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Similarly
1 (2 — bi)zeth?
R = =l i ; —
: V2T 23 (2 — a1)(z + a2)(z — b)(z + b)
1 o—kb
o e
Therefore

1 exp(—£a) — exp(—&b)

On substitution we obtain

. > - S —&a) — exp(—£b)
F(e) = \/15;/—; exp(zfx)f(z)dzz\/gexp( £a) — exp(

: b (8
b? — a2
Computation of the integral

With k = m in (3), we obtain

] e 1 exp(— —exp(*mb)
Ve |, elma)sayie - /3Rl ety

On eéquating the imaginary parts on both sides, we have

S z sin mz % \/E exp(—ma) — exp(—mdb)
-[-m (22 +a?) (@2 +82) ~ | 3

B2 — a8

FX

7.7.2] Exercises

L1.‘Find the F.T. of each of the following functions.
(a) f(z)=1/(a?+ %) (b) f(z) = cos bz/(a* + z2)
(¢) f(z)=sinbz/(a? + %

2. Using results of the Previous problem and Planchere]’s identity, evaluate
the following integrals

(a) j;)oo du/[(a2 2 u2)2]

() Jp [zsinTz)/(1 - 22)] 4,
z%)] dz

(b) fom[uZdu/(a2 1 u2)2]

(d) jg’c’lz 8IN 7Z cos nz)/(1 -
(e) Jo l(zsinwz)/(1 - z2)2] gy
(f) S5 l(sinz — zcos z)/ 122 dy
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k L£3. Determine the F.T. of

: 41, "0 <4
fl)={ -1, —a<z<0 .
0, 2%la

where a > 0 and use it to evaluate the integral ;

* (cosazx - 1) | ,
sinbx dz, b >0
0 xr

‘IL‘4' Using the generalized Plancherel identity evaluate the integral

3 A 0. b>(
o (a2 + 22)(b? + z2)’ il

3 5. Let f(x) be a complex-valued function of the real variable z, and let Flk)

be its F.T. If

(a) F(£)={ TP R
o i

=

find f(x).

Vi /6. Calculate the F.T. of the following function (also called the two-sided expo
nential pulse, when z is interpreted as time t)

e z<0

f(x)z{ e‘“z,°x>0 Tl

4 7. Calculate the F.T. of the 'on-off’ pulse shown in the figure below. 8. Sketc
" the graph of the function below, calculate its F.T.

A(+z + 1), WXS:L‘EO.
f(x)z{A(_x/é;((+1), 0<z<X

- lern”?
What is the relationship between this pulse and that of the previous pro biens

9. Calculate the F.T. of the following function.

3 o f 20 e

¢ loh < 1

| 9(“):{0,\ lz| >1
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Figure 7.4: Graph of the on-off pulse.

Sketch he graph of the function w(z) = f(z) — g(z) and calculate its F.T.
" 10. Calculate the F.T. of the off-on-off pulse represented by the function

RPN e
d . — e T —

[ 0, < —2
-1, 2<z< -1
flz)=< ¥1, -1<z<1l.
-1, L <o £7%
o x>2

11. Show that the F.T. of the function

sinaz, |z| <7/a r

(=) = { 0, le] > xffa

is 12asin(wk/a)/(k? — a?).

.12. Find the the F.T. of the function

f(z) = exp(fax) sinépz H(z).

13. Show that the Fourier sine and cosine transforms of the function

'}bﬁ O, r < O :
fay=% 1 D50 < a are (1 - cosaz)/z and (sinaz)/z respectively. ‘
), =>4

14. Calculate the Fourier sine and cosine transforms of

(z) = exp(—az) H(®) a>0 |
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h the condition that f(z)
18

23. Let f(x) and F(k) denote the O il wit
continuous and absolutely integrable. Given that
4 £, 82u<i
P+ [ F(E—w)exp(-lud - B AN
—00

find f(z).

