Chapter 7

The Fourier Transform and
its Applications

In this chapter we discuss another well-known integral transform which goes

by the name of Fourier transform. After discussing its theory we will turn to
its applications.

\/ 1  Definition and Basic Properties

Given an integrable function f(z) for — 0o < < co. We can associate with
it another function F(£) of variable ¢, (—oo < £ < +00), by the relation

TPLFOE re) = = [ enee) 1) 711)

The function F(¢) is called the Fourier transform of f(z), and f(z) is called
the inverse Fourier transform of F(£). It can be shown that

S 7.1.2)
f@) = o= /_  exp(~ ) F(E) dg (7.1,

Notation and Convention

If we write

F) = o [T exp(1€z) f(z) dz
and |
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f(w) = ca [72 exp(-4m)F(©) &
hen the following forrns‘of coefficients are mutually consistent.
@) ea=@1/V2r), a= 1/
i) aa=1, c2=1/2n
(i) e =1/2m, c2=1
Also we will use the notation F&)=F LF (z)}-
where the operator F is called the Fourier transform operalor.

It is also possible to define the Fourier transform and 1ts in'v?rse in such a way
that the coefficients ¢, c2 in oach are unity. In this definition they are given
by the relations

Fle) = ]: exp(2m ) f (@) d

and

+oo J

sy = [ expl-tmike) O
—00

These relations can be obtained from (7.1.1) and (7.1.2) by making the trans-

formations =’ = J2rz and £ = V21§ and then reverting to the unprimed
symbols.

Various choices of pairs of variables such as (z, p), (it, w) are used by different

guthors. In order: to ‘ndicate the associated variable the following notation is
also used for the Fourier transform: |

F{f(z), T =&}, F{F(L), t > w)

for the Fourder transforms F(£), F(w) of f(z), f(x) and f(t) respectively

7.1.1 The Fourier transform and its inverse

If the function f(z) or F(€) is continuous or piecewise continuous over (~** .
o0} and bounded then Fourier transform and inverse Fourier transform it
urier trans

if the function f(z) is absolutely integrable i.e. the integral [*o |f () 6’l(
Eior Ll

ists, then the Fourier transform exi .
: ; Xists. is 1 ; oo :
L & ovvcrse Fomrier transform This is a sufficient condition. mil®”

\/ Linearity of 7 and F~! Operators
- The operators F and F-! are linear } e
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Flenfi(z) + 2 fa(2)} = 1 F{f1(2)} + o F{ fa(z))

and

F~Her Fi(€) + ca Fy(8)} = aF " HFE)} + o F 1 {Fy(6))

« 7.1.2 Fourier series and Fourier transform

The Fourier series representation of a periodic piecewise smooth function over
the interval (— [, () leads to the integral representation of the same function as
Il = oo and the index n in the Fourier series — oo . The condition of periodicity

is replaced by the condition of absolute integrability for the function f(z) over
(—o0, 00). This can be seen as follows.

We start with the complex from of the Fourier series representation for the
function f(x), as explained in chapter 1.

+o00 :
Fla)e= Z cn exp(inmz/f), —"é e (E1.3)

n=—oo
where the complex Fourier coefficients ¢, are given by

1 +£

tn = 57 e f(z) exp(ennz/f) dx (7.1.4)

Now we consider the situation in which £ — co. Let nw/f = £ then n = £§/n
and the increment An in n will be given by £ A¢/7 i.e.

An =LAf/m or A€ = w/l, where An = 1.

In the limit £ — oo, A¢ — 0. In view of this we can rewrite (7.1.3) as

COo

fle) = Z enAnexp(inrz/l) = th(j)éAE exp(i€z) (7.1:5)

n=—oo 2

‘where we have put ¢, = c(£&/m) = ce(€) to show the dependence of t.he
Coefficients c, on £ and £.

Similarly (7.1.4) can be written as

-—

] [
c(t{/vr) = Cg(.f)rz 50 | : f(z) exp(i€z) dz

2 ’ g ipHt _ (7.1.6)
—alf) =5 | f@) exp(~a) 'dx
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Equations (1.1,5) and (1 W

— & g - \
equations (7.1.3) and (7.1.4) do. Shat AR
continuous variable, and assuming

= 1 B
integral, we have from (7.1.5)
i ) ok (7 |

,\\{;\ 4“'[‘{"‘-,

f(x) / Y

s ‘| ||!\§"(")
where ¢(€) = limg-soo(l/m) ¢ (€5/ r). Also iro

N

‘a |
('(g;) - ‘2:1 L/ .
| in this hook we (urther aal « ((; - “/‘/2,

f(a) exp(-tE#) b (71

To conform to the notation followec
then (7.1.7) and (7.1.8) become

l » - 00 1
F(E) rm /~ = f(l) oxp(sfw) i

Var .
and l P
f(z) = / F(¢) exp(~lx) dE
Var J-oo

\/ 7.2 Properties of Fourier Transformation

1. Linearity property
It is » linear transformation; both F and F~! are linear.

\/ 2. Conjugzation property

———

If f ,("’) is real, then F(—¢) = F(€), (where the bar symbol denotes the comp
conjugate).

