we have

L{fxg} = ‘/000 [/O'ooe;cp(—st) H(t—7)g(t - T) dt} f(7)dr

Lett —7r=¢, thep on substitution, we have

L{f g}

where using the
H{t') =1 for ¢ B

—_—
f—

/0 ; Uj SXP=s(t'+ T) H(t') o(¢) dt'} f(r)dr
/0‘00 e T [Amexp(~st’)H(t’) 9(t) dtlJ F(r) dr

property of step function that H(t')
0, we have

I, exp(~st) H(#) o) ar' = g

Therefore

6.6.4

L{f * g}

= for ¢ < 0iand

i /0 T amer [ /0 e gy dt’] e

) o
= / e " f(r) dr / et g(t’) dt/
0 0

Il

F(s) G(s)

Ilustrative examples

Example 1 ¢~

Calculate the following convolutions.

(a) txexp(t), (b)txsin2t, (c) sin2texp(~t)

Solution

(a)

txexp(t)

| .
[ repi-rdr=op@) [repcna
) 0
0

exp(t) [r {— exp(~tauw)} — {exp(~taw)} - Uls

exp(t) [1 — exp(—%) (1 + )]

____—-d



‘ » e p
Methods uf Mathoemali nl l‘h';’ul' 4] ' ’ g s e — Z‘ﬂ’

”nj
1
f & uin 21 /‘/ sin 2(1 T)dT
Jo
. e d RCEl
cos 2(t — ) _ sin2(t '>H ‘
l ‘ g 0
: & t - 1 sin 2t
n t cosl 4 :/ SN e 2. f
| c L g
(tcost — sin 2t + sint)
Y
(¢)

Use the formula for the integral of exp(az) cos bz given in appendix A.
Foxample 28

Using the convolution theorem, calculate the inverse Laplace transform of the

function

9 2

® were © G |

Solution

(n) Writing H(s) = F(s) G(s). With F(s) = 1/s* and G(8) = 3/(s%+9?), we
have f(t) = t and g(t) = sin 3¢,

I'herefore by convolution theorem

W) = 1(t) % g(t) = /) S(t-T)g(r)dr

g/
/(I. 7) 8in 37 dr
()

( I,(:n.".siiir“ { "1‘(7:()33r sin 37\ [
3 il "
;»ilxISL [ |
e g (3t —~ sin 3¢)

(b) Here H(s) 8/(a* | 9% With F(s)

. y . 8 : ¥ LI
wo hiwve f(t) = condt, g(1) A el 8/(s* +9), and G(s) = 1/(s* +9)

Fherefore by convolution theorem

It L1 :
Wt) {H(s)} « J(t) & g(t) ,l‘ / cos 3(t - 7) sin3r dr

0

| /‘ |
- (cos 3t cor B i ;
g Jo CO8 37 + gin 3¢ SIndr) sin 37 dr
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pe—

1. b
a2 /0 (COS 3t cos 37 sin 37 + sin 3¢ sin? 37-) dr

T t Ry 2 s
-~ cos 3t / sin 67 dr + -1~ sin 3t / E—-EOiGL dr
0 3 0 2

I

,_.@

— L. sin 67 |
= §Ecoth(l~—_cos6t)+gsmiit (7‘— ; )

0
1 1
Tt - coth+coth]+6tsm3t

— gt sin3t

pe
/
1

Example 3

Use convolution theorem to calculate the Laplace transform of _

f(t) =[5 (t — B)%P sing dp

Solution .

By definition of convolution, f(t) = t3 x (e! sint). Therefore
L{f(®)} = L{*}L{e" sint} = -; (L{sint})

| B e 6
'i T T e T v

Lk

s—s—1

‘ 6.6.5 [Exercises Crf

| 1 Find the Laplace transform of the given integrals

a) [}(t—pB)sin3BdB, (b) [, exp[—(t—B)]sin Bdf.