24. Let f(z) and F(¢) denote the F.T. pair, as in the previous problep, I
F(¢) =0, for all k > |&|, then show that for all a > |€o]

fo (222 - s

, T

25. Let F(§) be the F.T. of the function f(z), defined as follows

e e [ ER |5 P |
0, for all other values of =z

)

find the function g(z) such that the F.T. G(¢) of g9(x) which satisfies G(¢) =
P& |

26. Use the formula
F{z"f(z)} = (-)"F™(¢)
to calculate F{zexp(—az?)}, a > 0.

(Ans.: F{zexp(—az?)} = (1/V2a) exp[—§2/(4a)])
27. Find the the F;[‘ of the function

f(z) = exp(—az) sin kox H(x).

\

7.8 Use of Complex Fourier Transform in Solving
B.V./LV. Problems

7.8.1 Illustrative examples

Example 1

—
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(a) Solve the problem by means of the Fourier transform method.
ut=n2um, YOS E <o, il (1)
u(z, 0) = f(2), u(z, t), us(z, t) - 0asz— +oo (2)

(b) Obtain the solution of the problem in (a) when u(z, 0) = exp(—az?).
Solution '

The given PDE and the B.Cs. describe the conduction of heat through a rod
or wire of infinite length. The initial temperature distribution is given by f (z)
and the temperature towards the end points gets smaller and smaller. The
source of heat in the body is the initial temperature.

We assume that both u and f(z) satisfy the conditions for the existence of
their Fourier transforms. Taking the Fourier transforms of both sides of (1),
and denoting the Fourier transform of u(z, t) w.r.t. z by U(£, t), we obtain
the first order ODE

| ——dui’ Y- _kreruge, 1) ®)
General solution of (3) is given by
U(¢, 1) = c exp(~<*€7t) (4

The I.C. in (2) can be transformed as U(¢, 0) = F(£). From this condition
and (4), we obtain ¢ = F(§). Hence

U(E, t) = F(€) exp(-&*€*1)
Taking the inverse Fourier transform, we have

u(z, t) = FH{F(¢) exp(-p¢*)}

where 3 = s2t. Next using the convolution theorem, we can simplify the right
side of the above relation as

u(z, t) = f(z)* F{exp(-BE)}

Now using the formula in equation (2) of example 3, viz.

FHexp(=F8")} = \/IEBGXP (—;%) ‘

we finally obtain

400
(s, )= 7?!?’;5 /_m f(a") expl~(z — z')2/(4x°0)]
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(b)
s the sharply peajk
The initial temperature distribution in this case i ed G, iy

y

2
function f(z) = exp(—az?).

heated from the middle, the tem p"rat
t implies that if the rod is
;D;:)S’S;:na‘lallbl’elr ::rllc? smaller as one moves away from the middle of the rod

On substituting for this value of f(z) in (1), we have

1 +oo exp(—z%/(48)) — ') da
v B e

I

u(z, t)

;[ | e 3 ~a(z? + 2% = 95 4,
S g ol exp(—z“/(48) exp[—a TT')] dg
VEEEY L B

2 exp(*an®) /_+oo exp(—z"2/4p3) exp[(a + 1/8)x"* + Za:r:r'] df

2V/7B

Now

al§2+z€$ s (§2+Ef)

o [({ ) + 4a,2]

{

On substitution we obtain

u(z t) = __1___}_/""00 exp | —a’ ¢ & 28 ( 2/40’)0’{
s V2r Ve 3 p a( +-2-E7 exp(—z
-—___1 2 ’ oo

2v/ma B(~a i / exp(“O/KZ) dK

Il

= - 2 e 2 ’
exXp(—zx XP( /4a)
p 4 —-—Ib
2Vra ( / ) 7

Uz (2, 0) = Ha), [u(z

Solution

He

v

h
¢ 0asp .y 4 0o, and furthef that bot orf’
f(z) are absolutely lntegrab]e over (—oq +oo) Taking the Fourier tr

of both sides of (1), an dei oting the b g
U(&, t), we obtain the ﬁrst order OSE ourier transform of. u(z, t)

