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INTRODUCTION  [Information in science, business, and mathematics is often organized into rows and

columna 1o form rectungular urrays called “matrices” (plural of “matrix™), Matrices
often appear as tubles of numerical data that arisc from physical obscrvations, but they
ocour in various mathematical contexts as well, For example, we will sce in this chapter
that all of the information required to solve a system of cquations such as

Sidy=1]
x=y=d

is embodicd in the matrix

i 1 3

2 -1 4
and that the solution of the system can be obtuined by performing appropriate
operations on this matrix, This is particularly important in developing compuler
programs for solving systems of equations because computers ure well suited for

ipulating arrays of ical information, However, mutrices ure not simply a

notational tool for solving systems of equations; they can be viewed as mathematical
objects in their own right, and there is a rich and important theory associuted with
them that has a multitude of practical applications. It is the study of mutrices und
related topics that forms the mathematical ficld that we call “lincar algebra.” In this
chapter we will begin our study of matrices.
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1.1 Introduction to Systems of Linear Equations

Systems of hnear equations and thew solutions constitule one of the major 1opics that we
will study in thas counse. In this first section we will introduce some basic erminology and
dliscuss a method for solving such systems

Linear Equations  Recall that in two dimensions a ling in a rectangular 1 y-coordinaic system can be repne-

senicd by an cquation of the form
ax + by =¢ (a.bnotboth 0)

and in three dimensions a plane in a rectangular xy7-coordinale systcm can be repre-
senied by an equation of the form
ax+by+cz=d {a.b.conotall0)

These are cxamples of “lincar equations,” the first being a lincar cquation in the vanables
x and v and the sevond a lincar cquation in the vanables v, v, and z. More gencrally, we
define a near equetion in the n vaniables x;, x3. .. ., x4 1o be one that can be cxpressed
in the form

an @t agn, =hb 11
whereay. gy, ..., a, und b are constants, and the a's are not all zero. In the special cases
where m = 2 or & = 3, we will olien use variables withowt subscripts and write lincar

equations as
aix +ayy =b (8, a3 not both 0) (&
ax+my+az=>b (g, a: anotalll) (3)
In the special case where b = 0, Equation (1) has the form
oo+ @t -4t =0 (4)

which is called a hemopencons lnear squatian in the varisbles ©y, 53, ..., X,

> EXAMPLE 1 Linear Equations
Observe that a lincar equation docs not involve any products or roots of variables. All
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in the sywiom - the dirsl she aus) +ann + + ks - by ™
gt indicates the oqustion i : 1 :
in which the cosfficant oocwrs, Al + Wiy + i

ndthe o Ik o whiach,
:‘:m';':‘l'"m;.w:“_ A sodutdon of u limenr uystem in munknowns 1, 13,

ayy in in the Hise equation and Xdge e i Bor whilch the subetitution

. T T LT T e
muiiked ich oquilhon i (s atalivienil Fod eiample, e sywiom ia (3] has the solubion
xml, ym=1
nred the wysizm mn (b) has the salution
xyml, gyed 5=l
Them solutions can be wrilten mars succinoily as
=2 and (1,1 =0)
lanhmdlhunﬁllwmlH Thumumllmmuauml
K paintsin and ihroo-d l apace
Mon nlnﬂhr. uaolution
Ny Ay, Ky, R,
of & limase wyshem (0w unknownn cun be writken o5
(U S |
which n calbed an ordered mimple. With this notation it is understood tha all vanisbles
appat i the sumse order n sach squation. 1fn = 1. then the A-taple is calied an sl
ponte, and iFsy = 3, then v dn cwlled un wedvrvd mipde.
Linear Sywtorns in Two and  Linear systems i twa unk i i with of lines. For
Three Unknowns  example, consider the lnaur system
iy =
iy by =i

im which the graphs oof the equatsons we lines in the xy-plane Bachsalution (x, b of this
wywiem cormaponds ta 0 paint af interseciion of the lnes, so then wre three possibliies

{Figurs | 11):

I. The lmas may be parullsl und distinet, in which case there (s no iniersestbon and
cansqaenily ia solution

1. Tha kines may iereect ot only e paint, i which o the syviom has evactly one
selubion.

1. The hnas may cosncada, in which cass there wre inflnrialy many poinis of niyresciion
{iha peints aa th I ) el y sflninaly mamy

In general. we say thai o linear systam o cowafatenr if it hua nt lensi ong sohuon and
imconslanent if it has B0 solutions. Thia & cevinaindd linear syilemal 1o equations in

|
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onE ‘mfintely many solatioes e arr oo oter
pm “_-H-hnl—rq*—d’lh--ﬂ_-ﬁud‘-
iy +hy+ o =dy
ain + by + o mdy
i + by + o = dy
nlhhlhp-pl-nlmq—i—-rﬂ—: The solutions of the systerm. i amy
where all th
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i Figure 172

We will prove Later that our observations about the oumber of solutions of linear
syvtenn of two equalions m fwo snknowns and lmear systems of thee equations m
there unknownss actually hold for aff lnear systems. Thal i:

Every system of liner exmations s 21, ome, o infinitely many soltions. There are
o atfer pascblitics
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Jri e —

Mistorwsl Note Tio wrem mores was st uesd By M Englah mshemancian
Jurran Sybvasier, who defrned S derm = T 10 e o0 "obiong serangueTE
o " Soteuar ST whatBad Rl vt G W b0 & Seliow Engleh

B | Bt Carploy. o

he bt spenions on Marces | ) Book eremeg bivcer o Bhe Miaory of
Matricon that mes pubbebed on TBML A J rame of st Sylveiie wise wea.
Jwarh, et vl QIR Ned SR Sk belel sk W Sl %0 B b epaied

o

aath o the Churoh of Englana b o
Virgirua m i Urvind Stsies butl maagned sl sugiing & Student weeh & stk
L o] o pha. =1 i
s studond, ed bask s Englond on o fom Jeaeipbia thep  Foruigiply, e
e e b e e, fast Sk !
dnmen By ooter limages & Batsmarn COMBIS | Sytwaster &
(I814-11T) (1n21-1ns) Poses Rsssprchar s Gotty imiges (vt
3 Chapter 1 of Lingar aned ik

Trace of 8 Matrix

DEFINITIONE 17 A is a squarne matr, then the mecr off A, denoted by 1o A b, s defined 1

o be the sum of the enisies on the main dugonal of A. The wace of A u undefined

il A s nol & squane matria,

B EXAMPLE 12 Trase

The following an examples of mainces and ihew iraces

ayy o gy
Am (ay ay
o ayg

rA) = @y 48+ an

-1 2 7 0
ayy

|
)y

Uil ==1454T4+0=ll 4

In the exercises you will have some practsoe working with the tranapose and trace