\Proof
’ ) 8 +o0
r&‘ F(k) - ﬁ/;m et.{a: f(:I:) sibos

: d therefor e
O
{ g -

1 +00
Var L,o exp(~®z) f(x) dx
Also 2

F(‘"{) = ___]:___ +oo
V’z?/m eXp(~x) f(z) dr




:hl:u.i,]m;;::

: which proves that F(—¢) = F(g).
/ 3. Real and Complex Values of the F. T
(a) If f(z) is real and even, F(k) is real.

(b) If f(z) is real and odd, F_(k:) i8 pure imag

aginary

(¢) If f(z) is complex, then
F(IC) = T
Proof of (3) a

We have to prove that if f(x) is even, then F(£) is real.

+00
F(§) = #/— exp(iz) f(z) dz
When £(x) is even, i.e. f(z) = f(—m), then
+00
F(&) \/_/ exp(¥z) f(—z)dz

Let —z = z’ or dz = — d2’, therefore

F(g) = J—% [_o_ " e~ 1£5") F(z') (~da)
7.4 / " (k) (2} (—def) = F()
)

Hence F(¢) = F(€), which shows that F* (€) is real.

Il

Proof of (3 b)

o0
F(¢) = \/(-1271') /_oo exp(—€z) f(x)dx

When f(z) is odd i.e. f(z) = — f(—z), we have
1 +o00
F(¢) = —ﬁ—;[_ exp(—¥zx) (- f(~z)] dz

Let ¢’ = —z, then da’ = —dz, and

Bt = T / exp(-1'€) 1(z') (~ de)
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+00
= exp(—a’ z') da’
= \/’ZF p(—&z) f(=)

or F(¢) = —F(—¢) = —F(£), which shows that F(£) is pure imaginary.

Proof of 3(c)

f{f(—:r:)} = \/__/ exp(lg‘T f(“ )
+00 s 3 ’ AUas s
. ﬁ/_m exp(—ta’) f(a') dz'y ( )

1 e
— complex conjugate of o / exp(iz’) f(z') da’

— complex conjugate of F (&) = F(§)

'\/ 4. Attenuation property

F{exp(az) f(z)} = F({ - a)
It can be proved directly from the definition.
a. ]' a
Fe (@) = 2= [ explo) explas) f(0) da

1 (a'e]
- = expla€ + )] £(z) da

1 00
2 = \/T_w /_oo exp[u(§ - 1a)z] f(z) dx
F(¢ - a)

— al

5. Shifting property

[ 4

() F{fz - “a)} = exp(ia) F(
; wa) F(¢)
(i1) F{exp(z/\m) f(2)} = F(¢ 4+ A)

Proof of (i)

267 EEE G T
Var | OP(¥2) f(z - a)da
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Putz —a=2, or do = —dz’, then
1 oo
.F X = = E—
(fe-a) = — / _ exp (e’ + )] f(a) da’

Proof of (ii)

F{exp(uazx) f(z)}

;

3 Proof

Let ¢ > 0, then

I

F{f(cz)}

I

—_—
pum—

6. Scaling property
F{f(cx)} = (1/lc]) F(£/c)

' \/’(-27r)

1 O
= / _exp(i€a) exp (i) (o) d’

xp(a) 7= [ expluea’) (@) do

exp(ia) F(£)

I s o g
= o= [ exp(iaz) exp(¥z) f(r)dx

+00
i 712? / ~ expl(t + a)a] £(2) da
= F(£+a)

If ¢ is a non-zero constant, then

*—\/%_; /::o exp(¥éz) f(cx)dz, =’ =cz
+o00
L [ et /o) S(a) de'fe

— 00

1 UL

— S—

C \2m

exp[ixz/c] f(z) dx

—infty

~ F(¢/9), ¢>0

~ If¢ <0, then we can show that
Combining the two results, we have

. & (er)) =

e Modulation property of Fourier transform

(1/lel) F(&/c)

_
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im0 | F(€)] < limygjy00(1/€]) (1/V2), a finite positive number.

or limg|00 [F(§)] < 0. Hence the theorem.

7.3 Fourier Transforms of some Simple Functions

In this section we present examples to evaluate the Fourier transforms of some
simple functions.

7.4 Examples and Exercises

7.4.1 Illustrative examples

/

Example 1 ~

l ; 1 <
Find the Fourier transform of the box function ) = i ) = a
: Ay, dzlis. e
where a > 0.
Solution

