CHAPTER 1

Systems of Linear
Equations and Matrices
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INTRODUCTION Ink in scwene, b d marh s ofien d o rows and
columnsg 1o form rectangular amays called “matnos” (pharal of “matns™), Matroes
often appear as tables of numserxcal data that anse from phyocal observations, but tey
OCCUT i Vanous malbematacal conteats as well. For cxample, we wall see in Uhis chapler
that all of the information ieqinad 1o solve a syitem of oguabam such

n4y=1
i-y=4

1 3

b | L]
and that the solution of the sysiem can be obtained by performing approprisie
operations on thes matrin. The u partaculary inmportant in developang computer
programs lor solving systems of equatsons because computers are well suied for
manipuleting arrays of J amk . However, are nol smply &
notatonal ool for sobving systems of equatsons. they can be viewsd 43 muthematicsl
obpots s Vhenr own rght, and there 1 a ich and important theory associated with
thhem that has a mubtsude of practcal apphcations. 11 1 the study of matrices und
related topecs Uhat forms the mathematical feld that we call “lnear algebra.” In this
chapter we will bepn owr study of malnom.

15 emvbondied i the matn.

1 Chapter 1 Bywooems of Linesr Equations o Mowiees

1.1 Introduction to Systems of Linear Equations
Soateemia of liw a8 oxpualaess. s U wistions combiule one of the mapr lopss thal e

wall atimby = thes goere 12 them S sction we well misodur soms Bams wrmenehopy and
diwnian 3 mxthenl boe whng vl rasess

Linear Equations  Recall that m two demensons 3 lwe m 2 gular 13 ol 'be repee-
wembed by an equaton of the form

ax + by =¢ (o b oot both iy
and i theee demenssons 2 plase ® 2 rectangular v -coondmate system can be repee-

sembed by an equaton of the form
ar+by+ez=d fa b cooialin
These phes of “hmear " e forst enmg 2 bwear ecpuat ion m the varmsbhles

x and v anad the second & s oquaton o the varables i v and ;. More genetally. we
define & Saear cpuaties @ the & varables 5. 5. ... £, o be ome that can be expoessed
m the form

gy oty 4o e, =k )
wheseay. o, ... i, annd b are constants, aned the a's are not all 2eve. In the special cases
whese & = 2 of 8 = 3. we will ofien wee varubles without subicripis and wrike hacat

oD 34
ok any=b ey 8 ot both 0 @
oty = (@ o sl al 0 6]
B et d whuve b = 0.5 (1) Mk e
a4 4o e =0 (2]
whoch u called 2 b 3 i am L e 5y &y .. e

P EXAMPLE 1 Linear Equations
Dssrive thal & ivear squalaen dors mol mvolve any prodiscti or neots of vanahles All
varsables oucur oaly 1o the frst power amd do notl appear, lor cLample, a5 arguments of

or d i tuoms. Thee fodicowing are lnes
t+dy=7 G-ty —day 4, =0
*,__'+_|;-_| At ta=1
T ol are st hasear
1+ =4 4+dy—ay=14
wny by =0 Vi+tn=14

A finsle et of hacar oquatsons 1 called 2 sysive of Becer cquations o1, more biiefly,
a linvar sysemn. The vanables are called sakaswms. For cxample. sysiem (5] that follows
has waknowns 1 and v, and eystem (8) has unkaowns 1, 1;, and 3,

Ss4pym} dgy =z 4 by m =]

L-y=d Ay +a; 40y = —4 56




The double subscripting om
ihe coefficints o, of the
knowna gies iher kocatson
in the sywiom — the Rra subs
wcripn mdicates the equation
nwhich the coslficmni oo,
and the second inducabe which

11 Embepgbuciion b Sysivms of Linssr Bssstions 1

A penoral lneas sysiem of m the = unkr . AP, 2. cam b wrillen
= apny apry + o ke, = by
-._.;. +-.;?u e +lh-ln "f" ™
l-lll 4--:l1+ i +l--l--.-

Bl e T e hih ot ' ol b
ralbiplias 1. o a, mj ey, L,
makes sach oquation & Wt stalemnt. For example. the sysiom m (5) has the solwton
=1, y==2
and the rystem in (6) bas the solation
y=1 =2 p=-1
Thetse solulbos can be whblen mos succactly as
L= and L2 -1}
in which the names of the varishles xwv omitted ﬁmhmmnm
thane sy i rwo-ds d s thiee-s
Mo proevally. a solution
=k Z=Ho... L=
of & bosar system 1o o unknowns can be writies as
LE BY PR M |
which is called an sndorvd s-mmple. With this jof il o d that all varishl
appear m 1he ime order m cach equalion. [fn = 2. ihen the n-tuple is called an svdened
puiv. and dn = 3, then il is called an srdernd mriple.
Linear Systems in Two and  Limewr sysiems 1 two anse m with i jons of bnes For