2. Find the inverse Laplace transform using the convolution theorem or oth-
erwise,

42— 2], () Y +DA (@ (- 12

3. Show that ; e g9
Sl P e
I{T}*Af()d —ﬁ,ﬁ&/(u/]

-(Hi“ti use convolution theorem with G(s) =1/s )-

.ﬁ‘l{F(s} / {/fA)dA} ¢
/hwj Sl “1"’”6""”“ i g

L Show that
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: 11 4 " :
R BR. 0 ! '-’ i fi 1 ¥ Fid Ia
{ ¥ L 3! T : T :
i I Krad eguation
- " E -
- -
Ans. ylt at + (a/3M 3
7 hve the intasval - a
ve Lhe integral equation by using convolution theorem
- S |
2 : B of # - - -
' Jit) 4 | ol ]

T - B bw Lank
» >oive the D Es. by Laplace transform method
A '.,‘ 4 . ‘A"?‘ { "’ {
N .’ - “l’..' I }l‘ ’ £l
7 f ‘./ ¢ b 4 3 P
7 £) + XY

In each case discuss the physical significance

:AHS. (b) e “;,»A! + o3t 4 ;: : e "d
9 Solve the ;'vfz“."i“!ﬂ

,*‘ i ,.jj,' ,,‘!’ - v () y (0 V1

and discuss the case when

| O for other { values
(Ans. yl! woswt + (i/w)snwt + (1/w) flit) asinut )

10. Solve the ;uhunmg«'mmu.\ ;mJJrun with sero initial « onditions 1 e wlidl

-~
gar
.

2
L -
o
>

i

i
peos
o
s
’
—

-

o
c‘h
e
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() v+ 4u =sint
j ,‘. e the 1. S o ¥
/11, Solve the I.V.P e & Sttt
VOO -5 =0, y(0)=0, y(0)=1 7 gt
on ¥

( Hint: On applying L.T. and using I.Cs. we obtain
Y'(8) 4+ (2~ 8%)/s Y (5) = -1/s.

The integrating factor for this DE is s2 exp(— s2/2), and the solution is given
by Y (s) = 1/8% + ¢ exp(s?/2) 8

6.7 Laplace and Inverse Laplace Transforms of some
other Functions

6.7.1 Some useful results

/1’he following results will be used in the sequel.
)

he Gaussian Integral

/-+oo exp(—z%) dz = \/7?

—00

Proof
Let
I=[*P exp(~a?) do= [' exp(~y?) dy

Therefore

12

Il

400 f+o0

/ / exp(z?) exp(—y®) dz dy
—00 —00
400 - 400

/ / exp[— (1:2 + UQ) dz dy

'. Rﬂverting to the polar coordinates (r, 6), we have

i

- f=2m
r o / exp(—r") r dr df
[

r=0 =0 \

o 2
2 / exp(—r*)rdr
0 |

I
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e 7r/wf’xp(—P)dz% (p=r?
0,

I'= [ exp (—2%)dz = /7 and Iy exp(—z?) dz = \/7/2

[l

The Gamma F unction

amma function I'(z) is defined by

CO
e - [Teteia
0

from this definition jt follows from intégration by parts that

(0]

Mz+1) = / e 't dt
0

o 9]

= t:‘(ﬁe‘t)]go +/ et z 771 gy

i 0
= 0+:1:/ e_ttr_ldt=xr‘($)
0

Henee I'(z 4+ 1) = wi{=z).

Also (1) = [Pty _ [ gmigy

Therefore with z = M, T a positive integer, using the above relation, we

obtain

PO =m0 < oo

B e < .y s T R

where we have used the result I'(1) =1.

From this result it is clear that the gamma function can be regarded as the

generalization of the factorial function.

\ 6.7.2 Laplace transform of the step function
By definition
(&0
L{H(t - &)} = / ¢™ Hg - to) dt
0
io 00
= / § H(t - tp) dt+/ 6™ H(t

0

to

f.()) dt

D ———

T — —————
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'—_"———-—-' .

= 04 / et dt, (H(t-ty) =1)

to

e

=

to 3

Hence L{H(t — to)} =e™*"/s.

In particular when tg = 0, L{H(t)} =1/s.