OpETMions

Exercise Set 1.3

*  In Exgrcisds | -1, sippose that A, 8. C. D_and E are matrces 4 (a) 247 + € ™ DT - ET e (D~ EY
with the Fllowing siaes
B 430" e fcT -4 mE-8
A 8 c o E
r r
Wx5 xS GxD Wxl (x4 ip 2ET - 30" ) 2ET -7 ) (ChE
In euch part, determine whether the given matri expeesson & g C(BAY ) w(DET) M w8
defined. For those that are defined. grve the se of the reultng
malrs, < K fa) AN i) BA i) EVD
'
1. (a) BA i) AF © AC+D e PR oot
() E(AC) fe) A —3ET ) EiSE + A} s (DAY @) (CIAT Gl wDD")
r -
1) LD ™ bC = 8- (i wAET — DF k) eiCAT + 2ET) () e(ECT)A)
() DTBE) i) B'D+ED  if) BAT+ D
& fa) 20F — 4B)C + 2B
In Exercises 14, use the iollowny matrces o compute the ) el ) *
indicated expresseon if it o defined D —ADY + 507 ) (RAT — 3C)"
3o T g ) BNCCT — ATA) &) DTE" — (EDY
Aml-1 2|, B8=|” T | €= !
[n 1] [s I s] En Excxcins 7- 8, mar the following matrce and cither the mow
L method o fhe colbumm method. 23 appropriste, ko fnd fhe indi-
LT | &1 ¥ e o o colamm.
Da|-1 0 1| E=]-1 1 2 3 2 7 6 -2 4
314 413 A=|6 5 4| amd B=|0 1 3| <
Linp D+ E i D-E i) SA o 4 3 T T 5
() =7¢ ) 28 -C f) 4E - 2D 7. (a) the frst row of AN ) thae thind v of AN
g -MD+2E) MWpA-A ) Wil ) e ol AR i) the of BA
(D=3 k) AuTE) @ =) feb e thuared o o AA ) the thind column of AA
13 beices and bisteis Dpesatines 17
& () the frst column of AF  (b) the thand cobumn of B8 = 1516, G 2l vabues of £ of 2y, that satnfy the
feh the second row of S8 i) the st colemm ol A4 T
11 o[:
i) the tird colums of AR {f) the Grst vwer of BA w1 |t e zf|i]=e
* In Exsrciors %19, we matrces A and F from Escrcses 7-8 e z -3

1 @ ez
% (a2l Exprem vach colums vector of AA 232 e combuaton "l’ 2 t] 20 3/|2l=0
of 1he coluin vocion of A & ol s
b} Exporss cach colums veston of B as 2 lawas combenaton
of U columa vectors of § In Exrvcees 17 20, e the colums-row sxpanoon of AN 10

W fal Express sach columm vertor of AN a3 a2 barar combunatzm
of Lhe cobhume veciors of A

by Expres each cobmme vestor of B4 23 2 beear combematon
of Lhe ooluma veciors of &
* Im nch part of Exevcees 1111 find matroes A, x s bt

express the grven hmear system a3 5 snglhe matr squation A = &,
and wrnte out this matn squation.

a) 2oy — Iy + Sm = T
By -t m=-1
n+inptdn= 0

ibj ds; =i+ 2=l

S+ my ==

Iy =Snpdin - L=l

- m+Tu=2

B dm) x; = 2up # Ny = =3
I+ a3 - 0

= Jay vy |

N - me 3

i) Bu o+ Bay 4 oy = =3
= =inp-Ilns 3§
=dez¥ n= B

cxperss ths product as & mem of matroes

masft 3] o-[00 ]
wa[t 2] oa-[2 1))
.u-[; 2 ] :

i e 4 2 a
b [ T]

T, Fou the lmear sysioen m Exsmple § of Section | 2, expres the
general sobunon that we obiamed i that exsmple 0 0 hnear
combmaison of colune veciors ihsi conisin only numerncal
entrws [Smppearees Rewrals the general salutan as a mngh
cobmna victor, then wists thal column vectar &s & sum of ol
wm veiors cach of which contams Bl mOS! O PATEMCET,
=0 then (actor owt th paramerien |

-

L]

- -
* &b

2 =1
L]
-1



AT =Ty

s guaranteed by Theornem 1 49, 4

Exercise Set 1.4

* In Exercises 1-1, venfy that the following matrion and scalarn

sutify the siaied preperties of Theonemn | 4.1
-l B 2
el Fanfr

o
"'[-; —z]' as=d b=-1

L {n] The nssaciative bw for matro sdditson
1) The Law for matna
Teh Thea lall distributeve bav
1) {a + #IC = aC + bC

B0 Chaptes 1 of Linaar #nd

10 L |
1(‘-[‘, J] I..I?-[dt —I]
9. Find the inverse of

ilt'-&r'! ilf—-'
Jir =) fie e
1. Find the inverse of
[ L
=snf  coudl
= In Engremes |1- 14, verify that the squatsons s valsl for the
mankrces in Excreise 38 <

LA™Y - Ay LA - A
W (ARC) = CTRTA"
* I Engreioes 15- 15, use the pven information 1o fnd A

]

1L (AR = B A

A 7] 16 (547 = [‘:

e [=
15, (74) .[I a

]
1. tH-M}"-[

o '“'"[: -t]

L]

= I Exercises 1930, compute the ollowm g usmny the pron ma-
tria A

(a} A i AT -2 41

o | r A
“""""[.1 |] “"'[a |]
* I Engreises 1111, compuis piA) for the grven matr A amd
the folbkowsng polynomisls
(a) pix] mx =21
(b) plx)m i =g 41
() pla)m ' =2 +1 =

naef. |

ﬂ'.n.-[‘ ']
4 1
= Im Engrcimes 13- 24. et

el -l d e[

A snd B comanile

M. Finad all vahors of o, b. c. and d (i 2any) for whech the matres
A and € comamile

) A

L ia) #{B0) = B = Bial)
b AR -C)=AR-AC k) (F+C)iA=BA+CA
) albC) = (bl

* In Exevcues V4, wendfy that the matroes snd scalars @ Euer-
oo | sl Hhe stated properie

Xoa) (A" = A
LA+ =n"+ 0"

) (AR = BTAT
) ieC)" = oC”
© e Eaevcimrs ¢ & wer Therosem | 4 5 be compute the snverss of

el el

* I Exercines 1528, wae the method of Example § 1o find the
umigue sobution of the groen bnear system.

Bly-In=-l W -t in=d
Ay 4 Sy = 3 S T |
Mo+ u= 0 By -y=d
diy = dig = =2 ntduy=d

= Il & polynomial p(1) can be Gactored a5 product of lowes
dagres polymomaals, wry

Pis) = pis)pmin)
and i A u s squas matrin, then it can be proved that
PAD = (A peiA)

In Exsrcmm 19 39, veraly thes statemeni for the slaled matris A
and polymomals

pal=a"=9 pial=r+) plul=mx-1

3. The matrin A = Exorcise 11

0. An arbetrary syuare matrin A
M. fa) Gove an cxample of twe 2 » I matroes sach thal
A+ EA-magA -
b) State 2 valsd formmks for suluphing out
A+ BHA - H)

i) What condition can you saposr on. A and 8 that will allow
you o write (A + BHA — B) = A — B°?

A The sssevical equation a” = | bas exactly two sohstions
Fisd 2t least it scltions of the matris equation A” =
[Hmi: Look sobsiwes: m winch all oeives off the mam
diagoual ase zeva |

IR fa) Show that f 2 spuar mabns A sabnkes the cquation
A4 ZA 4 T = then A mest be mvertible 'What i the
L o

1) Shacrer that of prix]
term. 2 if A i 2 sy st for witich p{A] = @, then
A mrvertible

M s it possbi for A’ o be 2 etity st withont A being
mrvrtibie” Explam.

X Cana smivin
mrverse” Explam

o C
T am mrverrar” Explamn.

* In Exdrciees 17 W, determsns whethet A » svortbie and o
so, Bmd the mveres [Hast Sobw AX = J or X by equatsg cor-

intponding cutre: on the eo sdes ]

[ I | L B
MA=|1 1 0 BaAa=|l 0 @
011 o 11

* in Exercises 1940, sompify the expresson. sy that A

8. C. and [ aiv wveitible. ~
P (AF)HACTTHDO O D!

AT AC T HACT Y AD

14 Wvvarmis Algabsis Proporties of Madtces 1
8, Asesmng thal all matrars i & = 8 and mvertidie sobee
=0 C B A BAC- DA N C ="
M Assssny that 2l matrers a8 = 8 and mvertibile sobee
i ABC'DEATC = AB"
Woriing with Proofs

*  In Execmes 5155 prove the stated resull <

S Theorem 1 4 baj 52 Theswes | 4 bik)

S Theorem 1.4 3} S4 Theorem 1 4.Hdl

1. Show that of X malxw mates and C s ann x| st

then BC = will)}

i WAR and n i
(A%)" = (AT )T sty your amswer

= e that

S5 Theswrem |4 M) S& Theorem | 4.246)

ST Theorem 1.4 8d) M. Theowm | 45

True-False Exercises

AR f3) Show that if A i mvertible and AF = AC, then B = €.