Three Unknown:

5 enample. comisder Uhe lmnear syslem
s by =
@k + by m ey
1 whach the graphs of the equations are lmes in the xy-plane. Each solution (1. y) of this
syslem ponds 1o 2 pont of of the lines, w0 thore are Lhree posabilitien
(Figure 111
1. The bmes may be paraliel and distmct, in which case there is no intersection and
comeqpuently so solution.
2 The o may micricct al only one potal, i whach case the sysiem hus exactly one
soltion

L i mhwmuﬂﬂmm“m-ﬂpﬂldmm

(the poants on Uhe d ly many
I pemeral, we say that & haear system is comniniont of 8 has ot least one solution wnd
of ot bk mo Thus, a lmcar af two "

4 Chagter 1 Dysiidiee of Likess Egmatio: sl Ml

> Figurs 111

N
o el o

(Ceans clent lifes)

o wabnowis has either cne solubon or miinsdcly mamy solubons — there are no other
posmsbdies The same . Lrer for 2 baear sysiem of o equations = Uhrer enknowns
o+ by +ormd
matby b azmds
o+ by + oz mdh
m whech the praphs of the squations are planes. The sohations of the system. o any.
corsespond 1o pomts where ol theer planes mtcrsct. so agam we sor that there am onhy
Three possbabins 8o sobyons, one sobption. or sfintohy mam solutions (Fagarc | | 2)

9 COMTGF MMSACIOR] | £8 ComEOR ateectorn ) maraliel iy the Shed:
H“mh

b & ot

e L g e————

h-Il“ l bniwrsechen 3 a el ptaves are 3 conOxden: | | Chwo comosdent planes:

mape) | | irhesecton w2 ke

A Fgure 112

We wall prove baier tha owt observaisom shout the oamber of solutions of lnear
systems of Two squaions m o waknowss and boear sysienss of three squations n
e wnkovwns scneally boldd for off et symoms That s

Every system of lmeay eqputins has ve_ ome. ov infamitely many sobdaions. There are
B oty sl



u - ol L L]

P EXAMPLE 2 A Linear Systam with One Solution
Sahe the bacar system.
f-r=1
L+r=#
Solution We can chmmate 1 from the second equation by addmg — tmes the fors
wquation Lo the second. This yickds the smmplified system
a=y=i
hymd
From the scond equation we obtass v = . and on substiluting thes value i the first
eqjuation we obtan = | + ¥ -1 Thoisa, U syitem b Uhe s i dodilion
I-'. j.T

Geometrgally, the mcins that the hacs ropresenled by the cquations  the ysiem
interuect at the smgle pomi (§. $). W beave 8 for you 1o chock thas by graphing the

s

B EXAMPLE 3 A Linesr System with Mo Solwtions

Solve the haear system
i+ y=d

4dymb

Solustion We can chmumate 1 from the woond cquabion by addmg —3 Lmscs the firsd

wualion 1o the second equation. Thes yelds the semphifiod rystom
r4ym 4
L ]

Th d hciory, w0 the grven sydem has no solulwon. Geometrically,
this means that the haes corresponding 10 the equations i the onginal system are paraliel
and dstinct. W kave it for you Lo check Uhas by graphing the lnes or by showing that

ithry have the came shope but dileneal y-ntercepis

P EXAMPLE 4 ALinesr System with infiniiely Maenry Solutions.
Solve the knat sysiem

dy =ty m)

Tor -8y md

Solution We can chmmate 1 from the second equation by addmg —4 times the firs

equaiion 1o the second. Thes ysekds the smplified system
a-2y=1
0=0

The scond equaiion does sol mmpose any restrctions on v and v and hence can be
omaiied Thus, the sohutwos of the system are those values of x and v that satialy the

sngle equation
dr—2y=1
Gevnietraally, thes saeae The b dhng Lo the twe equations. in the orignal
wﬂ&mmm&hhm-wmhthxn
termsnl v inobiamr = 4 + §vandrh ? y vailue 1 (called ap
4 Chagter 1 By of Linaas L=

In Example 4 we could bove
abo  obtsined porametr
equations for the solutons
by solving (9] for ¥ = erme

