.3 1o determine whether the given b

solutions

W n 4 2o+ o=
n 4+ dn + A =0
I + Ry =00

wysiem has

b m+bn+dn=o
n+dn- nmo

=5+ 2+ =0

Soiution From purts (¢) and () of Theorem 1.5.3 a homogeneous linear sysiem has
anly the triviul solution If and only if its coefMicient matrix is invertible. From Examples 4
und § the coefMcient matrix of system (a) ls invertible and that of sysiem (b) is not. Thus,
ayutem () e anly the trivial solution while system (B) has nontrivial solutions.

Exercise Set 1.5
* In Exsrcemes |-2, determune whather the given matrix i e

Wil el

10 =5 1

]

= I Bwrcimen V-, fbad 0 rew operution and the cormaponding
ubernentary matrix that will restore the given elementary matria to
tha sdenbity matrin

51 ] B, [-7 0 0
:.m[ _} w| oo
L] ]
Ve M o0
{"::; @Wls o 1 o i o o 1
o001l [ B ]
3 €| o010 (L]
) el [ ]
o 001 o 0 0
I.{II[EI ﬂ] k) (o0 1 @ z
_I oo & 1 00
100 -1 0 0 "'"[-s |] ™ : : ';
wio 9y Wl ool -
LB | L 01 0 00 0 1 [1 0 - o
o1 00 0 [] 1 [ . ]
“Wloo 1ol "lo o 1 o
1 0 00 e @ L] 1
5 B atrices and & Misthod for Finding A~
* In Exercises 546 an dementary matrin £ and 2 matnn A are 1 -5 & 4
pven. bdentfy the row operation corresposdmg to E and ver- lh)d—[_‘ _“] l'bhl—[ ]
iy that the product EA nesults from applying the row operation i
LT ) 11- 12, e the 10 fnd the m-
werse of the matrix (o the mverse exmts). <
I.mt-[‘ I]_ .«..[_I =1 ¥
[ ] I -6 b L2 ¥ -1 3 —a
1 o © 2 -1 0 -4 -4 a2 5§ 3 w4
WE=f® 1 0|, A=|1 -3 -1 § 13 1 & B - -9
o =3 1 0 1 3
) ) LI B | 1 1 =¥
@ E=fo 1 of a=]2 s i & mi: - =
o001 LI e B L B 1
» InE 13- 15, s the 10 find the m-
“_”,_[-s ']. ‘_[—I " -|} verse of the matrrs (s the mverse exmts)
[ | ¥y -+ & -
1 oo 1o e 4 4] : : : P _ﬁ ‘:g s
mpEm|-4 1 of, a=]t -3 21 5 3 .
0o I ERE LY ey
) K :::4;; [2 & & [l 8N
[ ; 1 w7 e " il
i 1350
* In Exercoes 7 8 usr the followmng matnoes and fmd an ele- v L1 3 § 7
mantary matrin § that satmfies the stated squatson
LI B | | S R | [2 -4 o 0 [ o 2 o
A=|2 -7 -1|. 8=]2 -1 o2 o1z e 1 e 8 1
L 1 4 1 = o & ! @° = 2 -1 3} @
£ 0 -1 -4 -3 lz 1 s -3
o4 £ 18 o
C=|2 -7 -1|. D=|-6¢ 21 3 * Im Eercises 1920, find the imverse af cach of the following
2 -1 3 LI B | d = d matraoes, where &y, by, ks ks, and k are all nonzero.
[8 1 8 L 0 0 @ k1 0
F=|8 11 0k 0 @ o100
[+ 41 Bille o b @ Ll PRI
0 0 0 & o001
T.in) EA= B b EE= A ¢ 0 0 k L 00 0
k) EA=C ) EC= A e 0 Kk O I koo
na|, i Sl ke
B ja) EB= D b) ED=§ kL 0 @ 0 4 01 &
i) EB = F ) EF = 8 * o Esercvses 2112, find all values of ¢, of amy, for which the

> Iu Pesvrases &

i B mar Theoersn | 4 § and then uar the

a

Biven mutn i imvertsble
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* In Exercises 2324, enpress the mutna and iis inverse as prod-
icts of elementary matrces.
1
w[4 ]

T —3 0
22
1 e 1

1
0 4 3 |11
L] o 1 o1

=
- -

# In Exercises 27-28, show that the matrices A and 8 are row
equdvalent by fimling a sequence of elementary row operatons
that produces B from A, and then uee that result 10 find 2 matnx
Cochihal CA=8 =