1B} Explam sy part {aj and Example 3 do noi comiradact one
another

4. Show thal of A = mvertiblc and k & sy nosscre scalar, then.

(EAY = F*A* for all micger vahses of m.

TF. In parts {a)-ik) determme whether the stalement s true ar

Fabse. and pustify your answer

{a) Teo & x » mainces, A and 8, are wverses of one another i
and ouly d AR = BA =10

b For all squase matrices A and § of the same sire. it is troc that
(A+ B = A+ 248 + B

45, in) Show that f A, 5. snd A + B asc wwertible matracrs with.
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INTRODUCTION  In thes chapter we will study ~deierminanis” or, mons proceschy. “determmant

functions ™ Unlike seabvalned functions, such as fix] = 5*, that ssags a sal b
0 2 real variahle x. determenant funchions ssogn » resl sember f(A) b0 5 matrs,
variable A Although determinants frst srose i the content of solvang svsicms of
lincar equations, they ar rancly nsed for that perpose i sal-world spplcations. Wik
they can be useful for slving very small lnear rwn of three

aiar main itevest in them stems from the fact that they hnk together vanses concepts
in linear algebra and provide 2 usefinl formuks for the mverss of 2 matr

2.1 Determinants by Cofactor Expansion

WARNING It s important 18
leewp in mind that deniA) s @
sy, whetveas A s mnriy

In thas sectsan we will Sefine the notion of & * determanant ~ Thas will enable & 1o develop &
specilic farmula For the mverse of an mvertible matny. whereas p o ow we huve had anby
& compatatmnal procedure for Bnding it Thas, 1m rurm, will evennsally provade us wih a
foensula fior solutisng of certain kines of hear systems

Meeall from Theoram | 4.3 that the 2 = 2 matna
a b
A=
Y
u invertsble of and only if ad = be i 0 and thai the exprosson ad — be = called the
devivaminant of the matria A Recall slio that this determanant is denoled by wrimg

A = ad - b [ '|-.a-|.r m
e d
el that the smvirse of A can be d s bermns of the o -
1 d =
A & c—
-MIA) - -] &

Minars and Cofactors  Owme of our main goals o the chapler » 1o oblan an analog of Formla (2) thal s

appbeable 1o square matrices of olf svebvs. For this pafposs we will find i convemaml
15 yse subscnpted entries when winting malndes of ddsrmmants Thas, if we dmols a

2% 1 matns
‘_[:]u lnI
§ i

108 Chagter 2 Deineminasts

then L two ecputsons. i (1) take the fonm

um-t: :!-.r...,,—..,.,. L]

! ‘wisere it 0 assgm & malr we cam
as

xpres

ofy Yoo

o thes text wer willl us an “mchective defimtion™ by whach we mean ot the determmont
of 2 wquare matrix of 2 given ooder will be defined m s of determemonts of o
matrices of the next lower onder To start the proces. ket us define e determmont of 2
I = | matrm fa,, | 2s

et s | = @ 5
[ rhich &t follorws Lh be =

l:-[: ﬂ = det{ | detfe-] — dhetfm,.Jdetfe |

Teow that we have establinbed 2 startng pomt . we G define determmonts of 3 x 3
mstrices i terms of determnis of 7 x 2 motvces. s delermmonts of 4 x4 motooes
m erms of determmants of 3 x 3 matraces. and w0 Gtk al wietes The flowmy

bogy aod ke U

help

DERMMON T Il A 1 2 square it then the minr of catry &, = desoted by M,
and = defined 1o be the determanant of U subwnatro Hot remams after e 1t ow
and jth cobhemn are deirted from A The smmber (— 17 " M, = desoted by C,, 2nd
o called the cofiartor of emtry o

= EXAMPLE 1 Finding Minor: s Colsctors
L

of emtrya,, =

My= |t 3 6=
1 4 8

The cofactor of a,, n
€=~ = =16

ostesea Mot Th WA SR s BAE Mrodu Dy B Genat S
Frinarich Gancaot i W1 imat g VEL b el haem 10 ot . o
Roeions. | iatnghy, e S S i drevad G 5 LA et et “weh” Rt B i
e & e o e st

F3] (= -

Smbarty the mamor of entry ;i



FAL L= L
Simdlurly, the menor of entry ai: i

3""i|3_.|

M= |2 § l;-lJ ‘:-x-
e

The colacior of a: »
Cum (=17 M = - = -2 4

Remark Note thas amusor b, ased i correspondung cofactor rother the LA N RELETVES
of each other and that the relating cign (= 17" westher +1 or ~ | = sccordance with the pasers
i the “ceckerboard” army

+ = % = #

g

+ = % = 4

- % = % =

For example
Cow My, O =My, O M
and s fsrths. Thus, it & sever really mecesry deiaky T e
FrpER e e » -
this i Example |

* EXAMPLE 2 Cofsctor Expansions of 2 2 x 2 Matvix
The checkerboard pattern for a 2 x 2 matrix A = |a, ] is

[ 3] 122 / 802

-y Cpp=—M;: = —ay

w0 that

-—yy Cyp=My =a
Wi leawe it for you to us Formula (3) to vendfy that deti A) can be expresed m lerms of
colactors in the Rllowing four ways
o Wyl
MH}-I:" “nl
=y Oy + @y Cyy
=ayCy + dnCy
-y Oy ey Oy
= auCu +auln
Each of the s fo adled & rafir tor exp f de1(A) I each cofactor
whmﬂmdufmhﬂmw-—“da

Hisliekeal Mats The - "
P 361 [ 1 o
Colurnel B 3Bk Gul, e a4 Sque, " e and o
mhmﬂhmmﬁmunmmm—--“ Ly
Bk Gl bk B St o Bk 34 O, o' I o e, i of whish il
W Chagter 2 Detneminass

For e in the lrst the eniries amd ool all coume Evoun e lirst row of

A -Ihmﬂlky‘*h&m—lmdn e Uherd thery all come from

b B o of A and i the b colume of A 4

Definition of 8 Gerersl  Formula (6) = a specal case of the followmg proeral tesall. whach we will state without
Deterrminant  proof

THEOREM 201 I A bvawm 3 m sestrix_ e e dimrdy o ol A
o chosem_ v munleer obtawed b drpivmey b et row o covhaan by the
e spoeniiony coforiory el aldey Ve rensiteey products = afeary e —

Th result allows us o make the followsny defmton

DERMNITONZ I Amanm = n motr then e
nm-qmudﬂdlq&mhdﬂqh

resulting pr it of A_and the
| owflarter expamsives of 4 That =
det(d) = @, 0, + a2, e + -+, O, m
ofiorter s jrsinins o s o ol
=
detiA) = w Oy 4w+ - +a O, m
it i i e M e
B EXAMPLE 3 Ay [First R
Fumd the determmmant of U matrm
3 ] Ll
A= -2 —4 3
5 4 -2

Misercsl Note  Colanos swparsier i net
W By M N SR T S
nani o @ maiin i wems of dememicarn
of iwwar avdee For anampls, Sthaugh & i
mt el bnmern. the Erghth makemamiciar
Orartan Diilopialeh, el ki Wl S Wl S AL
s Acrarmuras = Wordarind srd Theowgh
e Lasking Giaes undar the pan nama of
Lirvetd Canriell sbveioiied it & Ml il
ittt TH B Wriviad Pk reear Ty Bah
et e oot iy bttt o 13 k-

Mmags. Dacas 6 Maglansas
Time B Lils Pictran Gy Smagpas|

|4 3 ]2 31 =2 =4)



21 Ootormments by Cotute g T

Sodtion
LI

-2 - B ] s P ||

dA) = : : ‘:-3| « -1 St s T

= WAl -~ (IH-11) + 0= -1

P EXAMPLE 4 Mong the
Mot thatin Example 4 we had znhmm.mlmmmam-ﬁ-q——.-
D compute three cofacion Seloan of 4.
whereasin Example 1onlytwe  goiistion
‘were meeded because the third 11 B
‘was multiplied by zera Asa | ¥ e |1 oe
il -t g i det(A) = (-2 —4 J-_;'F 4 ﬁr|-(-.n|‘ _=|+!:_4 3l
fktor expansion is to expand L
hog a row or column with the = W] ===+ W) = =]
Mot 2evos.