Augmented Matrices and
Elemantary Row Operations

1o v, Ths allows wt to express the sobation by the poir of equations jcalled perssrtnic
btk
+

x e ¥=r

=

4 2

We can obtain specifh '] nonm et v, oy St T g Eveneer-
ﬂmhhwr a#_1=.3mﬂnhhﬁm(-}.lﬁ.l=l
yucheds the sobatwn [ £. 1) ﬂl—— 1 yuekds the mhw-{ —1) . You can confirm
that these ave sohutions by th i the i "

P EXAMPLE 5 A Linssr Systsm with infisisly Masy Sobtiass
Solve the hiwear syilem

- y4+z= 3

T -y idz=10

-y +ec=1%

Sotution Thn e sandved by samce The sewomd and thand equatuons
ave multphes. of the first Geomstracally. thes sneams that the three planes comcsde and
that those vabees of 1. v, s © Uhat sateally Uhe eguatson

a-y+2r=3 m
automatcally satefly ol threr gualnons. Thes, o sl bo find the solulsons of (%)
We can do thas by fiest solving thes equatson for © = lerms of ¥ and 7. then asugamg
arbstrary values r and 3 (parsseters) wo these two vanasble, and thes expresung the
widtarn by ther lrer parassstn equataons

s=84r-2, yvy=r, =3

Sprcllc sobutsons can be obtamed by ch d walues for the p r
and s kuﬂh“--lﬂ--i:ﬂﬁ&-‘uﬂ&lh -«

Nﬁ:*‘“ﬂ“-lmwmwﬁ-w
womplruty of the algrbrs mvobved o fndmg The vogy np can
e s more manageshle by mmpldying and For
ﬁmhmmmﬁhmdu+\mn-¢m-uh
lnear sydem

iy ke e daa, = by
oy o+ ame + +-;.|., -i

anin 4w 44 n..n--h-
wy can sbbrrviate the ivsiom by snling onby U rectangular srvay of sumbers

ay ep o e by

an ez - oA i
Thas = called the angmented satrix for the system For example the augmented matrix
for the pyetem of oquatsons
N4 n4dln=9 1 1 2 9
I 4+de—3In=1 B * 4 -3 1

3a, + Gy — 83, =0 I 6 -5 0



11 iy o Lishsnr s 1

Thee bassc method for sehamg 2 bneat o perform aigri
e systen that do not shier the solution et and that produce 3 sucorssson of mcneasmghy
imnphes sysiems. untd a posat 1 reached whese 1 can be ascertaned wheiber the sysiem
15 conmstent. and of s, whal sts sobstsons are Typacally:. the alpebraic operatsons are:
1. Muluply an equatson through by 2 soaarro constant.
4 m“m
3. Add a constant tenes one equalion io saolher.

Simce the rows (horurontal kees) of d Lo the
the aisociated sysiem, these thror op spond to Lhe my
the rows of the augmentnd matny:

1. Mulisply a oW through by 2 noaiere conslant.
1 Inierchongs o mows.

3 Add 2 coostant tees one sow 1o anothes.

These ate called sleratery rew sperstioes: oo 2 matns
I the Eollow ke we wall 2l howes um ¥ row op 4
ah augiwnted salnt 1o b & havar systen m teoe snkoowns. Smnce & syslomatc
duse for solbving b will be developed 1 the next section, do not womry
aboul bew the sieps i the example wene choden. Your obpective here should be amply
to understand the compataions

P EXAMPLE 6 Using Elsmantary Row Oparsthans

In the befl colimn we sohe a syitem of lnear equalioss by operaling on the ogualions m
e sywtem, and in the rght column we sobve the same sysiem by operating on the rows
of the augmenbed matin.

1% r4lr=9 1 1 2 09
Dedy-r=1 2 4 -3 1
Li+by-%=0 I 6 -5 @0

A =2 s ther et oxpustion v the second  Add — T tmmes the first row 10 the scond 18

10 shtam oblun

14 yrlrm 9 1 1 2 L)
Iy =Tem =17 L] 2 =1 =17
B+br-ft= 0 3 6 -% L[]

Wptaris Mote  The el kngwn uss of S gemaisd mair oo dpped red
betwes 308 ac sndl W00 ac a8 Chingss manuschipt snitisd Aing

abend oy - o T ol The
Sl s ol tha S Supmaniad Matrls ARASEFS W R e MG
By e A Biaher In his book i
oo oe digaty s = 1900 i pe -
gy, gy, art, Bbohar
L XLl