We assume that both 4 and
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SUIE, 0)/dl & -nB E2U(E, t) (3)
: Cioneral soliting of (1) ia piven lxy
U(E, t) Cexp( Hf!l!{’)'f) (4)
" the 1O in (9) ean | :
. R e ‘lf‘ll'!'()lll\(‘ll As ’](f () = ]-' ,[1 1 it
as UJ(£, = b(L), F t
st 16). e ehiain e}, Monce ) (£). From this condition
(:\(‘h {) ,’|(af‘) I‘.\'l'( ll’l)' 4";) I)
Paking the inverae Fourier transform, we have
l oo
(o, #) v, / exp(—1fx) F'(£) exp(—oa? £2 t) d
LB |
o0
1 (e, ) = l CXpl—uT) € ~a ¢
: -, xp(-16x) exp(—a’ £ t)s
\/Z" . o0
| 400
¢ e [ omlagal) f(a!) de! dg
V&l Jewo
L Y
or on changing order of integration
oo 00
u(w, 1) = = / f(a') ,/ exp[~#(e - &) ~ o 1] d | do’
e an il . 5
5 o) . (5. 8]
"
\ 1 {00
u(z, t) = o / f("’)") I(x, '77’) da’ (5)
. afl J o
.

where

{(z, 2') /m expl—u(x — 3') — a® €2 t) d¢

X

o0 o )
/ ap(=sfu— B¢ df |

o0

where @ = ot and u = x ~ a’. By completing the squares, we can express

the Gaussian integral as

. e 2
[z, ') = exp( w’/48) /_ exp[—PB(¢ + wu/2B)" d€

5 m
oxp(—u”/403) - \/'[;

Hence on &;1]]\3;:(,““(,“)9" ih (f'))' we have

1 400

] : (z—=
- - LA ’ T e s f((l; ) exp (—— —__ﬁ_
jond | (@ )= 5o g | Tai




Mathioids of Mathamatioal Physies e

Piarnple 4
_ Ml
Solve by the Fourier transforim method

Upppw ™ (l/“"w) Wit (1)

w o
w(w, 0) = f(z), w(z, 0)=ag(z) (2)

(Multable asymptotic behaviour for u and its derivatives, and for ¢ I8 ¢
sumed); Le g, u, Uy, Uge, Upey ~ 0 88 T — F00,

-
Solution

vom (1) taking Fourier Lranslorm of both sides

j'{uwam.n} - j{“/az) “u}

where 7' denotes T, operator w.r.t. z. On simplification the last equatio
becomen

1 &%
1 N e - k|

wlhiere

U(E, t) = F{u(z, O} = (1/v/27) £ ":’ﬂxp(t{'m) u(r, 1)de

From (3)

\ (d*fdi?) (g, 1) a’tUE, 1) -0
or
| (D = aB¢9U(t, 1) m o
Therefore U, t) = Aexp(at?y) B exp(- at?) (4

We now Lransform (e initinl condif,

ions in tery f € by te Antirier brane
lorm of both sidey of conditiony iy, 18 ob £ by taking Fin

(2) wri @
Frota Lhese Gunbiong

Ulg, 0) = (¢ ()

mndl w

)
7 Vg 1)

' ' w1 18) G = e G(E)

To find A, B in (4), we g0 1Cv (8). Mrom these 1.Cls. we uhilain
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U, 0)=F(§):A+BorA+B:F(§) (6)
Again from (4)
d U > )
" b il + a$" A exp(af®t) - ag’ B exp(~ag?t)|,_.
or '
~a1€ G(8) = at?A — a¢?B which implies 1 G(§) = €A — £€B, wherefrom
A~ B = (1/6) G(¢) 7)
From (6) and (7)
1 1
A= {F©O - GO} and B=2{FE)+3G()
Substituting in (4) and get
UG ) = {FE) = $6(O)) exp(ag?) + ;{F(E) + 20O} exp(~at’t
= 5P {exp(at?t) + exp(-ag®0)} - ; 7 GI) {exp(a€?0) - exp(~at’t
Taking inverse Fourier transform, we have
i e
w, )= FHUE O} == [ ep(-162) UE, ) &
wherefrom we can obtain u(z, t).
Example 4 :
Solve the following 1.V/B,V problem by the F.T. method.
Uge(w, 1) = (1/?) un(, 1) (1)
u(:z:, 0) o f(a.")v ut(m) 0) s g(l‘) (2)

and u, u, — 0, asx — =+ o0o. (The problem describes the transverse
vibrations of a string of infinite length.)