I 23 J R 1
NMA=|l 4 ||, A=|0 I -I
119 i 14
1 1 0 £ v 4
WAm|=1 1 0| HS=|-% -i
30 =l =1 =z -1
™, Show that i
1 oo
Am=|0 1 ©
a b ¢
is an clemendary mulria, then at loust one eniry m the thad
row st be zero.
M. Show thut
a0 00
b0 e 00
A=|0 4 0 ¢ 0
o0 f o0y
0 0 0 &k O

is not invertible for amy values of the stres

Working with Proofs

3L Prove that af A and 5 are m = n matrices, then A and 8 are
ronw equrvalend if and only if A and 8 have the same reduced
row echelon form.

32, Prove that if A s an mverbble matns and  is row equivaleat
to A, then B is abo mverbible.

33 Prove that of 8§ s obtamed from A by periormng 2 sequence

af ek now e thewe 12
of ek ¥ row 10 5 recov-
e A

True-False Exercises

TV. In parts (a}-{g) determane whether the statemen 5 e or
fTulse, snd justify your answer.

(8] The product of two dencalary mattces of the s e ot
be an clementary matnn.

(k] Ewery clementary matrix u mvertible.

(c] Uf A and B are row equivalent. snd of B and C are row equv-
alent, then A and C are row equivalont

(d] If Aisanm x n matrs that & net imveroble. then ihe lnsar
system Ax = 0 has infinitcly many solutions.

(2] If Amanm x n matrix that is pot pvertible fhen fhe mstrn

75/ 802

) I A i mverbible and & multipl of
ta the scond row, then the resalin

g} An expresion of an mvertible matnx ..
mentary malrices i g

‘Waorking with Technology
Ti. It can be proved that if the partitioned matrie

A K
c o
s imveriible. Ehen ils inverse i
AT AT ND - CAT'BTICAT AT BD - CAT'
—{D = CA'B)-'CA (D—CA-' B

provided that all of the isverses on the fight side exmt Lise ths
realt o fnd the imvaree of the matria

[4)
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1.6 More on Linear Systems and Invertible Matrices

In this secton we will dhow how the iverse of 3 matrn can be used 1o solve a lneat svitem

and we will develop some more resulis about mvertible matrsoes.

Numbar of Solutions of 8 In Section 1. | we made the stalement {based on Figures 1.1.1 and 1.1.2) that every

Linears Systerm  system cither has no h ctly one hon. or has infinibely many sohat
We are now in a posith prove this resuli.
THEOREM 1.8.1 4 of I h one. fimriety
There are ao other poasibafiiies.

Proof Il Ax = b is a system of linear equations. exactly one of the following is trae
{a) the system has no solutions. (b) the system has exactly one solution. or (<) the system
has mone than ont sobution. The proof will be complete if we can show that the system.

has infinitely many solations in case ic).

Assume that Ax = b has more thas oac solution. and lei @ = % — x2. where 1
and x; are any two distinct solutions. Becanse x; and x; are distinct. the matrix x, is

RO ST, MOITOVEL

A=A -—nl=An-An=-b=0

I we now let & be any scalac thea
Al 4 kxg) = Ax) 4 Alkxa) = Axi + k(Axa)

Bat this says that x; + k¥ is a solution of Ax = b Since % is nonsero and there are

=h+i0=0+0=0

infinitely many choices for k. the system Ax = b has infinitely many solutions. <

Solving Linear Systems by Thus far we have studied two procedieres for solving.

Matrix Inversion ination and Gx

dimination. The

ing lincar systems—Gauss—Jordan

for the solution of 3 lincar system of m cquations in A unknowns in the case where the

ng pe

cocificient matrix is invertible

THEOREM 1.6.2 I A ir an imvertible m x m matrix, then for sach » x | mairix b, the

sysiem of equations Ax = b har exacily one solufion, namely, x = A~k

Proof Since A(A~"B) = b it follows that x = A~'b is 2 solution of Ax = b. To show
that this is the only solution. we will assume that x, is an arbitrary schition and then

show that xy must be the sobution A —'h.

I x, is any solution of Ax = b, then Ax; = b. Multiplving both sides of this equa-

tion by A~ we obtainxg = A~'b. 4

> EXAMPLE 1 Solution of u Linear System Using A1
‘Consider the sysiem of inear equations

u+d;4+in=3
B 4 e 2 FJe. — %
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Koep n mdnd that the mathed
of Esumple | only applies
whan the syslem has ws many
equitions as unknowns and
the coefficlent mutrix is mvert:
hie.