6.7.3 Laplace transform of the logarithmic function
/

W
To calculate L{In t}, proceed as follows.
(0 o]
L{lnt} = / et Intdt
0
Now we put st = u, in the integral on the right side, and obtain
2 d
L{lnt} = / e ” (Inu —Ins) —SE
: 0
oo 1 (o)
/ e ¥ Inudu — = e = du
0

s Jo
b :
/ e""lnudu—l—n—sxl
0 S

w |l &)=

By definition ['(z + 1) = S e u” du. On differentiating
o -
Mz+1) = / e v u® Inudu
0
or on putting = 0, we have
o0
(1) =/ e ™ Inu du
0

Therefore on substitution
L{lnt} = (['(Q) — lns)/s

where V(1) is a constant called Euler’s constant, whose value is approximately
0.577215665.

.'7 f.7.4 Laplace transform of functions of the form t* f(t)

Theorem
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If f(t) is a function of exponential order ¢, then

L{t* f@)} = (-1)" (g-) F(s), fors>a

S

Proof
We know that

F(s) = [;° exp(—st) f(t) dt
Differentiating both sides w.r.t. s, we have

O /Ooo(d/ds) exp(—st) f(t) dt
/ " (—t) exp(—st) f(t) dt = (=1) L{t f(£)}

which is equivalent to the statement

Lt f@0} =P = (-5 ) FO)

Repeating the same process, we have
2
L o) = (-%) FO
and finally |
L S0 = (- 3 F&) = (-1 (£)" e
S | ds
- which is equi.valent to the _statenient

- 10} = (-5) FO=(5) FO

Corollary
The following result can be Sleduced as a corollary from the above.

L{p(t) f(t)} = p(- D) F(s)
where p(t) is a polynomial in ¢, D = d/ds and F(s) = L{f(t)}.

Let . .
p(t) = ap + art +02t® + agt® + .- ant” =D ait’
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Then

L{p(t) f(t)}

I

L) _(ait') (1))

= 2allt s} = Yu ( i) PUw)

’ i

— Z @ ( : l))i l"(.‘i) ])( I)) Il'(,‘)

1

]

6.7.5 Laplace transforms of Bessol functions

In many physical problems, we have to calculate Laplace transforms of Bessel
functions. The calculation for different Bessel functions of the first kind of
order 0 i.e. Jo(t) is illustrated in examples 1 and 2 below.

6.7.6 The second shifting/translation theorem

Just as the first shifting theorem enables us to calculate Laplace transforms
of products of functions of the type e** f(t), the second shifting theorem in a
similar fashion enables us to compute inverse Laplace transformns of functions
of the form e~** F(s). It can be stated as |

L~'{e ™ F(s)} = H(t—a) f(t —a), (a>0)

Proof
By definition
L{H(t —a) f(t —a)} = f0°° exp(—st) H(t — a) f(t — a)dt

If we let ¢t — a = ¢/, then the limits of integration on the right side will vary
from —qa to co. Therefore

<@
L{H(t —a) f(t—a)} = exp|—s(t’ +a)) H(t') f(') df

vt/

4 / ~ expl-s(t + o)) H(Y) f(¢) &
0

i

e J
()+exp(——a8)/ exp(—st’) H(') (1) dt
' 0
~  oxp(~as) L{f} = expl-as) F(s)

where we have used the defining properties of the step function.



246

Methods of Mathematical Physics

6.7.7 lllustrative examples

{

Example 1 ™
I'ind the Laplace transform of Jy(t) where
Jo(t) = (1/m) [y cos(tsin6) db

Solution

0

L{Jy(t)} = /Ooo exp(—st) -7-1r-{/7r cos (t sin @) dH} dt

Reversing the order of integration, we have

L{Jo(t)} = %/(: {/Ooo e *t cos(t sin ) dt} do

Now let I denote the integral in braces. Then using the formula

e%T

W (G. cos br + bsin b.’E)
a

/eo""’ cosbx dx =

we have

i / exp(—st) cos(t sin 8) dt
0 .
Sc;x_l:_(s—i__j:)g [_3 cos(t sin 9) +sinf - Sin.(f:- sin-@)]
L el = o
82 -5 Sin2 7] 32.+ Sin2 [/

0

gy e

On substitution, we obtain

i dé
La®) = 2 [ 535 (l
|
f
!
|
i

3 +n/2 de’ g
= ;/ Wb (where 6 = ¢’ + 7/2)

2s [™/3 do

7w Jo 82+cos?é

2s (™% sec’d df

T Jo 1+ s?sec?(
D fmle sec? 6 df

T Jo 1+4§%(1+tan®6) r
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.
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’ . et :
Letting u = tan @, sec®@ df = du, we obtain

L{J(t)} = = / g
0

m l | 51 (l "‘ 'u.zj

_ 25 /u" du
7 Jo (14 8% + s%u?