1 + co
Ff@) = —= [ ewntenf(z) o

1 a
+a 400
3 4 /_ 1 x exp(¥z) dz +/ 0 X exp(¥éz) dx

+a

- -_1__ exp(2€z) fi l e d
7 (0+ 2EN)|" - L enteg o

_ 1 exp(uaf) - exp(—1af) g exb(zag) — exp(—1af)
\/27!‘ z§ \/27!' 2,,{ BT

¥ msin a
3

Example 2 / - ,

Evaluate the Fourier transform of the function

f(x)z{o, )

exp(—az), 20, a>(

P R . Wi i - »
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solution

‘he given tunction s WCOW N6
lh‘ ¥ "Illl W Nt runllllll!u[‘, ;,“.l it xi" ‘ ”'i { | I
y N0 Y HNLEeEranie, |

|
the intogn al ’

fine { o exXints

Iy definition

Example 3

>
~-
—

€

llch Hu lu!l!lt! |.l;lli’.iv,;”,- «,f }_],(. given

l oo {)
/ “f'/({)(ll l ‘/[i/
V an or _ ar

."‘. ’ ] » 400
| ‘l,l', 1“‘1” / ’{(!/' “)"(l.’l,
JU \/2/1 Jo

{ud - 7
| ol ~a)a | | L i 1/)
/o { " - " ——— -,)—~— 7

o K - o~ 1€ 2w o® + £°
Vv 0 \/Z/( L \/57[ ¥ <

Discuss if the function f(x), defined below, satisfies the conditions for the exis-
tence of its Fourier transform and calculate its complex (exponential) Fourier

transform.

Further show that

Solution

te 1 f(x)
lh(‘ gl\‘cn [nn( tion ]s l)(n]n_i('(l nn(l ”l(‘ mn (bl‘l f
tegrable. Hence the Fourier transform

To simplify further, we evaluate
®quation by Kronecker's

T '57(

® /frecosr — SINT
i | GO DA

(z)dz is absolutely in-

exists.

ot o (1i€z)(1 - z*) dx
4/..-(13 (-\q)(?tl)f )dz = \/27( exp(t€ :
+1 3

/ (1 -2 ) (cos {x + 1sinéx) dx

1

ghe " |
/ (1- z?) cosx dx
0

the integral on the right side of the last

rule, and obtain |
)l

b 4 — COSET 8.5 -~ BPST | . [~
sinfz __Eg_*_é_, (-22) # [ =73 ) (
£? P

(1-2%)

—
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fore t and Slmpl' 1 ;
, lflCatl()n

:/72\‘; ZIQXp(z{.Z)dZ = //E :

Tr L +exp(2z) = |5 exp(~¢n/)
or rewriting the contour jn
component paths, we obtajp

1 +r
F(f) = -——[ % i 4

) / __ oP(z + m)]dg P expl(—r
by exp(:c g o 7rz) + exp(—:c — m) +/ exp(—r + zyg + e;:l(jr) % zy)J

=
= \/; exp(—¢{m/2)

7.4.2 Exercises

1. Compute the F.T. of f(z) defined by

Iz, ~l <2<
0, otherwise

2. Compute the F.T. of f(z) defined by
e U Uy (9>O)

flz) = { 0, (.'E/> b o bt

i Do it the given function f(z) satisfies the conditions for the existence
otits Fourier transform and calculate its complex (exponential) Fourier trans-
for

m,

f(x)~ zg, —a <& < ta
— O, ,17, > a, (0 O
(Ans. F(k) = 230 (sinka) /k ¥ |
satisfies the conditions for the existence

) Fourier trans:

4‘ " x ae

h _Dlscuss if the given function f(=z) - on

: its Fourier transform and calculate its complex (exp
I'm,

ential
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X, % & * ()

I(') l g, U€< @Bl
1 (), otherwise, d ()

( Ans. F'(£) o2y =~ 29)/€ po oxp(1wa) 1y oxp(—wa) )

./ 5. Discuss if the given function f(x) antisfies the conditions for the existe,

: 1 \ . i YO .
of its Fourier transform and calculate its gomplox (exponential) Fourier Gray,
form,

oxp( —a ), @> ()

f@ = 0%

. : ' y ‘ \ i antlafie . itions Lor the existoncs
6. Discuss if the given function f(r) satisfics the conditions for the existenc

of its Fourier transform and calculate its complex (!!MNHN‘-HL““) Fourier brang.

form.

7. Find the (complex or exponential) Fourier transform ol

cos kox, |x| < Nu/ko
/(@) { 0, || > Nw/kgy

8. Calculate the Fourier transform of f(x) where

[(x) {“XI)( g), o0

0, B < ()

4

/ { 1 . \ rm } ¥ . i
9. Calculate the I T, of the fnlluwum function (also called the two-sided expo-
nential pulse, whon = is intorpreted as time t)

») e 4 O¥P(aT), <0
xr ¥ - ’
P {"xv( az), z>0 ' (@>0).

ale L .
10. € nl(.ulnt‘n' l:lm !.' ‘I of the 'on-off’ pulse shown in the figure below. 11. Cal-
culate the F.'T', of the function halow ‘

f(x) { Al+a/X +1), "= x Sz<£0
A(-z/X 4 1), 0 < o €X
What is the mlntimmhip het,

j 7
woen this pulse and that of the previous problem

12. Caloculate the ©P, of (1
of the off-on-off pulse represented by the function
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Figure 7.3: Graph of the on-off pulse.

[3 JEgy, T < —2
-1, 2<z<-1
flz) =< +1, -1 <51 .
-1, i< 2
- 2> 2 %

I!