Linogr Systems with a
Comman Coaficient Matrix

In matrix form this rystem can be writien aa Ax = b, where

113 X 5
Am |2 5 3, xmjx;|. b= 3
I o £ 17

In Example 4 of the preceding section, we showed that A is invertible and

-& 16 9
Ala| 13 -5 -3
i -2 -l

By Theorem 1.6.2, the solution of the sysiem is

-40 16 9|8 1
x=A'b=| 13 -5 -3 ==
5 =2 <1||(17 1

orn=lg==ln=1 4

Frequently. one is concerned with sobving a sequence of system 77 f 802

Ax=b, Ax=k, Ax=h..... Ax .
eirch of which hus the same square coefficient matrix A. If A is _
solutions
=AY, u=ATh u=ATh ., u=ATN

<in be obtained with one matrix inversion and k matrix multipbications. An cfficient
‘wity to do this ks to form the purtithoned matria
A By By ] e | dy] n

in which the malrix A is 4" by all k of the matrices by by, . ...y,
and then reduce (1) to reduced row echelon form by Gause- Jordan elimination. In this
way we can solve all & systems ut once. This method has the added advantage that it

applies even when A is not invertible.

P EXAMPLE 2 SolvingTwo Linser Systems st Onoe
Solve the systema

(a) x4+ 24+ Iy =4 b)) xy+2yy+dym |
Iy 4 5xp 4 Ay =5 PTTRTE TOE TRE
xn + =9 x + Bxy = =B

Selutien The two systemd have the same coefBcienl matrin. Il we augment this co-
efficient matrix with the columns of consiants on the right sides of these syslems. we

1 2 3 4 1

2 5 3 5 &

1 oD 8| 9|-6
Reducing this matrix 10 reduced row echelon form yields {verify)

1 o 0 1 2

[} I L ] 1

g 0 1 1]-1

Propertias of Invertible
Matrices

Equivalance Thaorem

15 BMors o Lingsr Systems snd bvartible Metriess B

It follows from the last two col that the solution of sy Wisy=Lu=0
xy = | and the solution of sysiem (BB x; =2 5y = L.y =-1. 4

Up 1o now, 10 show that an 5 = & matrix A i i ibke. it b becn ¥ 1o find an
a x n maivix B sach thai

AR =1 and BA =1
The next th shows thal if we prod x nmatnx B satisfying ether condition.

THEOREM 1.8.3 Lev A be & sypaare mastrix.
(@) 1/ B i o sypare matrix satisfying BA = [, hem B = A~".
M) I B is @ sguare matrix satisfying AR = [, then B = A™',

Wie will prove part () and leave part (5) as an exercise.

Proof s] Assume that BA = [, If we can show that A is invertible, the proof can be
completed by multiplying BA = 1 on both sides by A~' to obtain

BAA " = IA" or Bl=miA™ o Bm A
To show that A is invertible, it suffices 10 show that the system Ax = @ has only the trivial
solution (see Theornem 1.5.3). Let us be any solution of this system. I we multiply both
sides of Axg = on the left by B, we oblain FAx, = Blor fx, =8 or 5y = & Thas,
the system of equations Ax = & has only the trivial solution, <

'We are now in a position 10 add two more statements to the four gives in Theorem | 5.3,

("]
) Ax = & har oaly the trivial soluiion

) The rediucrd row echelon form of A is |,

W) Awse as @ product of clementary matrices.
@) Ax = b i consisten! for everym x | matrix b

() Ax = bhar exactly one solution for every n x | matrix b

Proal Since we proved in Theorem |.5.3 that (a). (8). (c). and () are equivalent. it will
be sufficient 10 prove that (@) == { /) = (¢} =5 (a).