2 (5 &) ¢ l u

ni L GePed

S = .4 s 14 54
e — - ¥ a4’ = ——r—m—
s Jy a+u? 52

2 1 ujee
= — - tan F}
8 G alo
= 2 i 8
m \/1—}—32 2
i

Example 2 "

Given that Bessel functions of the first kind and positive integral order ssls

the recurrence relations
g —J(’), Tl = dp=1 — 2.]:“ n>l
with Jo(0) = 1, J.(0) =0, n > 0, show that

2 Y
L) = LA

Also find the Laplace transform for Jo(at), a > 0.

Solution

From the first recurrence relation, using the formula for Laplace tramstos

a derivative, we obtain

Fi(s) = L{A(t)}=-L{J"}

—{sL{Jo(t)} — Jo(0)}

= —sL{Jo(t)} + Jo(0), (where Jo(0) = i)

= —8Fp(s)+1 (1

I

But from example 1

Fo(s) = L{Jo(t)} = 1/Ve¥ + 1

'
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Therefore the given formula for L{J,(t)} is true for n = 0. Also
Fi(s) = L{Ji(t)} = —sL{Jo(t)} +1

... T g 5503 Vs +1
which shows that the given formula is true for n = 1. Next we use the secon’d
recurrence relation, wviz. Juy, = J,-1 — 2J;,, which gives J2 = Jo — 2J;.
Therefore

Fy(s) = L{J(t)} = L{Jo(t)} — 2L{J1(t)}
= Fy(s) — 2{sFi(s) — J1(0)}
Fy — 2sFy(s) + J1(0)
Fo(s) — 2sFi(s), because Ji(0) =0
1 2s(VsZ+1— s)
Vsi+1l s+l
1 — 2sv/s2 + 1 + 252
VsZ+1
(Vs +1-—s)?
s2+1 |
which shows that the formula is true for n = 2. Now we use mathematical

induction to establish the formula for the general index n + 1, assuming that
it is true for n and n — 1.

Il

From the second recurrence relation

L{Jn+i(t)} = L{Ja-a(t)} —2L{J,(t)}

L{Jn-1(t)} — 2[sL{Jn(t)} — Jn(0)]

= L{Jn-1(t)} — 2sL{Jn(t)}, Jn(0)=0, n>1
(\/.—97_-1-1- e . 2s(v/s2 + 1 — s)*

s“41 Vs +1
(VS 1-8)"t 1 - 2sV2 + 1+ 28%)]
TR A EE
(VT2 -s)" L (Vs +1 - s)?

j s2+1
8 (V52 41 - s)nt?
= sT+1

Hence the proof. To obtain the same formula when the argument is at, we use
he rule of scales, viz. L{f(at)} = (1/a) F(s/a),a > 0 and obtain e

Vs? 4 a? — s)"

L{Jn(at)} =

a™ Vs? + g2 ?

z’
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Example 3 ¥
Evaluate L{exp(at) — (cosbt)/t} and deduce that
sin? ¢ V52
L{ t }:(1/2)ln ( 3:4), i1

Solution
Here we will use the result

L{@} = / F(s') ds (1)

provided the limit of (f(t)/t) ast — 0 exists. In this problem

4 at 4 bsin(bt
"M () bt T exp(at) — cos(bt) _ i 2 + bsin(bt) _ %
t>0 t t—0 t t—0 1

Also

F(s) = L{f(#®)} = L{e® — cos (b)} = - . ot (@>a)

L{e“‘ —tcosbt ‘}

Hence from (1)