J 13. Calculate the F.T. of the following functions.

e el < 2 : a c,wlcrlgl
f(“*{ 0, |mg>2’a‘“‘lg(”‘{o, o] >1

V' 14. Show that the F.T. of the function
sinaz, |z|<7/a
(@)= { 0, bl = wja
is 12a sin(m¢/a)/(€* - a?).
15. Find the (complex or exponential) Fourier transforms of exp(—Az?) cos fz

and exp(—Az?) sin fz.

[Hint: We will make use of the following modulation properties

F {cosaz f(x)} = (1/2) (F(£+a)+ F(¢—a)
F {sinaz f(z)} = (1@ (F(£+a)— F(€~ a))

and obtai the results (ﬂ_({ % 5)2/4,\)]
Flexp(~Az2) cos fz} = (1/2) (1/V2X) [exp (-(€ + B)2/4x) + &P

e —
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and ;
r it + B)2/40) —exp (—(£ ~ a2

. 3 / € / 91Y lex ~——{[ o .‘-") /4 ) ¥ I \'Y» 1’

F{exp(—Az?) sinfBz} = (1/22) (1/vV2A) sfﬂ“P( S y ) /'Ul)‘
< : - sform of a2, VO
16. Find the (complex or exponential) Fourier transforr AoV g
! PR TR TR
F(z) = cos Bz/(a + z°).

: {' . . & - 3 (

Y. Find the (complex or exponential) Fourier transform of
f(z) = exp(—Az?) cos Bz, (A >0).

18. Find the F.T. of each of the following functions.

/ 5y 2 4 ,‘2
ani~ ' (b) f(z) = cosbz/(a®+ z°)
aw) ‘

() f(z) = 1/(a? + z2)

(c) f(x) =sinbz/(a® + z?)

7.5 Fourier Transforms of Derivatives and other Func-

/ tions
o

The Fourier transforms of derivatives

Fourier transforms of derivatives

of a function f(z) whose Fourier trans-

form exists are given by : i
F{f(z)} = (&) F(€) (7.5.1)
where f(z) is supposed to tend to zero as z — +00.
’ F{f"(x)} = (—¢)?F(¢) (7.5.2)

where f(z), f'(z) are supposed to tend to 0 as z — +00. and

F{f @)} = (- F(e) (7.5.3)
where f(.’L‘), f,(x)w '
Proof

" -fnbl(r) —-"rﬂasa:-ﬁj:rx,,

For (7.5.1) we have

1 0
U@ = / xXp(€2) ' (z) dy

l { y 5
Vo EXp(&z) f(z)| oo

- | 11006 sxptseay]




| . . 11
J{f"(x)) v; ~ / oxp(lx)f"(z) dx
400
| By G IO enlsx) Nl &
e {0Xp(1€2) " (T)] = (1.,‘)/ oxp(efx) f* ' (x) da
\/'),/r J =00

{ {“;l:icti ¥ 4

‘1'he Fouriej

o s S il -
(—f) = / Jx)exp(¥z)dr = (—1&) FI
Ve Jooo | gy

ror (7.0.2)
o |
/ ,‘/ (l}} -
V2
1
\/‘;{II
Continuing turther, we have

(=%) m /
(—€)F{f'(z)} =

or hinally

7 {j"’(ﬂ:')} (

vor (V.5.3) we have

\/’n ’/' 7

bids

Iransform

exp(ux

qml its Applications

i ) / f(z) exp(z) dz |

00 |

”
o >
S
o
~~

-~
A"

5
—
Sy
—

=
N—
=8
<
 W— ——

-+ 00

exp(iz) f'(z) dz
(=) (—1€) F(¢)

b fn=1(q) JJ:l

,l\‘ ‘i\
oo , : ;
( lf) J 1/1 (')‘ (,()/ (-\l\().f‘ )»\!n \;\ O \
(s E y ;
/’n o
» o 0
=3
(~1£)? / exp(bz) ™ (z)da
I
'.uuiﬁnmu;,'l Lhils process we get
n
“.' ( )l’) _c‘}".’} v\ : .'\
{ F i ' ' e l/‘ l,‘ ( S ' \"' \S
FfMa)) o (k) [ Ja)oxp(e) da = Zop
L] i
| / ' ( functions of the form a7 f{ )
B2 Fourier transform ol funcuioty
the
, ion on
p humm“ frane 5
o . A plecewiae "’” A PR
. 1 be i ].nmlwu intaper and /(‘) I that ’ |!”“ ,)’h Conver
List : : ; h PR apae e i
hrvel |- 4 i‘/] for svery ';UMHV” . Bup]
1, ‘
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Fla" f(@)} = [~ (d/d)]" F(€)

Proof

Using the definition
F(¢) = (1/v2r) [T exp(uéz) f() dz

and differentiating successively w.r.t. £ we obtain
F(§) =1 F{af(z)}, F'(€) = AF{a’f(s)}

and FOE) = F{z"f(z)}

From the last relation we obtain

F{a" f(z)} = LFO)(€) = ¢ plo) )