(# = (f] This was already proved in Theorem 1.6.2.
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————————
I Follows fram the equva-
beney of parta () indd ( f ) that
i you can shaw that Ax = b
bt il Bt sniie aaluition For evs
ery m x| matrix b, then you
cun conchude that it has exs
aety one solution for every
n x| matrin b

Io] wo (s} I the system Ax = bis consistent for every & x | matrix b, then, in particular,
1 [} [i]
1] 1 (i}

Lat x5, X1, ..., X be solutiond of the reipective systems, and let us form an n x » ma-
trix C having these solutions as columns. Thus C has the form

C=lx x| x]
As discussed in Section 1.3, the succeiive columas of the product AC will be

this is 5o for the systema

[see Formula (8) of Section 1.3]. Thus,

L0 -0

g1 .0
AC =A%) | A%y | - |Ax =10 0 .- 0l

00 -1

By purt (b} of Theorem 1.6.3, it follows thai € = A~', Thus, A is invertible, <4

‘We know from earlier work that invertible matrix factors produce an invertible prod-
uct, Converscly, the following theorem shows that if the product of square mairices is
Invertible, then the factors themaglves must be invertible,

THEQREM 1.6.5 Lat A andl B be square malrices of the sawme size. If AB i mvertible,
then A cined B et alro be invertible.

Proal We will show Brat that B ls inwertible by showing that the homogensous system
Bx = 0 has only the trivial solution. If we ussume that x, is any solution of this system,
then
(AR = A(Bx,) = AR =8
0 %y = 0 by purts (@) and (B) of Theorem | 6.4 applied to the invertible matrix AR,
But the invertibility of B implies the invertibility of 8" {Theorem | 4.7), which in tum
implies that
(ABIB ' = ABB )= Al = A

is invertible since the lefi side is a product of ievertible matricen This completen the
proof, <

In our later work the following lund: | problem will oocus frequently in varbous
conlexis

A Fundamental Problem Let A be a fixed m matrix, Find all m x | malrices b
such that the system of equations Ax = b s conslatent.

15 Mo on Lineas Systesss aol invertiide bistvices 85

1F A is an invertible matrix. Theorem 1 6.2 completely solves this problem by assest-
ng thal for every m x 1 mairix b the fncar sysiem Ax = b has the mmique sohsiion
x2=A""h If Ais not square_ or if A is square but not imvertible. then Theorem 1.6
docs not apphy  Im thess cases b must wsmlly satisfy ceriain comditions
onder for Ax = bio be i The i ilusiraies how ihe methods
of Section 1.2 can be used 10 determine such conditions

> EXAMPLE 3 by B

What conditions must by by and by satisfy in onder for the system of equations
n4antln=>h
xn + =k
Im4+n+in=h

10 be consistent?
Solution The augmented malrix is
112 8
1 01 B
21 3 B,
which can be reduced to row echelon form as follows
1 1 2 b
0 -1 -1 B-k
0 -1 -1 by-2b,
1 1 2 B
L] 1 1 b — b CPEE lh:r:—:t‘ e
[0 -1 -1 -1
1 1 2 b,
o 1 1 by — by — The sncad s i s
008 0 bbb = the thrd

It is now evideni from the thind row in the matrix that the sysiem has a solution if and
only if by_b;_ and by satisfy the condition

bh—b—bh=0 0 h=kh+bk
To cxpress this condition another way, Ax = b is consisieni if and only if b is 2 mairic

of the form
by
b= b
LB
where by and by are arbitrary.
> EXAMPLE 4 Ci by

Whai conditions must by, by, and b, satisfy in order for the system of equations
n+2n+in=4
In+in+in=hKn
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Solution The sugmenied matrix is

1 23 M
1531 M
I 08 B
Reducing this to reduced row echebon form yields (verify)
1 0 0 —40b + 168, + 9,
0 1 0 13k - Sk - b [r]
00 | Sh - Ib- b
In this case there are no restrictions on by, b, and b, 50 the sysiem has the umique
Whai does the result in Exam.  solution
BB L Aall o AR Lha Eaife = —db 16 49, xa=1 —Sh -3, n=Sh-m-b (3

clunt matrin of the system?
for all values of by, by, and by. o

Exercise Set 1.6
* In Exgrcases |-K, salve the system by mverting the coeffickent
matrix pnd using Theorem 162 <