Solution

From (1) taking Fourier transform of both sides w.r.t z we have

=, t) - (1/c?) (d2/d*)U(E, 1) =0

or
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1 !’/.Lcc 0
== exp(¥z)f(z) + exp(z) f(—z)| dx
\/Zﬂl_” ¥z)f(z) /AT Pz)f(—z)|
1

oo
2—?/ lexp(£z) + exp(—¥&z)] f(z) dz

0
or

Fo(§) = \/2/7 Jo° coséx f(z) dz

Similarly if we define the odd extension of f(z) over the whole real line as

f( z), for 0<z<o0
fo(x) ——{ —f(=z), for co<z <0

and perform similar calculations, we arrive at the definition of the Fourier sine
transform given above.

Linearity of Fourier sine and cosine transforms

As in case of exponential Fourier transform and its inverse, the cosine and sine
transforms are linear operators and this result follows from their definitions.

. . .
7.9.3 Fourier sine and cosine transforms of derivatives

To calculate Fourier sine and cosine transforms of first order derivative, we
assume that (i) f(z) is real and (ii) |f(z)| — 0 as £ — co. Then

FASf'(2)} = @/0 f'(z) cos €z dx
- \/g {cos €z f(z)|g° + 5/0 f(z) sinz d:r:jl
% \/Zx " \/jz:f(O) +£\/g/0mf(m)sin§mdx

FAf'(x)} = —v/2/m f(0) + EFs () (7.7.5)

Therefore

Similarly

L inézdzx
F A (2)} = \/;/0 f'(x) sinézdz
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= ﬁ /(s)d-({ -§ [ f(x)cosx dx
| = -szo-gxo—(ﬁ[f(l)mggt
f pe

5 76
. FAf(2)} = <€ Fel€) (7.786)
hwmammwdrchm‘
sssume furtheg that (iii) |/'(x)| = 0, & % = 0
raran = 2 [ 1 e de 4
2

- J; Pﬁﬂ(t I'(t)l:-*[l'(l)ml(zh]

- ,/?,_-:o-e g r(:)on-cm] .
o 2 [ raren ez de

= ~£F ([ (x))

r iy, [" \@ J(0) + (F.(t)] ~

Similarly
FA["(z)) = Jg L‘ Stk

- \@[r(-).....:-ﬂ[m) .“]

B "\fg""*¢\[§[m..¢., |

“ Viresoue

ool
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7.9.4 IHUS“”‘“V" EXamples o, Fourje; shie

(il‘!' ‘-"Ll' 4. ' % o
forms o .-
Example 1

Calculate Fourier sine transform of the functiog () = eup )

Solution
By definition

fs{f"xp(--m) COSs ;L‘} - . /j/hn‘ I‘\\\

0 ®Xp(-—a ) COS & 8in € wddy

Using the result sin AcosB = = (1/2) [\lu( A+ ) sin( A )|, we haye

sin{x cos x = (1/2) [sin(¢ + 1)a 4 SIn(L ~ 1)
Therefore

Fs{exp(- ~Z) cos x } -——\/ / exp( 1){%11(/ +l)a b sin(f L)z} ds

Now we use the formula

. exp(ax ;
/ e sin b dr = -L~(~—-)- {a sin bz b cos bz }

2 4 b2
and obtain
i £k n o SXB{m)
/O eXp(~z) sin(¢ + 1)z dg . TG
X {[- sm(£+ Dz - (£+1) cos(£ + 1) z}|= lo
= §2+2€+2(0 (€ +1))
£+1
& +2¢6+2 -
Similarly
/0 e*sin(¢ ~ Dady = lix;){(:xl)ﬂ X |
% f~ sm(f — 1)z — (k- 1) cos(¢ - 1)} o
- 0—5 2{ =40+ 1)
&~ 1
Ty
Therefore

|
{

1 £+1 ¢ —1 ]
.Fs{exp(-*z)cosx} = m[€g+ % + 2 {2 2% +2