L

7.5.3 Fourier transform of an integral

We suppose that f () is piecewise continuous on (—oo, +00) and that i 4ils If (z)|da
0o. Also let F(0) =0, with F&) = Fif(c)). Then 5.

z -1
il f)as'} =L pig
S '3
Proof
Let
9) = [ f(z')du’
Then by the Leibnitz rule

: (see a endi / % i
continuous. From the deﬁning Telz,lt?iOn gri)(,xg (z% _:—OOJ; (_-T_)ao whenever b (3’ 1S

Now using the definitiong

—_

i} +co | ;

F(f) iy~ - = ex ( +o 1
Vo J. P(X7) f(z) dz, and F(0) = ol }rl

== ok f(z)dz | |}

we have , 2m ‘/—‘°° ;
Jim g(z) = (7 f

_ T @de = Vi py

Now using the resy]t

Fl'(a)) =~ F{y(z))
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we have
which gives

7.6  Further Discussion on Fourier Transforms

7.6.1 Convolution, Parseval’s theorems and other results

b i
v Definition

If f(z) and g(z) are functions of 2 defined over the interval

(=00, + o) then
their convolution, denoted by f x g is defined as follows

1 +o00
g = —— T —7n)d
19 = == [ tnrgta - ay
We can show that g x f = f x g.

Now consider

1 +0oo
* = e T — d
fxg \/ﬂ/_w f(n) g n) dn

1 -+00

= e f(z —2') g(z') de’, where z —n = ¢’
VLTl J—co

1 il d o, el
= o= o) flo-o) da' = gus
[n a similar manner we can prove the following properties of the convolution.
fx(gxh)=(f*g)*h, and
frx(g+h)=fxg+fxh

\\ ; sz

| &gl
6.2 Convolution theorem
T P(¢) and G(k) are Fourier transforms of f(z) and g(z), then

.

F{f xg} = F()G(®)




i
SO

Proof
F F(£) :
/ ! !
| e |
t" ¥ 3 1 ’ ]' ! L ')k |
' |
i i’ ‘ ’ . | ( : '
( | ! I
§ | ; ’
| | ,
/
I | ’ | l
l’ I ” ’
| :
i L '
— ar o | v
7.6.3 Parseval's theorems
: ] i | r're | " i
| : | | = : ' !
¥ ( ; "
: H : i fis f % v |
A4 § r |
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1.',;([‘:-‘”’4!, 2 ] P :
s d kel 1t /:- i 4
AP PHCalions

87

i'/, l'// (‘,// ‘ /’ § cws
/ 5 , ) &) df / e //'«/./(/’ 1) dy } ne: /‘/,,/,,// z)
» oll P e 4 4 -

Pl’"uhf'

We prove the

BeCOric] UH:’;I‘:!H The first folle

: ; JHE f!‘)l’{' it a8 a ar ecial caco
convolution theorem ‘ F > fpeaial case.

Jl ‘ ! i
/ |I ({/(://’/; //// *.//'/7;j
or

/ ) S22 exp RZ)F(£)G(E)df = (1/v2r) [ w J (1) g(z ~ u) du

e h ave

> OO we
/ F(£) G(¢) g /

%
/(’U,Iog( -~u) rju — /
(s o p

-0

. ‘
I utting 2 — ( on both sides

TOC

f,fx)gf~a:)d,3:

which is Parseva]’s second theorem.

To derive the first theorem from it.
take g(—-z) = f(y;)i.r:._q(.'l;) = f(~z). ‘

Therefore Flg(z)} = F{f(- z)} or G(£) = F(£)

Hence
23 F(E)FE) de = I= () @ dz
- f:);(p(@.:z f/{:ffoffx)Ez dx

/hich Can equivalently be written as IFl = 1.

‘/7.6.4

The Fourier integral theorem
If /() is a real function defined over (—00, +00), and the integral f:f f(z)d

is absolutely convergent, then

(s o] +0o0
i) 4 /0 dt / cos E(€ — z) £ (€) dt

™

Proof

Since the integral [*° f(z) dz is absolutely convergent, its Fourier transform
=00
4nd the inverse both exist. Therefore

* L Y
f(:l?) = \/2—7?/_008 (f)df

B




= B S

: 4 . & . -y e [8CV Viiav g (W =
Splitting the infinite integral in parts and using th
have

" Y el —im)P df]
1@ = 2= ["on(-unre e+ [_ep(-4nFO
©0 ) v / At ’:::.—«
%/ e 4T (g) dg + f oxp('a)P(~€) (~d€'), €
T Jo 00 _
~ —\/12-.-[ [ ep-unre i+ | exp(ze’x)ﬂ——f)de
m 0 {

- g : : g . ave F(- o F
Since f(z) is real, by conjugation property, we must ha {~£7
Therefore we can write

f(z) = _&/Ow [exp(—&z)F(€) + exp(z{:r)p(f)] dé

i

Now

F(¢) = (1/\/—2?) ffocf exp(x’) f(z') dz’

Therefore

exp(—6z) F(€) = (1/v/2r) [ exp[-i(z — ') f(a') da’

and taking complex conjugate of both sides

exp(i£z) F(§) = (1/VZr) [** explat(z - o')] f(') da .