L+ =l
$x, + b1, =8

81/802

PRRERe
Ficgs
1) + Sx, + dxy = by

) bmi, bym8, bym—L
(W) by =0, by=1, by=1
(i) b, = —1. by=—1 b =0

Ax, + 5x, = by
2x; =k

1.dny = dyym =)
== 9

i1 gng+in+n= d
T |

I "RES PO TS
LA A T T

TR PRSI | + s = In 1317, ds s on the b s, of 2oy, m
: LM RELR ander \o guaranbee that the linear system is conmstent. <
£ r4y+ z= 3 6 - x-ly-li=m0 I x4k =b ML G, — ds; = b,
T+y—dz=10 wt x+dy+dzm? =ln 4 K=y A — Loy =y
—dr+y+ z= 0 t+Ty ¢ md
Al B L o e e
dry =3x8y m iy —dxy + 821+ 2oy = by
Lo+ Sy =4y B ox 42+l mb =ln 4 = dn ey —dxy 4+ Taz+dn =M
atln=4# ny + S+ Sm =
o om = ot day I b
Bk S+ B =k =l Sk ueb
= " =hp + eyl = xm by
Lo | 1Z, salve the reducing b H ' 4
the approprate sugmented matrix. < - dey = Boy b oa b dngm by
Lo —Sm=b R Conasider the matrices
4 ln=b 2 I | xn
M =1 b=d () y=-2 k=5 A=]12 I =I| amd xwm |y,
]

M- 4+ a=h

K+ — o=y

Gy + Aoy — By =iy

i by=0 =1 k=0
iy by=-3 by=4 bh=-5

{2} Show that the equation Ax = x can be rewrillen is
(A = J)n = 0 and us this resull o solve An = 3 forn

k] Salve Ax = dx
In Fuencises 19210, solve the matris equation for X <

ey = Taa =iy
Xy day = by 1 -1 1 T -1 5 T %
by =0 by=1 W by =—4 b=6 w2 3 ojx=[4 0 -3 B8 1
(g by o= =1, by=3 i) by ==5 b=1 0 2z -1 3 5 -1 1 1
17 e Matviesn &7

o B I | 4 321
m| o -1 -I|X=|t T 8 9

! 1 -4 13709
Waorking with Proofs

31 Lot Ax = 8 by s homoge of m lmeat oy
m unknowns that has only the irivial solution. Prove that if &
in iy positren integer. Uhen (e system Ay = B also has ondy
T irvvial sobution

. Lot Ax = # by 2 homogrneous mysiem of » lineas equations
nn wnd et 0 be an mveruble n 28 mate
Prove that Ax = @ has only (he trivial shution of and enly
QA = 8 has only the temial solution

fe) Let Abrann x o mains and 5 s an @ x # ivertible matns
In  a sohation 1o the lmear systam (5" A/ = bk than Su
s & solution 1o 1he lnear prem Ay = Sh

i Let Abranw x n maina The bnear system Ax = dx has 2
wmacpue seslution if and enly of A = 4 & an mvertshle matro

{p) Lat Aand B bew x n matrices I A or B (or both) ane el
wnveriible. then neriber w AR

Working with Technology

Tl Colen m print media. on compeier monsion. and oo icke-
won screms are mnplemenied ssng whal ane called “color mod-
wls”™ For cxample. in the RGE model. colors aoe created by moung:
of red (R). gromn (G and blue (5. a0d o the YIQ

I3, Lot Ax = b by any of bmgar el
Ity Be o fond solutson.  Prove that every solulion 1o the
Wystaem can b writien i dhe Rorm 8 = 8+ Ne. whent ke B S
whution 1o Ay = B Prowe sl that svery matro of ths lorm
I a solwison

4. Use part (9) of Thoorem 1.6.3 1o provs part 1)

Tiue-False Exorcines

TF. In parts {a)-Ig) determene whether the slslemenl & tree of
Talsg, aml pustify your anever

ial It is impossible for & system of bsear squations o have eusctly
b s daons

b} IF A = o square malro, aned of the beesr system Ax = bhasa
unagiee sohalion. then the lmsar syviom Ax = ¢ slso st hav

4 Bk solulion

i€) I A and B s m = n mstnoe sxch that AF = [, then
A=

iy 17 A and 5 teen ysems

Ax = B and Bx = § have the same sohstion %t

model (used m TV colors are crested by meung

of (Y] wmth of & chroms-
mance (sctor (1) and 2 chromsnance [actor ()] The comverson
Trom the ROGE model to the Y] moded » sccomplshed by the

matrn equalion
I a7 RICANLY

Il=)s -27% -N1IG

Q] |[m -s» uj|s

What matria would you use ko convert the Y1) model 1o the RGE
TL Lat

of 1 a-foef-H

Sobve the knear sysieme Ax = B Ax = 5. Ax = 5 using the
meethod of Example 2.

)
[
-

1.7 Diagonal, Triangular, and Symmetric Matrices

Diagonal Matrices

Im thes section we will discuss matrces that have vanous special forms. These matres arse
in a wade vanedy of applications and will play an smportant role in our subsequent work

A square matrix in which all the entrics off the main di lare
muntrix. Hiere are some examples:

nalrdfiled] pa