This agrees with the result obtained m Example §

P EXAMPLE 5 Smart Choice of Rew or Column
I Ads the 4 = 4 matrix

1 o o -1
" 3 1 2 2

1 b -2

2 0 0

beni Lo fisd det[A) it will be easiest 1o @ cofacior expansion along the second ool

124/ 802

1 o
detfd) =1-]1 -2
2 o

For the 3 x 3 determinant. it will be easiest o ase cofactor e
eolumn. since ot has the most oeoom:

oy
Iz
- =214y

det(A) =1 -2

> EXAMPLE § of & Lowar Whartris

" S o 2

g comp ofad x dlower
& the product of ns diagonal emires.  Each part of the computation uses a cofactor
expansion along Lse firu row

ay @ O 0

o0
o ez 0 G . Wl
n @z oan 0 bl o
TP
1 M da e

B o
-y ey a0

= gyttt = @pamayas

W Chapier 2 Delnrminents

A Unetul Technigue for
Evaluating 2 = 1 and 3 = 1
Determingnis

VARG The airow  Wh-
nique works only for dewer
manants of 2% 1 and du 3
madikes N ey e work
For matrices of vae 4 = & or

The mribod illasiraied n Example § can b rasily adapted 10 prove the inllowmng
prnatal pesalt

THEOREM 2.12 I A is.om m = 8 risguber sutrix (apper rianguier. lowey iras.
e or diagonal). teew det(A) iv the prodhect of the entries ow v mam disgonsd of
ke mavin: dhaet in. et A] = a0 - oy

Diterminants of 2 x 2 and ¥ x } muatrecrs can be evaluted very oficently sy the
pattern suggesiod @ Figuee 211

* Figurs 211
Inthel x }case the de L d by donct o e
o 1he rxghtrmand § oulh " ot ot >

In the 3 x 3 case we first secopy the first asd second colemes 2 shown = the fpare

alfter which we can compute the determmant by sy e poodects of e ot

o ibe rightwand arrows and subtracting the prodocts on the freand aows Thes
dures coscute (b

i-n n:;
| =y — e
L1}

s
[ e mf ) I L 1
o o mn| a2 a [
o Emy -~ A o
hn L anl
= aul = wna] — el — e ) + il — @z}

= appazen 4 apazay + = =
whsch agrees with the cofactor expasnons along the frst row

P EXAMPLE 7 ATaechaigue for Evalusting 2 x 2 and 3 x 1 Detarminints

3 1
|‘ -’l -]})ﬂ[—un-n-umn--u

3
6| =

e -
b
-

=[S+ 06— [105-45-T =200 4

an
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waA




Exarcise Set 2.1

* In Exercises -2, fand all the minars and golactons of (s ma-

kA *
TR R TR
ta={ s 1 -1 La=(2 1 s
-1 1 01
& Lat
4 -1 1 W
P oo -3 2
A=ly 1 0w
4 13 2
Find
) My and O (b} My and Cy.
igh My and Cn. ) My and .
4 Lo
Voo
-1 1 e 2
ot -2 10
T
Find
1) My aod Cy (B} Moy asd Ca.
ek My and iy e and C

In Exercises &4, evaluate (e determunant of the gives matrion.

I the mstrin is nverishle, wse Equatson (1) o Bnd i isverse

mas[3 0] ”_[._.:. : l;,]

. Evalustn thy drtsrmunant o Esevoase 1) by o colactor expan-

e
)t Bt pom At Rt o
) thee agaad b Ay S rcemd ol
A}t thuindl v ) thhe theed cobmmn
M Evaluaiv the desermnant w Exercse 11 by o colacior mpas-
mom along
Aa) thee forst v Attt b
o) thee nevond sow Ay e st e
iei ile hard row A e thind columa

" Im Exevcises 1126, evabuste detiA) by & cofactor sxpanson
along a row ar cohumn of your choss. <

MRS

e[ 1] 0 1267802

3 4 | -5 7 1 LA B )
o[58 i8] 2[5 4 ;[ "]
-1 4 iz -1 =1 4 fr r o0 -2
1 ma 4 1 -3 0
*  In Exeocises %- 14, use the arrow iochniqus 1o rvalste (e de- T m 1 2
fermimant 4
=1 1 CON T DO |
1|‘” ’l w|s 1 - [ RN T T I
=1 Al E ma=l1 2 & 2 3
LI T T I |
-2 1 -1 1 2 X 4 2 3
mis 1 -7 1|3 n -4
P i1 = b Encrcos 17 12 evaluate the determamant of the pres ma-
e by pection.
L F = 3 [ [2 0 @
w2 -1 3 i fr 8 nle -1+ o wla 2 n
oA il S [ 002
* In Exerciws 1518, fnd all values of & for which desi) = i
. (] L
i-4 0 B L2 1212
I!.A—[l__!i "‘l wa=| 8 1 2 ol PRI Ble e
* [ ¥ =i i3 0 o & 4

T 1 =¥ = 0 [} A0, Prowe tht the equation of e e trough the detm poms.
M L] 1 =4 ] B ] b [ g byl . ) G B T
L] a 2 L o W =1 @ = ¥y |
I T I ) o e -n P TP
BB b omch purt, show that the vulur of the drtermmant = mee i B
penden of # AL Prove that i A = epper tangeler and B, 5 the st et
snd  gos @ Freglis whyw and ;i cobumm of A [
b =goal  un® B, u wpper wmngular 5 <
i o a Trus-Faige Exprcines
L el L TF. ln juarts (ah § ) desevmmme whether ihe stabrment = ires or
CLEC T TR T falbe. aned justaly vour smemer
M, Show that 1t Matticns ia) !‘hh_dh!-.'l_-[: :]-u;&
LI d Ta
A= ol B = L]
[i c] [i ]'] L
commuats if and ol of it T manor M., = the semr o the codacton C, i + j meven
ol WA} w oy e, then €, = O, foralls and )
b .-
o I ey T oleamed b A
p a=J The s o cummn -
3. By in-p what i the et WIH A S s e maivn whow mmors we ol 2w then
deriermmants A =0
a b +h b c ) o anrwlar o the
o= P oF]| and &=| o I F ewiraes slomg the mam dupomal
i 0 0 T A | it For every spmare mairn A amd cvery scaler ¢ 6w Srer
detic Al = ¢ e )
M Show that

IR T |
e b Tlwiay wa

for rvery 2w 2 matrin A

T, Wikt can you say sbowt an wth- ovder determmmant il of whose
wmirees. are | Expham

. What
v wrilowt havng 2 nere deformmant® Explan.