Adding the last two equations, and denoting the sum by .S', we have

§ = exp[~ulz] F(€) + exp[utz] F(¢)

—
—

1 +o00 k ,
= /_ o 1) [P o))+ exp[—at (e — 2)]]

1 i ;
o 7’2‘?/_00 /&) 2eos{(w ~ ') dy

Substituting in the equation for f(z), we obtain

1 00 +o0
f(z) = ;/0 _/_oo f(z") cos{(z — z') dg’ d§

7.6.5 Fourier transforms of Dirac delta a . :
nd the Heavisj |
step functions he viside Yoy

First we derive the relationship between f7(, i |
as follows. _ (2 —2) and o(z — 24). We procee

‘ +00
< H'(z - 20), fz)> = [_m H'(z — ) f(2) d

-



—

Chapter 7. The Fourier fran sform df]'j m

Applications ¢
T —— " OPPlications 55
—— 0D
{ " oD
(2)H (2 — 2.+ _ [~ Y
f(z)H(z To)l . Hiz - z4) 1 (z)dz

oo
s ! [Ts's) i : = ¢ o : 4 ’
g i f(’,:)ilf/ 5 f(J’-r}/ i / O(I i f’r}j J{ II' d"‘:

zg
where we have used the result lim,_, 4., f(z) = 0.
On comparison H'(z — z9) = §(z Zg).
Fourier transforms of Dirac delta function

1
expl Ig)
o ¥ zg,

-7“‘{5(55—‘330)}*‘—/ f*xp(z{;':dr:)o(;\v:—ar(,}d;p_w

Fourier transforms of Heaviside unit step function

Using the results F{f'(z)} = ¥ F(€) and H'(z — zg) = 8(z — xp), we have

FAH (z — z9)} = & F {8(z — zg)) (7.6.1
In (7.6.1) we use the result H'(z — zp) = §(z — zp) and obtain
Fo(z — z0)} = £ F {H(z — z0)} - (16.2)

or F{H(z —z9)} = (—2/V2m) & exp (1€ zg)

7.7 Examples and Exercises

7.7.1 Illustrative examples

In this subsection we will discuss the examples illustrating the ;;;phcc:tm:xz
of the convolutlon theorem and Parseval’s identities (also catlledals anchere
1dentuzles) In this way we will be able to evaiuaic certain integr

-~

EX&mme 1

__ valuate the
Use p lancherel 's_identity for the function f(z) = exp(=[z]) to evalu

tlogral [+ 4 /(1 4 )2
S"]\ltion
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B —

By Plancherals identity [*™|(x)dz = [ o |F(€)[d€, where {J(z). FIT)]
are a F.'T. pair, When f(2) = exp(~|z|). Then

oo + o0
/ |f(2)]%dx = / exp(—2|z|) dx
— 00

-0 v g
exp(—2x) }

'.3/ exp(—2x)dx = 2- o g =1
0

o)

Next we calculate F{exp(|x|)}. Using the definition

400 »
Flexp(-|z|)} = F() -m--—l- exp(:{:) exp(—|zl) d=x
- | lkxez —-.r}ir
e, U +/ exp(ifz) exp(—=)
g ([ o)
eudal [em((1+t€x) exp(—(1 — tf)ﬂ}f
var | =(1+f) o g 8
Sk oo ot
- \/'EF(H‘( —é)“‘/:1+§1

Now by Plancherel’s identity [ 0 f(2)|2dx = f |F(€)Pdf. Toerefore o
substituting for f(z) and F(¢), we obtain

[ a1 [T

0o wﬂ'(f{)z

./+CXJ dk &
-w A1 +E8 - §

which gives

Example .2 ‘->/

Let a function f(x) be defined as follows.

=

!
f(x)n{ 1, |z] <1 SES N ;
0 sl »1 “.“k,-.
compute the convolutions f + f and y I
theorem evaluate the integrals fxfxf and “&m& the convolution

i sin? ¢ e i
[.m €2 df and /;m ;‘;‘%;g_

Solution
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By definition

I

f(x)* f(z) =
(z) » f(x) \/— ~ z')dz'

+1 b oo
B e
+1 1 2 9
:\/Q_W/Idr——\/glu\/ﬁf
By convolution theorem F {f* f} = F(€) F(¢) = F%(£), where

F(§) = \/—/+oof (z) exp(z)dx = \/__/ exp(ifz)dz

1. expleén)|™ . 1 exp(sf)— expl—i) _ \/Z“E'{
Vor % . Vo % b

Hence using the result F{f » f} = Fz(f), we obtain

ﬁ(

il sin® £

Fuene — or = dt =
{F*(&)} = f(=) > f(=) \/—— exp( z&c)é Ag =2
or
400 i 2 3/2
[t}

To solve the second part of the problem, let

+co

g(z) = [f(@)* f(z)= \/12? o f(@)f(z - «')da’

= -\7——12; _:lldx’: —?r-
; Therefore
'! (@)= VT, gle—)= VI :
Hence |

, 4
g*g-—\/— g(:v)g(x x)dx=w

Nou - F (P4
&0 - faen )56 () = FO FO) = F() = (25in* )/ (r€)

Hence using the convolution theorem

F{g(z) xg(z)} = FAf*[* fxf} =GE)GE) = (4sin"£/7f’£ )
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Therefore

177

o
‘F
B —

I ¢4 xrard

S 4 -0 o iz

wherefrom on simplification we obtain [(sin* &) /¢4

N

-4

S

¢ R .00 p . "
~1 | 4sin §1 el / ~ dexp(—fz) sint ¢ e

) -
-

A

1 e . 3
i(l{ :37 .