)

|
n\.
8
co\
{ i
=2
|
7
)
+| =
p S
L
&

= 0-ln =5 oy

To deduce the second part, we

Hence ¥ g
L{fﬁﬁl}':—;-ln : , 8>0

¢ - 8

6.7. Exercises

1." Use the result L{exp(—kt) f(t)} = F(s), where f(t)isa
the real variable ¢ to show that

put a =0, b=2, sothat1—cos2t= 2sin’t.

real function of
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],{l‘}"]!( IVI‘) COn /” f”)} l’r-!‘[' L ¢ L [7)
and
L{exp(-at) sin ft f(1)) Im F'(s 1 1)
(Hint: (Take k = o 413, and equate real and imaginary
/ 5\ ’ '
2’1 “;v;‘]h ’l‘{g ]/{UXI)(}\;I,),,”} f”h(‘“ 11 i,’ an imite {ﬂ' ' g vy 7 P P
for L{t™ ¢ ikt} and L{t™ sin kt}
Hint: We have
(1 ” n! n!
[L{exp(kt) t"} > - ey, W
. s-38—k 2 v )
Now let k = o, where o is real and Hositive, then
L{exp(iat)t™} = L{(cosat + zsin
n! ’
bo—— R — R )
(8 —wx)”
Now let s =rcosf, a =rg 10, so that
r=vs*+a? tanf=a/s, 0<40
Since « and s are positive, s — ta = r(cos ¢ sind), and thes

1 s

e (Cosd+ 2 sind

(5.__1’0)"“"1 — ] L COS / Il

—,"";'l" i(\HliUi 1) s1i)

o

Hence ,
n! .
¥ y y $73° o . (s 4 1)H

Li{exp(uxt)t™; = 71 (cos(n + 1)

Equating real and imaginary parts
L{cosatt™} = nl(s‘ + a')

and
L{.’winfrf-t.”} 'il!(‘ - O :i

where § = tan~! a/s.)

3. Show that
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i_:Hint: Let I = L{f(t)/(t + a)}, then with D = d/ds

(D-a)l = (D-a) /00 exp(—st) tfit) dt
5 a

/0 (D - a)exp(—st) f®) dt

t + a
o0

P o_ ey a)exp(—st) tf-(:)a

% /0 exp(—st) f(t)-dt = —F(s)

L e
]1

dt

I

Also
dI /ds — al = —F(s)

which is a nonhomogeneous linear DE with integrating factor p = exp(—as).
The solution of this equation is given by

pl =~ [pF(s)ds + constant
or
exp(—as) I = — [ exp(—as) F(s)ds + ¢
To calculate the constant c;, we take the limit as s — 09,
0=—[o exp(—as) F(s) ds+c1
which gives
o = [, exp(—as) F(s) ds
Therefore on substitution
exp(—as) I = [}° exp(—as) F(s) ds
or finally
I (s [ exp(-ar) Pl &

i 4. Prove that

A {exp(—-at) —/: f(t’) exp(at’) dt'} = F(s)

s+ a

(Hint: Note that this is general form of a previous result.

LHS* = ]0 "~ expl—(s + )t { /0 f(t) explat) dt'} dt

- e
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-

w that

@ {ZZ} -

(&) & {exp(t) erfc \/E} == +1\/§

To g 267

Further Discussion of Inverse Laplace Trans-

form

1 Uniqueness of the inversc Laplace transform

ess of inverse Laplace transform up to

h's theorem guarantees the uniquen
function N(z) is called

rtain additive function called the null function. A

function if [;° N(z)dz =0.

and g(t) are inverse Laplace transforms
pull function. If f(t) is
form of F(s).

The theorem asserts that if f(t)
F(s), then f(t) — g(t) = N(t) where N(t) is a

tinuous, then it will be unique inverse Laplace trans

3.2 Heaviside expansion theorem

- If M(s) and N (s) are polynomials of degree m and 71 respectively with
< n, and N(s) has 7 distinct zeros @i, i =1,2,3, =12 T none of which

zero of M(s), then

L M(e)) M) i,
L l{m} _EN'(OL,') P(_:t)

i=1
) If N(s) has a repeated root a1 of multiplicity r while other roots at

are not repeated, the corresponding formula is given by -

jy A3y " On
Ml - =~ M) ooy
3@~ L e 7

§=a

— " T d'_l :
;)cgj g 2. G”Zl_"ﬁi {;{JTT (o — any Flo) pexplea?)