T Ix

9. Explusn wiy the debermumant of a matro: with micges emtres
s be an wbeger

Waorkinig with Practs

A Prove that (). n ). fx7. 1k amd Lry. o) are collmenr pomis
if and ouly of

i For ol spuare matrices A and B_ it i trwe that

deiiA 4 I = debiAb + deii
A Forevery 2 = 2mmatrin A # = true that dew A" = fdeat 17
Working witk Teche plogy

T i) U the detormmmant capabelety of your iechmolegy sty
0 fimad the devrmmant of the matrm.

z -13 L -
e e -3 i:l'|
a5 13 ee s
AT e k4 3 ]

A=

st Compare the st obtsmed m part (a) b tht sbemmed by &
cofacion copanson sloug the soomd wew of A.

T2 Let A% e the n x w muatrin with ¥'s along the maim disgonal

g 1 alony the diaponal ra mam
5 % Py chee sk e
. relasonshep betwern o and deii A i

2] m

e N L e S T SRt SR Sy o

P P

v
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2.2 Evaluating Determinants by Row _Rochnﬁon

I bhas sectsom we wall o bow to evabusts o determunant by srdung e smegasiod
matris o row echelon ki In peneral ths marthod Foquie ku competation s
wilusbor expansion and oo i the method of choxr for brpe matroe

A Basic Theoresr Ve begin with 8 fundamental theorem that will lead us b0 20 effcwst procrdesy for
eviluaking the determinant of & square matns of sy s

THEOREM 221 Lot A be o spuare matric I A bas o row of 2rves o o colmm of
zrvea, then det{A) = &

Prood Since the determinant of A can be lound by o colscior supansson shong sy e
of column_ we can use the row or columa of sewe. Thus, f we kel O, ), .., C, desote

e calactors of A alony that row or column, then i follows from Formals (7] or (8} =

Section 2 1 that
det{A) =m0 Oy +0- O+ +0-C,m0 4
Thoe ol il bt et o i and
of iin

Mexause iransposing o mairiy
chan g (8 cobamis 1o oW
s e e celumns sl THEOREM 2.2.2 Let A br o squure matrin. Then det(A) = det(A")
massl vy thionime aboul e

rows ol & delermanant s
gl Prool Sie Lransposing & matrs changes its cohemns o rows and sis nows o columes

the cofactor eapansion of A akwog any row i the same a3 the cofactor expanson of A”
" v ulong the corresponding column. Thies, both have the cume determmant

Elementary fow  The neat Uy shaws how an ch ow a x affect
Operations  value of i determinant |-mﬂ.wwnhwﬂ28i. &DZ
e idens in the 3 = ) cuse (sex Table 1),

Tabia 1

The frsi pamel of Table | L) Opermn,
shows that wu can bring & =
comman factor from any wow dayy ke ke CU e the matrm B il st
mhnnln(:d-un-_.. T R -;I’A—#
:“9*“'_"'" [ TR R (R P b
-5, cghalty dSllcues g deti B0 = & deti A}
off thinking showt part () of
Theorsm 2.2 3,
Ay ey ey i o the st B thr St el
PR, I NI wecond rows of A were
= s 2 mrrchangnd
deti B = - den Ay
s # Ry e b Ra ma b kan s s oeu| | dechematrn B e mkaple of
e scwonsd iow of A was
dn iy . dy dm
= il s W Bt o
an any - - s e
der B = deri A

14 Chapter 7 Dutoninamts

THEOREM 2.2.3 Lot A be amm = 1 musivi.

(o) I B ix e muirix: thaat reslty wiew o songle rom o senple colwom of A o wediplied
by o scwlar k. vhew det( ) = kdetiA)

M FEo Harl Fesmio by L 4 A aer warviged.
herm et | B) = = det{A)

(£) B o the mawris Nt rumislts wihew o seiinple of o vow of A o e b ety
o wlen & laply of e colavn o died 46 dnsohey. shew dt(B) & AFA)

Wy willl verrfy the Rrst equatson @ Tabls | and lesve the other two for you To san.
note thal the detsrmanants on the o dies of the ogsabon diller only @ e hist row.
thes detarmenants have the s colacton. Cio. Cu. O along that row (mmce U
cofactors depend eoly on the entres m e sroomd teo rows) Thas, expandag the lefl
wnde by colacton along the st row yiekis

o kg l-nl!
an -:.i-lmrna-lm:tl:d-h.-t‘.-

lan  ay e
= by €y + @ + @l

s e e
=han ez el
E: L] ‘n!

Elementary Matrices T will be weeful 1o conmder the sproal case of Theorem 211 m whach A = [, = the
® = whentsty matry sedd £ (rather than §) denotrs the clrmratary matr that erssle
whan the rw op purbormed on L o e i came Theoroms 22 3 mmplees
thet alborm g it

THEOREM 2.3 4 Lev E be aww = @ cleomrstary mutriz.

(o) I E ety from sesdnplyong o rom of [, by @ soncere smber & then detiE) = L
) I E rensits from smterchangsng two rous of |, then detiE] = —1

ix) i E resses from sdiding o sudupic of sne vow of i, to st then de{E) = 1

> EXAMPLE 1 ol Bl ¥
T folk " Ly
Obuerve thas the determinast 0L oo o0y y matices. whach ate cvalusted by mspecton.
of an chemeidary mal cale
[T T ilﬂ.'i i."'ii ||..T|
I.!.'I!\. .1 099 o 1 0 9 -
oo 1 o~ 1ol-|.|"i lo o1 of=?
!Illll! 11!!.! !l.ll!
Ther scesd son of Ky ol T ol Ky
[e——TY I —— [ ———

Matrices with Proportions’ Il a square matrix A has: two proportonal mows. then 2 row of 2evws can be mtroduoed
Aows or Columne by addmg a stable multrpie of one of the rows 1o the other Sonslarly for colomns. Bt
addmy 2 multple of one row or colume to ancther does Dot changr the determmant . w0

fiom Theorem 2 2 1. we must have deti A} = 0 Thss proves the followng theorem.

THEOREM 228 WA L e’ sl
cnbuews_ them deti A) = 0




THEOREM 228 WA s
wwhirmr, Bhen detlA) = 0

B EXAMPLE 2 Proportionsl Reus or Columns

Each of ihe jullowing L al rows or cobumes. thes. cach bas 3
determenant of sem

i P =3 ¥ : '; : ':
[—: |]' el R T
2 -
=% 3 =11 13
Evaluatiog Determimants W will pow give o method e evaliaating it smrvohers lena
by Row Reduction  computation then cofactor expansion. The idea of the method o bo rodur e prom
mairia o appet lar form bry ok o then compute the de-

terminant of the upper trangular matria (an casy computation). smd then wiste that
determanant to that of the original matrin Here is a0 example

B EXAMPLE 3 Using Row Evilu a
Evuluate det(A] whare
e 1 $'|
A= |3 =8 9
2 L] IJ .
Soliion W will rediace A o row echebon Form {which & 130 ! 802
apply Theonm 11.2 v
o 1 3 Y -6 9
detiA)=|} -6 W=-|0 | 3 ._'.v--.m:;‘::.---..
T e T8 1 e
Even with today s faasest com- Iy <z 3
pastersit woubd take millions of - -,IO i
yeuntocaloulaiza 28 x Hdes |
ermanani by cofacior expan- 2%
siow, 30 methods based om now
mduction are ofien used o I =2 3
large determinanes For deter. -=30 1 8 o it
mimants of smadl siee {such as o W -3 b e e i e
those im thi text, cafactar exs
punsion is often @ reascnshle T
=-10 | L]
£ o 55
1L -2 3
=(-3-55 (0 1 3
o o8 1
= {—N{—-55){1) = 165
M8 Chaptar 2 Dytorminsmty
P EXAMPLE 4 Using Column .
Ciomputs the determanane of
1 e 8 ¥
r 7T 8 &
A=la & 1 @
T 3 1 -3

Santion This detevrunant coukd be computed a5 sbewe by uung dementary row oper-
aisons to reducy A 0 row pchelon form, but we can pat A = lower rasgulyr form =
ong sep by sdding ~ ) tmmes. the et column 1o the founh o obum