Y
bosks wers grastly apprecsied by students and ore sl in demand
ey

liaga Comimmy of il derarican Maivametical Soclaty
www.amnangl

B Chagter | Bywtooss of Linssr Exguetions ol blotrives

Add - F s vher ot ouateon v the teed to Akl — 1 temens th frw o 1o the 1hard Lo obtain

obuus
nd vk = B 1 I 2 L
- =1 * 2 =1 -7
y-lNi=-27 ¢ 3 -n -]
Mluduply the second aquatscn by | 1o sbtan Mdileaply the mecond row by | o cbtain
14 yd = @ 1 1 F | 9]
r- fe=-§ o 1 - -§
W-lz=-I ¢ 3 -n -]
Add = ¥ tomrs Ve sl copateon fo the thard A — 1 tomes the scond row o the thard 1o
b bt wlviam
s+y+h= 9 [1 1 2 9]
y-ic=¥ o 1§ ¥
—je= -} o o -t
Muluply the third cquatson by —2 o obtain  Miubligly the third sow by —2 o obtxn
T4yp4+ = 9 [1 1 2 9]
r-k=-% e R
= 3 o o 1 3]
Add — | s the soond copmateon o the s Add — 1 tewes the srcond sow 0 the st 10
o ol ol .
x +8:= B [1 o & ¥
y- fe=-§ o 1 -} -¥
2= 3 L I | 3

The sohution i this cxample A8 — ¥ S e third cqmation b0 the et A — )t the thurd ow 0 the first and §
cunalio be cupremed as ihe av. di—hhi—-ﬁ—l- s, e thard sow 1o the second 10 obtam

daved tnple (1.1 3) wth the  tam N =1 1o o 1]
understanding that the mum.

o i e iphe o i e y =2 * L &2
name ooder 20 the vanbles m =1 e o 1 1
the system, namely, 5. 7. I The soluiion s = 1.y =2, = 3 nmow cvademi. 4

Exercise Set 1.1
1. In each pan, determene whether the cquaton = buear o 1, L b cach part, dewrmane whether the squation s linesr o ¥

Xy, and 0y -l v
Wurin-vinel @intlnsone? w e el o ) Tl
f) b = =Ty + s [ EE T s Lr] ) eosi) s —dy = log) ) foosy —dy=0

W - rn=4 [T P W oap=1 Mr+Tems




3. Using the notatson of Formula | 7). witte dows s pesesal bnear
aysiem of
{2} two squations in two unkaowns
1k theee squations mn thies unknowss,
2] twe pquations 1 fous usk nowns

o, Wrrite dewn the sugnerated matr for cuch of the baear oy
tara i Evercms 1

* Im onch part of Exercuses 56, fnd a hoear vystom m the us

n

i Ly ™ i b.0)
W (1.8.8 @ (1. §.2

B0 In vach pari, sohe the knear sysicm, o possble. and e the
rraml 10 determume nburher e bics fepecacascd by the mqua-
‘o m e wysiems hane pern, omc. of mimach many pomts of
mteveegnon I then 5 2 maghe pom of ssctectos. g i
consdmates. i o thevr are snbmnch mam bad paramcire
quations for e

) 45,8, 0y

kmowes xy, Ky 8., that cormmponds to the gren sagmented @l -tymd o 2s-dym Wa=dymb
many, -l =9 di -8y =2 -y =8
! o o0 1 0 -1 3
swi|) -4 o @7 1 4 - l?-u-h:.—h—---dhiauul-q:
o 11 0 -1 1 7 e i, intuly weey
0 F =1 =1 =1
LR
[’ LI A [ —— 1304, e o
108 1 -4 ¥ dencribe the sobutson st of the bnear oquatson
m|t 1 [ e |
A ®) I — S +dym T
B R el S i) —Bny + Bu; — Swy + iy =
* I each part of Exercwes 7 &, find the sugmented matrn for W Ir—Sw4lr—y4dr =i
ihe linear sywiem. <
T = Mo - mpdy=g Ertiy=l
= 8 S - moml ) my + day = L2y = 3
9 =-1 fc) dn, + 2n, 4 Ir, 4, = 0
[13] Iy =l = O Wr+w+r-55+Tcml
- ntm -l
B+l =g+l =le- & = b Enwcines 15 146, cach lmear sysicm has mbnsichy many so-
bations Lise W o describe aahuti -
L) s —2n =1 b n +inml B -dyml
dry + Sy = 3 In=prin=? - =]
T+ i = 2 by k= =l :
% ® n+lu- n= —4
€ n - ! Iy o+ By = J = -2
= % :; ==yt = 4