5’:./\(’}()5&#1 M flews ~ /LF\}:M@ | | | g I

—————————
S ——
e —




i

lim (8 — 82)(8) = hm P Yy

‘(g ..
2 5582 i 1)

1
.3%(82 — 81)

Next we express cj, €z in terms of o and .

; 5 il
32:—Q+Lﬂ:me

where tanf = — /.

8] = —a — Lﬂ = 4/ O!2 +ﬁ2 exp(_?’e)

Therefore

s{ = (o + B?%) exp(2u8) = b? exp(210)
and

82 = (a? + B?) exp(—2:8) = b? exp(—2:0)

Also 81 — 59 = 2:5. Hence we can write

1 . 1
Cc1 = ——--———e~2"0, Cy = .
0m) *TP(—2p)°
Finally |
b 2
f(t) = 57 " + ¢1e81t + cye¥2t

where the last two terms (T34) can be further simplified as follows.

T3y

Il

i
g & et 1, o(—a—eB)t

: —2183b2
25 e~at [94(20+ﬁ) 4 e-c(20+ﬂt)]

I

e"" at

Il

2082 ?” sin(f — 20)
e-—at g v
Bpz SIn(B + 2¢)

Il

Example 3

Find the general solution of the qif
er

entig] e E
(1) + k2 y(t) = £(t) B
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Solution

Taking the Laplace transform of both sides
L{y"(t)} + K L{y(t)} = L{f(t)}

Now we take Laplace tra :
nsform of de i : ,
of s A) st SRR rivatives, assuming that all functions are

s?Y (s) — sy(0) — ¥/(0) + K2 Y (s) = F(s)

or

(s* + k%)Y (s) = F(s) + sy(0) +y'(0)

or

Y (s) = [e1 + cas + F(s))/(s* + k?)

where ¢; = 3/(0) and ¢ = y(0) are constants. Therefore

y(t) LY (s)}

s Y 72 ) R
{52+k2} & {32+k2
| _ F(s)
1 ————
e {32 + kz}

8y . =4 F(s)
3 sin kt 4+ cpcoskt + L {sz +k2}

Ii

= % sin kt + c2 coskt+% sin kt * f(t)

where we have used the convolution theorem. Finally we have

| i f
y(t) = %— sin kt + c2 (cos kt) + o [ sin(t — 7) f(r)dr
0

Example 4
Solve the I.V.P.

Sty () -y =0, y(® =0 v =1

Solution

Taking the Laplace transform of both the sides

L{y"} + L{ty(®)} - Liy &) = @
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— 3
T
° / d ) , -
- : L{v' ()} = Y(s) =0
Y (8) sp(0) = ¥'(0) k ds i
ar an substituting for the initial values, we have
¥ (s) = 1 - <L{s¥(s) - y(0)} = ¥(s) = 0
= \° \f.\'
\\:
$*¥(s) - 1 - {s} (s)+Y(s)}-Y(s)=0
(87 = 1) Y(s) sY'(s) = Y(s) =1
or
-8} ‘\S\, + \_\‘: . :\)\s) = }
Qr ')
: " R -]
Yi(s)+ ——v(s) = =2 (1)
¥ S :
which is of the form ¥ +2(2) Y = ¢(z), (i-e. it is first order linear nonhomo-
geneous DE). Its integrating

factor u(z) is given by

; i
u(x) = exp/ (; - s) ds = exp(2In s — 32/2) i

exp(—s?/2)
Therefore g

eneral solution of (1) is given by

Y(s)s?e—s'/2

by 2 2
= s ) S exp(~s?/2) ds + constant,

= /{-s exp(~s?/2))ds 4 constant
= exp(—sz/Z) +c
where c is a constant. Therefore Y{(s

)=1/s% 1 exp(s?/2)
Now t |

aking limit ag S = 00, we ha,ve C

= 0. Therefore Y(s)=1/s2
Taking inverse Laplace transform, e

btgin Y(t) = ¢, ag the required solution.
Example 5

Use Laplace transform ¢ Solve the Problem
y' —ay = F(t), y(0) = Yo, y’(O) =y