Haample 4 posmis owt that 0 : . :=

. |
g s o daiAlmdet| o oL | = ON-26 = 34 4
ﬁmn‘m shoswm  gumpasia- T 3 _3-;

Cadactor expanson and row of columa operatxens can somrtmm by wend @ com-
banation 10 provade an effectve methed o ralustng detcrmsssat. The followmg

examphe diusirstes thes shes
B EXAMPLE 5§ Row nd
Evaluate deti A) where
}y 3 =1 @
1 =1 1
A=l 4 1 s
3y T 35 3
Sohstion By sddmg veishic mulupies of the scond row to thr sy fows Wy
obian
1. =1 1 3
_il -1 1
detiA) l' ¢ 3 3
@ 1 5 @
=1 1 3
== @ 3 3 et i e e
[ B -
=1 1 3
T N TR — R
[y
@ v 3
-1 Pl — Cotmtr crpumaom shome
=Ny s Fopesiive
=18 4

Exercise Set 2.2



2 oy B
Exercise Set 2.2
= In Exsrcusan |4, vaniy that deni A) = dena’) W oo f PR
I | & I L 9 [
LA= LAd= ' ' W o« f
[ ! '] [’ '-T] o b t b«
2 =l 1 Ll L |
s W -
La=|1 1 a dA=|0o 1 - M|-d - -f n _"‘ '.., f..,'
=1 8 =1 1 4 “w oa oa i B i
= In Exercises 58, fnd of the gives ¥
mairia by mapeciion. 4 la+g Bab csi - . ¢
T ; w4 . I | o > Y]
I 0o " L] i gvla halh gele
L R
L3 [ 8 L
a 0 =i @ i e B T - b
la o o = n| 4 . f B4 ey
= = g h-de i-df B lr|
LI O 1} 1 B 0 @
' aa | 0 0 e -} o w® B Use row reducion b deow thal
e oo [l 1. LK
|0 @ @ | Lo [ | LI B T T )
a ¥ A

= In Hamrcisss - 14, avaluale 1he

o o b v of pow peraions snd cofigins pLpanon

4 -6 & 1 & -9
Rl=1 71 = m| o o =
L s =2 1 8
Tl e
) Pl iml-2 4
e 3 12 s -1 12
v 3 1+ 3 3

-1 -1 b -4 12
m|e o 1 0 |

I T S T

[ T T B

i e I I |

-4 & 13
Wit 2 -4 -2

1 3 [ ]

* In Exercises i3 11 evaluate the determimant grven thay
a b

PR

g & @

diter menant of the st
by Hosi roeluging ihe mainin bo row echlon o wsd then using

M. Very the formmulas m parts a) amd 1) snad then make & oo
‘ ectare aboul & graeral revalt of mhah the s s s specl

cases
L
wdn |0 sy -p]-i;ﬂnb-
Syl oy
o0 a,
o o
LT M ::]--m-.
ey g Ay 8y

=l Raencioes 116, confirm the shentites wythout evalustmg
the determanants dwwctly
o B by
oy By mp by by -
b B bk

R U U
it b a bl =il
o w1 “

o b0
o b o
o b

ki
fuz + by
iy +

C
- koo
L

m=h 0
-l i ==l
-k o0

€ b riy b sy -
Gkl b = b
s v 6o

By
iy By oy
o By o

8 Chapier 2 Delerminenis

I Enerases 1% ik show i deni A} = Bwizhous dwectly eval-
g the determanan.

I I
PR T T |

BaA=l v s 3
4 -4 4 -
-
[ T T T |

mA=| 1 1 -4 1 1
[ T B R |
I T R T

= I b prwend il of & squase matrm M w partsoned mio
el inagudar forn 1

A 9 A€
I
n which A snd B ase spmare, ihen deti M) = deti A b deti B Use

thun pewult 8o compute the detormuncats of the matre ® B
wiaen V) amd 13

M=

M Lt A b oam s = 5 et i bt B B e et el -
wlts e e Fows o A aiw STER @ Brvinw oider Shabe &

@ & b B
LI B
b b oa b
b b b oa

True-Faise Exercses

TR In pares dab-if ) detormene: whether the sstoment o res of
e, aned el yoous smemer

dab MAmad o i s B o cllpied G A By e Ry

nBcgmy

g the
them deni ) = devi Ay

i MAma b o b sl B o cblased o A by Smiltaplviig
e st conbumen by 4 sl smealtupiveny e thesd colums by §.
s den B = Fdemi A

ih MAmals }matrn sl B u cbtamed from A by shimyg §
s g et o e el of ther sl el therd rown, then
don B = Hdeu Ay

il WA mann n 8 mmetny snd B w olbtamed from A by mlogly
g twch rom ol A by s som sumbere. then

-M # 1k

ik WA m s eguere st walh teo slenscel ool thes
ey

A e e el s etk o wnchens of & 6 =
ety A w ogmal o e ot fow vectes e dett A = @

Workang werk Teoheology
T Frad the determmnast of

Almror s What chrecribs oo dheti A b sl ety B

B Fird thet detetminant of the kellonmg malin.

4l =13 L
ar e -12 M
A=
as (B ] LY
ar (L) LE S
wchebom form capan
e reenlht chdamed = the =y o that obtssnd w Exeeose T1 of

Seciemn 2 1|

2.3 Properties of Determinants; Cramer’s Rule

I thee srctson we wall devebop wome fundamental propertes of matres and we will we
Ehese pevmlis be dorvr a formela for the mverse of an erertibie matrm aod Formulas for the
wrligtuoms of crrtamm bmde of bnear vwstema

Basic Properties of
Determinanis

Suppose that A and § are n = » matrices and & » any scalar Wi begm by consderng
possble relationshups among deti Al deti F). and

detikA ).

detid+ F). and deti AN)

Smor a common factor of any row of 2 matrin can be moved orowgh the driermumant

sgn. and soce exch of the » rows m kA hasa =

of k. it foll

13 Propertin of Detebemts; Cromer's fuly  TH
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13 o Commp's Ruly T
det(hA) = F* des(4) m
Far cuamphe,
by kay; ke |oi = m|
by bay bay | =i |ey, an ey
LTI TP % Eyg By
L o simple dat(A). et F), and devi A + B}

In partscular, det(A + 5] will ussally sov be squal to detiA) + deti ) The lollowmg
example illustrates this fact.

P EXAMPLE 1 detld + ) 9 detid] + derll)

e 1 3 §
: 4
el 3ol ) weai
We have det (A) = |, det{ &) = & and det( A + §) = 23, tham
detl A + B) o detlA) + deii ) o

In spite of the previous example, there i 2 wefial relatsonshop concernmyg sems of
debermanants that is spplicable when the matrices Bvobvwd ary the same euoept lor s
row (cnlumn)  For enample, conssder the followmg two matnces that ddfer ondy m the

mevnmd now:
iy -y e
o [-ln L ——— [in l‘:.r]

Caleulating thve determinants of A and §, we obiain
dellA) + dat{ B) = (o) oy = @y ) + gy = @by )
-y g+ By = gl o+ by

ay ay
ay o+ by o+ by

O P T M e |

This s 2 special case of Uhe following general nesult

This

sy the v th, omal axvr that the ¢ th row of U con be obeained by
entries m the ¢ th rov s of A and B Then

et} = det{A) + dei| H}
The smre rexwlt balds for columm

THEOREM 2.3.1 Lev A, I.-ﬂ.'lu-nmhﬂv-#h:#-.
ackdi < ceverporandimg

B EXAMPLE 2 Suma of Determinasis

W leave 1t to you bo confirm the expuahity by
1 T 5 L] T 5 1 T L]
et 1 L] 3 =det|Z O 3| +da|l D |4
I+® 441 TH+i-I) L] 4 T‘. L] [ B |
138 Chapter I Determaants
Determinant of o Matrix ol o, amd many
Proafuct 1] a smple exst between them  Thes s what