Example 3 *

- -
P ! . Y

éL~ By ~ -
Let the functions fao(z), Al

- ; e -~ " \ -
2 ] 1, |zl <a, a>0 G99 e P T
_(a'\.t } — } <
L x| » e - M C ol Q
- . R, o

V IA

T LT R e ‘ .
Using these results and Plancherel’s second identity, show that
- :
oy =20 L

2 400 ] a
E (L 1 / g 1 [
alk) = — exp{fx)fo(x)dr = —— exp(1f dr
~ PIKT)jelT )T = exD| I\f
V& « —O0 '\ 2.- -a t. .‘2\— a\I)
1 ~d o 3 { o) ia
= exp(itz)dx — L SP(E7)|
-'W_ CJ Pl 4L UL —
e fo_ ot i
—- \ - '\_ i—a
l & wal — -qu_ ~ T o~
gt xp{ifa &pl—%Ka) /2 sinfa
/2 3 Bl
vix i \ ¥ E
S
Simularly
D .= 8
B fe ik P :.&L\:‘
¥ § :“S, f— \ _— —
' T
D i 1 i 3
By direct caiculation, we find that
. = -2
2 =2 b

‘\
LS "
[
by

[}
4
|
Il
.
Prend
]
b
Il
b
(&

\
. -
y
M
[ W]
B
|
Il

——
Joed
i
(I
o
o

312
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with f(z) and g(z) replaced by f,(z) and fs(z), we obtain

[;m Fg(f)Fb(ﬁ)dﬁ = /_:o fa(I)W)‘dI

4 A
{ —7\
b

or on substituting the values for fa(z), Fo(£) ete., wg %ave

2 [*ginaf sinb +00
—/ e §d€ i /_ fa(z) fo(z)dz

¥ £2 -

+c
= / ldr = 2¢
—C

where c is the smaller of the two numbers a, b, i.e. ¢ = min(a, b). Hence

dk = m min(a, b)

/+°° sina€ sin b&

oo £

Example 4 X

Find the F.T. of the function f(z) = z/[(z%+a?)(z?+b?)¥, and hence calculate
the integral

oS T sin mzdz
/ (3:2 4 a2)(x2 e bz)! (a’b real)) a > 0, b > O, b g
-0

Solution

" Let f(z) = z/z/[(2? + a?)(2* + b?)]. By definition
1 ot zdz
FU@ =FO=—=[ et mrmors O

To compute the integral in (1), we introduce the contour integral
$ f(z) exp(1£z)dz, where Iy is the contour of figure (10.2). Then by the

(2)

residue theorem
f(z) exp(sgz)dz = 2m Y R,
rr J
+1b. Only the poles at z; = @

- = +412a and z =
The poles of f(Z) are givemn by z R5 of these poles are

and z, = b lie inside the contour I':. The residues R,

given by
1 (z - a1)z exp(€z)

By = Vor L. (z — ar)(z+ar)(z - ) (2 + W
1 em(-to)
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Similarly
1 (2 — bi)zeth?
R = =l i ; —
: V2T 23 (2 — a1)(z + a2)(z — b)(z + b)
1 o—kb
o e
Therefore

1 exp(—£a) — exp(—&b)

On substitution we obtain

. > - S —&a) — exp(—£b)
F(e) = \/15;/—; exp(zfx)f(z)dzz\/gexp( £a) — exp(

: b (8
b? — a2
Computation of the integral

With k = m in (3), we obtain

] e 1 exp(— —exp(*mb)
Ve |, elma)sayie - /3Rl ety

On eéquating the imaginary parts on both sides, we have

S z sin mz % \/E exp(—ma) — exp(—mdb)
-[-m (22 +a?) (@2 +82) ~ | 3

B2 — a8

FX

7.7.2] Exercises

L1.‘Find the F.T. of each of the following functions.
(a) f(z)=1/(a?+ %) (b) f(z) = cos bz/(a* + z2)
(¢) f(z)=sinbz/(a? + %

2. Using results of the Previous problem and Planchere]’s identity, evaluate
the following integrals

(a) j;)oo du/[(a2 2 u2)2]

() Jp [zsinTz)/(1 - 22)] 4,
z%)] dz

(b) fom[uZdu/(a2 1 u2)2]