9. Ineach purt, determine whether the gran -tuple & & wletion

of the Enear system
In—dnp- n=l
n-ln+ n=l
In-Snp-inel

@ik Lh ik -Lh K AILE D
@ (8. 4.2 (€) (17,7.5)
18, Ineach purt, determine whether the groen L-mple i 2 sobenon
of thse Engar system
rrly-tra=l
- y+ z=1
=2 triy-R=s

e fa) Bay + 2iy = -0
Iy o+ gy =4

b - y+k=
b = Iy 4 6z -
—datlv—dr=

—a
-2
L]

= o Exevcases |7 1K, find a smghe chementary row operation that
walll create & | on the et bell commet of the given augisenbod ma-

TR
aCRER R

=
-3
2

1
L]
-1

')
H
]

-3
]
-1

1 =1
1 =9
L] 4
2 T
]
-

- -1
]
-1

-
-1
1

7
L]

|
|
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In Exerceses (% 39, find all values of & for whach the pven
matrin wa sptem. <

4

2

U
g e

1. Thesurve v = ax’ + by + ¢ shows i e axompanyng g
iare puses ikrough ke powsis (x. v, D vk aed o, wi
Show that the cosflicents o, b. and ¢ form 2 sobswe of the
st of e ar equations wies angmented matrn i

I m

Woulm

",

molt d :
4
L]

5.l
ma .

o Fignore 2. J1

Let x. y. and > demote the number of ounces of the first. sec-

ol amad sheired finendds: s thae dacsey will comsume a1 the mam

meeal Fonad o do mot sobwe) & lnear system m v, ¥, and 7

i sshutan tells bow many snces of sach food must be
e et the

M Sepposs et you went b fnd valses for a, b, and ¢ sech that
ihe pusshals v = ax” + b + ¢ passes through the powis
(L D (2 . amd (=1 1) Find four do net sobec) & system
of bmtar oquatesny whene ssbstens poovide valyes for o, b,
and . How mamy soluons would you expect thes syssem of
equatnans to have, snd wiy™

IV, Sppuras o et aalhnd et i) it Fral BadBbets sk it e
o o o mummbers 1 |2 vhe swm of ree tmes the firs phus
e ol s T s the thord w5, and the therd mambet
= ome meoor than the frst  Find (ot do mov sobe) & bnear
L he dhencrrbe the thror comdin

True-False Exercmes
TE s pars (3} B) drsrrmans whethor the statrment » irer of
Ladng, sl | wtily vomgd st

G50 A lmrat welym whow pogustsona sy all bamograroun. ment
B yrmamalnd

L. Exphiom wivy uch of dher thers clym -
mol alfict ihe soluteon st of & lear Arekom.

N, Show il if the bewiad squateote
and  x, in,=d
It the nanse sclston wet . 1o tive fe equatsons s whewtacal
foa, k=i andc = o)
3. Conssder the rystem of cquations
an 4 by =k
cx +dv=i

ey -

o+

Doncs: the relative postions of the ey ax + by = k.
cxtdy =l andes + fy mmwhm
() the pystem bos oo sobtons
i) Wi syt b enactly ome solston
e} e pysiem bos mifmsbely many solutsom.

5. Suppos thal 2 crviaim dirt calls for 7 ity of £ % wmits of
protemn. amd 16 wasts of n ad

o

s

™ wrow of an. d sromgh by oo m
a8 scrrptable chrmeratsty rem oprrstion.
i) Th -

1= ymd
L-ly=i
‘catmot havr 3 whpr solutsos. tegmndiess. of the vakee of &
) A smgle lmear equation =ik ey o movr enkoowss: mst
e el wobutsom
) B ther v o

) I ench eqpuaton = 2 coumstent hnew system = muitipled
twough by 2 constamt ¢ then all sobations 10 the new sysiem
can b obtmmed by smltyplying slutions from the ariginal
wyetem by

() Elrmarstary sw operations pormil e row of 2n angmested
matres b be subtracied from ancthey

(R

(]

sy
roum 1o meewt thesr Fepuoremenes
Foad |- Each oumcr contasss 7 wats of . Y wets of
prosesn. amd 4 sy of carbolvdrases
Food 2 Each oumce contams 3 wmis of i | wesi of
proirin and 7 wmits o carbobydraies
Food }: Each oumce contams | e of i 3 wmsis of
proten amd 5 ety of carbalvdrates.

Worksng with Technology

TL Sober the Encar systess in Fxamples 3. 7. and 4 to sne how
wounr techmolopy wnkry homdles the tree types of nestems

T Use the reoult = Fxescie ¥ 6o find valwes of a, b, and ¢
* 4 by + ¢ passes through the poimis