Determinsnt Toal for
Bervwelibialify

makes the smplacity of our sest result s surprismg. We will show that o A and § are
e matrces of the sume sore. then

et | AR = ot A} et By L2

The peood of U thennrm m By mincde. o we
resmlts s u#muﬂmdm-ﬂa-—mm
Becaume tha spraal case u oaly 2 prefude 10 (1), we call o 2 lemma

LEMMA LY FRamexa dEmmn ke ex, thew
del(EB) = deti E] doti B)
Proof We will consder three cases, cach m with the row it
produces ihe mairo E

Case 1 M E vevalts ivom multsplyeng 3 row of L, by b, then by Theorem | 5 1, E8 sesales
from B by muliipiyg ihe correspondimg vow by i so from Theorem 2 2 M we bave

deri EN) = kdevi F)
Bt from Theorem I 2 &) we bave det(E) = §,
i ER) = e ) et )
Caswa 2 and 3 The proois of th where £ g o rows of

1, o from addng a mulisple of one row to another follow the same pattern a Case |
and are left as onevomer. 4

Remark I follows by ropasiod applcatcs of Lomms 1 12 that f 8 o o8 5 = & matvon aned
[ E. aav v clomentary maraes, then

den B E; = detil B deni ) den Iy (L]

Our syt theorem provales 48 mporiant criemon for determesmg wheither & matnn »
mrverishle T also Lalies ws o step closer o esiablsheng Formals (1)

THEOREM 2.3 A symerr mustrix A o mvervible o and saly of det(A) 6 8

Proad Lot K be the reduced row achelon form of A As a prelmanary siep. we will
show that deti A) and det( K] are both sevo or both sonsero Lot Ei Ex. ... E beitbe
whiimeataly Matines thal coffrspond Lo the clemcilary i opciatons thal produc 1
from A Thes
RaE EEA
and from (3).
S (H) = et E ) - detiE ) deti E) det] A) (]
W d s th Therorem 1 24 that the deternmnant
of a0 slementary matiis i sonteio. Thus it follows from Formla (4) thal detl A) and
Mlln“ﬂmnmﬂﬁmh“hhumd
i I we st that A ibile. Gt it Folllowrs from Theotem 16 4 thal




23 Propertiss of Deteesingety; Csnars als W

R o= and hence that det{ ) = 1 3 0). This, m ters, seplhes ot det 4] # 0, whach
i what we wanled to show.

3 Comversdy, assame that deti A] # 0. I follows from the tha det( ) ¢ & which
i Nonal sohumas sells s that B canmol have o row of seros. Thas, i follows from Theones | 43 ihei
R invwervilsle. » R = { and hemes that A is wvertsble by Theorem | 6.4. 4

ﬂ

1
i
2
are proportanal. det(A) = 0. Thas A & mot enertible 4

Bedolhows (rom Theorsms 2. 3.3
amd 2.2 8 that & square matnin

P EXAMPLE 3 Tant for b
Since the Bret and thard rows of

A=

-

We are now ready for the matn result ng prod {

THEOREM 234 If A and B are square mairices of ik samr sice, them
det{ AB) = det{A) det{ B)

Prood W divide the proof into we cases that depend on whether or not A = svershis
I the matria A » not imvertible, then by Theorem |65 neber o the product AN
This, From Theorem 113, we have det(AB) = 0 and detiA) = 0. so ot follows tha
detiAN] = detlA) detl &)

Now sasume that A is mvertible. By Theorem 1.6 4, the matra A = expressble o 2

e ” wora es 1367802

Gy bl 4 ::I:::p: Applying (3) 1o this squution yiekls

B In vahich ha tha firet sym- - e
e [ 7 det(AB) = det( K ) der( 1) - - - dett K, ) den( 5)

deseinants. [t was in hat pa S0 applying (1) sgain ylkis

jir Ehad Thagram 2.4 -

ind: peovad In N ganassiny s det( AB) = det{ £\ Ky - £, ) et )
e feat e Spacial casen o huch, from (), can b written as der(AN) = det(A} der (¥} 4
o [hegeram had been slated snd

prowad aadlar, but @ was Cauchy

bmssioind gon B EXAMPLE 4 Veriying thet detiAB] = deridl detid)

| 4em agree - e COMETS|
— Consider the matrces

I A R e

detiA) = 1, detil) =23 and detiAR) = -2
Thin det{ AR) = det(A) detiF), aa puarantend by Theorem 214 4

The following theorm gives a useiul birmwem the of an
wvertnble motria amd the determumant of s iverse

122  Chapber 2 Dilelnnls

THEGREM 215 I A i iwverrible, shew

1
=1 ———
bl —7

Prool Smce A~'A = I, i follows thal det{A~'A] = detif) Themfore, we musi bave
det{ A"y detiA) = | Smordet(A) 3% 0. the prood cam be completed by doviding through
by det(A). 4

Adjerint of 8 Matrin  In det{ A) by e FubYES N 3 RO OF b
by thenr cofactors and addmg the resultmg products 11 e ost thos of one it
the enirees m amy row by the cormesponding cofsctors from 2 daferos o the s of
these products s always rero (Thes resalt abwe holds for colames | Although we oms
the peneral prood, the mel evample dlustrates s farl

P EXAMPLE § Entshis sl Collastors baen Dillseent Rows
Lt

3 3~

A= |1 & 3

1 4 9

Wi beve i for you b veraly that the colaciors of A ane
Cuo=1 Co=6 Cou=—1&

Cn=4 Co=32 Cno= 16
Cu=1! Co=-0 Co=lé
s, e enample. the colactor expanseon of deti 4| along the first row =
et A) = Mgy + M+ (=0 = 36+ 12+ 16 = 6l
amil aboorg Ut fira cobems =
datfA) = Wy +Cu+y=M+d+ Ml

Suppose. however, we mullaply the ctraes i the first row by the cormospanding col sctan
oo (e reom ron amd sl ihe resuliong products. The resll m

Man+Xg+i{-llCp=I2+4-16=d

O smppose we maltaply e entres o the first colams by the correspondeng colarton
o the srvomd b 30 sid the revulting products The resull 9 agan sero sncr

W+ I + M= 41 -Ned 4

[oammmon 1 1A wamy s x @ matres 30 C,, = the cofactor of a, . the the matr |

€y € €.
Cy Cp i G
€ua Cua - €

Sovesy | 1 called the mewis of cofiecrers fom A The transpose of this matro & called the
wormima oy | @it of A and m denoted by adiiA)




T folbows e Theorems 1) §

il 2,13 hat i A bs i ineans.
bl (i gliar maad i, than
datiA |- i
LI E LT}
Mo recwor, by usis f Uhe asdjounl
Tormuls it is posashle Lo s
it

i .
iy oy L™
re axtually the sucoeane B
agonal entres of A7 (som-
pure A and A" s Example

of Sectiom 1.7y

23

* EXAMPLE 6 Adjointefad x 3 Matix
Let

Asnoted in Example 5, the colacton of A an

Ch=il Cme Cyy= —16
Cy=d Cpml Cyu= 1%
Ch=1! Cy==0 Cymis
=0 the matria of colactors i
2 & =
<47
12 -
and the adyoint of A is
12 4 2
adyA] = 6 2 -w|
[-u 16 I:I

In Theorem | 4.5 we pove 3 formula for the mverse of a I x I mveruble matrn. Our
next thearem extends that resull lon % w imvertible matrces

THEOREM 2.3.8 lowverye of o Mutrin: Using ity Sdhwint
I A i o imveriible manriz, them

r'-ﬁ-w» 138 / 802

Prood W slow Rrsl thal
AndiA) = deti AN
Conuider the produst
oy By o B
e e B | LT € Car
: Cu Co [+ Cax
A A) = . 4
el TP ERS— - H 2
: i Cflfe O Ci Com
gy ey gy