(d) jg’c’lz 8IN 7Z cos nz)/(1 -
(e) Jo l(zsinwz)/(1 - z2)2] gy
(f) S5 l(sinz — zcos z)/ 122 dy



P—

; Chapter 7. The Fourier Transform

and its Applications

k L£3. Determine the F.T. of

: 41, "0 <4
fl)={ -1, —a<z<0 .
0, 2%la

where a > 0 and use it to evaluate the integral ;

* (cosazx - 1) | ,
sinbx dz, b >0
0 xr

‘IL‘4' Using the generalized Plancherel identity evaluate the integral

3 A 0. b>(
o (a2 + 22)(b? + z2)’ il

3 5. Let f(x) be a complex-valued function of the real variable z, and let Flk)

be its F.T. If

(a) F(£)={ TP R
o i

=

find f(x).

Vi /6. Calculate the F.T. of the following function (also called the two-sided expo
nential pulse, when z is interpreted as time t)

e z<0

f(x)z{ e‘“z,°x>0 Tl

4 7. Calculate the F.T. of the 'on-off’ pulse shown in the figure below. 8. Sketc
" the graph of the function below, calculate its F.T.

A(+z + 1), WXS:L‘EO.
f(x)z{A(_x/é;((+1), 0<z<X

- lern”?
What is the relationship between this pulse and that of the previous pro biens

9. Calculate the F.T. of the following function.

3 o f 20 e

¢ loh < 1

| 9(“):{0,\ lz| >1
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Figure 7.4: Graph of the on-off pulse.

Sketch he graph of the function w(z) = f(z) — g(z) and calculate its F.T.
" 10. Calculate the F.T. of the off-on-off pulse represented by the function

RPN e
d . — e T —

[ 0, < —2
-1, 2<z< -1
flz)=< ¥1, -1<z<1l.
-1, L <o £7%
o x>2

11. Show that the F.T. of the function

sinaz, |z| <7/a r

(=) = { 0, le] > xffa

is 12asin(wk/a)/(k? — a?).

.12. Find the the F.T. of the function

f(z) = exp(fax) sinépz H(z).

13. Show that the Fourier sine and cosine transforms of the function

'}bﬁ O, r < O :
fay=% 1 D50 < a are (1 - cosaz)/z and (sinaz)/z respectively. ‘
), =>4

14. Calculate the Fourier sine and cosine transforms of

(z) = exp(—az) H(®) a>0 |
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h the condition that f(z)
18

23. Let f(x) and F(k) denote the O il wit
continuous and absolutely integrable. Given that
4 £, 82u<i
P+ [ F(E—w)exp(-lud - B AN
—00

find f(z).

24. Let f(z) and F(¢) denote the F.T. pair, as in the previous problep, I
F(¢) =0, for all k > |&|, then show that for all a > |€o]

fo (222 - s

, T

25. Let F(§) be the F.T. of the function f(z), defined as follows

e e [ ER |5 P |
0, for all other values of =z

)

find the function g(z) such that the F.T. G(¢) of g9(x) which satisfies G(¢) =
P& |

26. Use the formula
F{z"f(z)} = (-)"F™(¢)
to calculate F{zexp(—az?)}, a > 0.

(Ans.: F{zexp(—az?)} = (1/V2a) exp[—§2/(4a)])
27. Find the the F;[‘ of the function

f(z) = exp(—az) sin kox H(x).

\

7.8 Use of Complex Fourier Transform in Solving
B.V./LV. Problems

7.8.1 Illustrative examples

Example 1

—
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(a) Solve the problem by means of the Fourier transform method.
ut=n2um, YOS E <o, il (1)
u(z, 0) = f(2), u(z, t), us(z, t) - 0asz— +oo (2)

(b) Obtain the solution of the problem in (a) when u(z, 0) = exp(—az?).
Solution '

The given PDE and the B.Cs. describe the conduction of heat through a rod
or wire of infinite length. The initial temperature distribution is given by f (z)
and the temperature towards the end points gets smaller and smaller. The
source of heat in the body is the initial temperature.

We assume that both u and f(z) satisfy the conditions for the existence of
their Fourier transforms. Taking the Fourier transforms of both sides of (1),
and denoting the Fourier transform of u(z, t) w.r.t. z by U(£, t), we obtain
the first order ODE

| ——dui’ Y- _kreruge, 1) ®)
General solution of (3) is given by
U(¢, 1) = c exp(~<*€7t) (4

The I.C. in (2) can be transformed as U(¢, 0) = F(£). From this condition
and (4), we obtain ¢ = F(§). Hence

U(E, t) = F(€) exp(-&*€*1)
Taking the inverse Fourier transform, we have

u(z, t) = FH{F(¢) exp(-p¢*)}

where 3 = s2t. Next using the convolution theorem, we can simplify the right
side of the above relation as

u(z, t) = f(z)* F{exp(-BE)}

Now using the formula in equation (2) of example 3, viz.

FHexp(=F8")} = \/IEBGXP (—;%) ‘

we finally obtain

400
(s, )= 7?!?’;5 /_m f(a") expl~(z — z')2/(4x°0)]