The entry in the sth row ansd jth column of the product A sy A) s

+aal . m

O by +

(e the shaxded Iy sbowe).
Wi = f. than (T) s the cofactor axpanston of deti A ) along the ith mow of A (Theo-
wum 11 0), and o i g j. then e a's s the colacion come from delferval sows of A,

5o the value of (7) i 2ero (s il d i E e 5 Thervele
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Cravies ' Rule

det{ 4] L] L]
der(A) --- L]
AadiA) = % :
L] a et A)
Saxr A = mversbie det(A) 3 § Thesefoor Fouatwn (3] can be esmtten 33
1 1
— A = A =i
T T [m""‘“]
Minksplymg both sdes om the lefe by A yakis

]
i <
e T

P EXAMPLE 7 Uning the Adjsint ia Find s brverse Slaisis
U'se Formuia {6} I fnd the mverse of the mairn A m Example &

Soluiion "We thowed m Example 5 thal deti A} = 6l Thes
[
-
6

[~}
-
=
"

#

[

1 12 & -
= & 2
—Is 18

L]

s - — - -
T T

HE - B-

5
-
-8
Our meni theorem uses. the formuls for the mverse of an wverbble soiv o prodesce 5
formmsks called Chmmer’s rule, for the sobutson of 3 bnrar svstem A = b of 8 apuateons

m m enknowns m the case when the matre A L3
when deti A ) o 0

THEOREM 21 7 Comme's Rgle
ek plhat deti A) g 0, shem

FAsmbua of n lmcar -
oler wvateem hats b umngr sohaen  Thes scbtion &
et A ) det(As) et A
- — - -—
et A del (A} deti A]
where A, o she musirey abiased by reploceg the entraes m the j th ool of A by dhe
wmirnes i mustrey ~

D-‘;

Proot M det{ A} # 0. then A is mveriible. and by Theorem | 62, 3 = A~ 'Bis the unigoe
sohution of Ax = b Therefore. by Theorem 2 3 & we have
Cn Cn Ca h'|
I Cu Cn Call®
cllid

1
LA A

Cuw Cun



Exarcisa Set 2.3
¥ In Exercises | -4, venify that detbA) = £ detid)

-1, ]
I..I.—[j d}.l-l 14-[! _:]..I--—-l

* lm Exevcmes 1913, derude wiether e mars s sverniske and

of sa. e the adount methad 0 fnd = mv— ¢

t B : e 3
oo s A=l -1 o Ma=|® 3 2
LA=3 2 1) km-t LR =t
[+« I 200
2 na=le 1 naA-| 51 0
1 o 8 2 -3 3 %
hA=lo 2 k=3
5 i (R T
7} oA 422
» In Exercises &4, verify that det| AB) = des( BA) and deter- "l 1w
mine whether the equality det(A + 8] = detqA} + det{#) hobds R
2 1 0 113 * Im Exesciaes 2479, sabes by Cramer's rule, whees @ apphes
$A= |3 4 Of and B=|7 1 2 “
o i bk P a5 VI P Y B oty =2
L I+ ne=d ed ye2md
[<¢ n 1] 1 -1 -4 Edy e et
ol LY AT L B AT Box-dyt 1= 6 P ou-ine ue s
-2 1 i 0 3 -l - bl =l = n -
R i 42y -N=-2 - S TR
mum:!mm b = L R T -
F R | FREE T | - Mo+ -
TAam|=l =l @ [ ¥ [ =Nt GEInd a=
B L Y g 44 ]
E ; g Bdu- ut ned
IR R | -1 01 s e
ta=l0 | -} ma=| 1 0 & o bbn- ne=4
9 & 2 Lo I Shorw that the marin
M4 2 4 Moo =i 4 _"" -_: :
MAm|=2 | =4 1A=(9 -1 4 B -. '. .
Y Le # <
0 iverible for all vabers of @, dhem e A" g Thes-
r m
[20 @ W1 =1 e
BMa={ 8 1| @ WA=|1T 3T M. Use Cramer's fule 10 sobve for v without wivng for the -
nerwne 5, 2 aned w
-1 1 & i -
L L

In Exercises 1513, find the walues of & for whach the matna A

s meridble. <

-3 -2
was['5 2]

U )
17 A=(2 | &
LI ]

did ¥h b ow= b
Maly- 1+ wa |
Teh-Sislw=-)
IR E RS )
BB Lt Ax = b the syviem m Exovcan Ji
{ah Sobve by Cramar' s iuls
Ay Solve by s Jovdin shemmaton

€} Wi [r—
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W La
a b c'l
A=ld ¢ F
e b
Assissmuing that detiA} = —7, fmd
18] denidd) by detid 'y ) deni2A ")
() deng2A) 'y

- g o
b b N
i f
M. In euch pun, find the determmant grves that A m a4 x 4 ma
i for which deti Ay = -1
) deni=A) b deniA") k) deZAT) il de A’

M. In such pan, find the determimant groen that A isa 3 5 3 ma
wrix for which devi Ab = 7.
(a) detidA) iy et ATy

Ae) deni2A "y oy e Ay 'y

Working with Proofs
M. Prove that a squan mtris A s mvertible of asd ondy of A7A =
irvertible

7. Prove shast of A i & spate: snairin. Sl e | A4 ) = deti AAT 0

M Lot Ax = b & system of o s equations i & mknowss
with <oefiwnts and mtegey constantn Frowe t of
el Ad = . the soluiion u has miegey entres.

9. Prove that if detiA} = | and alf the enires i A are micgers
Al ol thes et A" e snbegers.
Trive-Fales Exeiciaes

TF. In parts ab-1) determume whather the saomont & e oF
false, and justiy pour anmmes

) WAmalm ) matns, then desi2A ) = 2deridy

(B) 1 A und B e soquare matrioes of the sume mer sch that
et A = deti ), Kheem desi A + B) = 2deni AN

1) A and B are square mstnces of the same aa snd A B -
vertible, then.
et A A - el
) A sopuare matr A s svernble of snd sy of deni d) -0

i) The masivm of coliaciorn of A u peoosdy fadyidi]"

Wil ) For every m  m matri A we have:
A i AY = et AV,

gy A o s amd the e prsiems Ax = s ml
‘e sobstions for x them detiA) = &

il Ao i amd e cosis an s x| et b
s that ther e peviemn A — b s no mlene, thew the
eeducedd wow echedon frm of A camme be 1,

b B i am chememtry matrin. them: Ex o s by she il
soluron

b A m am mveriihie mairi then e Encar sysicm Ax =
Bz oy e troviad sadumom of and anly o the near s
P T TSR —p—

ks B A m owernisle dhew s A ) s adus e ssverside
il A s 2 vow o arves. dhen w0 does a3

‘Working witk Tedhrology
T Commder the s

[l

-k i >0 S desidl = @0 n llows G The
ovem 138 that A = mwertible Compute devid) e v
mall nonars vabnes of ¢ mul you fnd 4 valne tha produces
detiAr = 0. theveby keadmg you to conchude croacoudy tar A
5 ot vl Dhvacmse the camse of thas

TL W know from Exearsr 39 that of A & & speaee sty thes
Aot ATAD = et AT By mmake &
o ity ches v of A o ot s

TL The French Scques 11980
vl et o A AR R 5 B AT ach of Wi SN samalis
e comdman g, |z M. thew

e AN =

For i ol A, wae thes ne-
it b il s el of posle: vakues for devi A, snd then
- your technolkngy mbry bo chew thar the vabne of deti 4y fal
wihin thas umaerval

¥ =&
ar -a3
13 23
1T e

=i7
=12 14
Tt
=1 3

3

A=
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