Chapter 6

The Laplace Transfqrm and "
its Applications

6.1 Integral Transforms

-

The concept of integral transformation is related to that of a linear transfor-
mation defined by an integral. To understand this particular linear transfor-
mation, we consider the set of functions of z over an interval [ :a < z < b
which may be finite or infinite. Next we choose a fixed function K'(z, y) of
variables (z, y). Then the integral transformation is defined by

_b
T{f(x)} = F(y) = / f(z) K(z, y) dz

\
The function K (z, y) is called the kernel of the transformatiqn T..This con-
%Pt has been very seminal and conducive to opening up new.vmtas in Modern
Mathematics. In classical analysis certain special types of mteg.ra.l transfor-
“ations guch ag Laplace, Fourier, Chebyshev have been extensively studitd
“d useq in solving various types of problems. Different ?ra.nsformatu:.ms c;)ai
"™pong ¢ different forms for the kernel K(z, y). The limits of the integ

4 Y are also different in each case.

tion is called
The function T{f(z)} obtained by means of such a transformation is cal
"tegra) transform of the given function f(2).

L&N&ce transform operator is a linear operator, i-e. NAVA0)
| \L{lel(t)+c2f2(t)+- ot enfa)} = al{n(®O)}+aal{fa(®)}+ -+

: Th" Tesult follows directly from the definition

q
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~liminaries
6.2 Laplace Transform Pr elimil

o . 1on
6.2.1 Piecewise continuous functi

, interval [a, 0] if the inte
A function f(t) is piecewise continuous on the in [

: bo Y. o (e 0t )
be broken up into subintervals [a(, 512» (f)l :uf(zl)l’ws illll?}) discontinuit
i ' in each subinterval (Z;, Lj+1) @M= 25 478 VT S,
;Sncci(;)r;tilnrgocl:fst;e subintervals. A jump discontinuity 1§ & i

e i inside each subinterval but h:
In other words the function is continuous 1n

' ~] rvals.
(left and right) limits at the endpoints of the sub-interv

For example, the function

9427 i & e i
Flb)y = < 3t lfe fted
b2, 2kl 3

is piecewise continuous on the interval [0, 3].

whereas the function

IR, w1 € b
ﬂ”—{t+z s 2

Is not piecewise continuous on the interval [0, 2].

Exponential order

- €Xponential order. We

Taking M = n!/gn
exponential order.

(G ==
a,

we ﬁnd
that every term Of a polynomial

Similarly we can sk ¢
ik gk PR s gk pps
* ©“Xponential order.




ter 6. The Laplace Ty
pte

ansform apq ; e
s 2 M and jtg Apphcatmns 291
) i /’-’——\\K‘_.M__‘
' hich is piecewise t _
ction W °% Continuous gpq of : e+ N
A fll” : Cxponentml OF(ICI‘ is said to
i) 5 function of class A. said to
ea

/62,2 Definition and notation

) Let f(t) be a contim?()us Or sectionally continuous function of t defined over
the interval. [D, OO), then the Lap[ace t'f'(lnSfOT'm of f(t) e = quCtjon 1"’(8) 5
: | pother variable s defined by
; T
5 | F(s) = /0 XB(=st) F(t)dt = lim /0 L :
.i ‘ 4
| Itisto be noted that the existence of Laplace transform of a function depends
on the existence of the defining integral. It is clear that every function may
not possess its Laplace transform.
. Notation: The Laplace transform of 4 function f(¢) is denoted by any one
| ofthe notations F(s), f(s), L{f(1)}, LI @], L{f(); s}. The functions f(z)
| and F(s) are referred to as it Laplace transform pair.
'Theorem
1 The Laplace transformation operator L is a linear operator.
Proof
Let f(t) = lel(t) ar szz(t), (<7 <ias: Then
53
L{ift)} = / exp(—st) {c1 f1(t) + cafa(t)}dt
J0 s
oo
& = 01/ exp (st} f1(t) * 02/0 exp(—st) fa(t) dt
0
= al{fi} + cL{f:}
Wik sh il
rt OWS that the operator L is linear.
{ : :
* . it the existence o
; NeceSSary and sufficient conditions for tl
place transforms
4 by
Qess
o Tb Y Condition ,~ | a5 2
e e -3. &Ile 5 fa function f t y o
iy thec.essamy condition for the existence of L.T. o other words the
1 .

ist. In
1 W PTOper integral [ exp(—st) f(t) dt must exis
&ra] i g 0 ' g i

O XD e (t) dt must exist for all valu
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Sufficiency condition

Sufficient condition for the existence of Laplace transform of a lum:“rm 18 that
it should be a function of class A. i.e. it should be piece-wise continuous and

of exponential order.

Proof

Let f(t) be piecewise continuous in the interval [0, T') and be of exponential
order ¢. Then it will be integrable over [0, T'] and moreover

|/ (t)] < M exp(ct) for t > ¢,
Therefore
|exp(—st) f(t)] < M exp|[—(s — c)t] for t > t,.

Hence

IE(s) = |L{f(t)}] < ’ /0 Y exx;(—st) exp(ct) dt’
< M,‘/Ow exp[—(s — c)t] dt‘

——-—|~, provided s > ¢ .
c

|s —

where T > 0.
Corollary

From the above it follows that limag .o F(s) =0.

This result is quite general and can be proved for the Laplace transform of any
function, whether satisfying the conditions of the above

; 3 theorem or not. Hence
i6 follows from this result ( corollary ) that if F (s) is any function of s such that

its limit as s — oo doeff not exist or i; not zero, then it cannot be the Laplace
transform of any function f (t). Hence functions such as F (8) = ag +ays +

a28®+ - +ans™ orlns, €. si '
9 Qn » & Sl S, coss cannot be Laplace transforms of any
form of some

functions. On the other hand a rationa] function is Laplace trans

function if the degree of the numerator i less than that of the denominator.
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6.3 Laplace Transforms of Some Functions and Ba
sic Results

" 6.3.1 Laplace Transform of a constant

If f(t) =k, then
o0 T’ |
Lif{t)} = / exp(—st) kdt = k lim exp(—st) dt
L. Y &
i et exp(—st)

T—o00 —8

0

Bin k
= im0 -ep(-em) =3

where it has been assumed that s or Re s > 0; otherwise the limit will not
exist. Hence we can write

L{k} =k/s, s>O0.

6.3.2 Laplace transform of a positive integral power of ¢

First we will calculate Laplace transforms of ¢ and t2 and then use these results
to obtain L{t"}. '

(i) Let f(t) =t, then using Kronecker's rule for integration by parts .

Q

L{t} = /O“?;chp(_st)tdt: [ﬂ;ﬂ_le_x%(;—;t_)]
- oo (-3)-

Where we have used the result lim (¢"e~**) = 0, as t — oo and for Res > 0.

co

0

V(i) Let J(t) = t2, then again using Kronecker’s rule

L{t?} = " exp(—st)
0
' oF —st
- [P gyt 2O
= 0+0+5=73 '
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6.3.3 Laplace transforms ol exponential an | trigonometric fun

Ltions

‘-\';}n»x‘(' it 18 :L\:w!lm"'«ﬂ tlx.'u iR

Lt

(ii) Let f(t) = sin kt. wh '
(1) Let J \.\,) sin Alf where k is a constant. In calenl ! 1011
L1 CELIC1L i 1114 i ¥ £ LIAall (e e

B ndon B il s tin e ' |
fl.ll" sin £t and cos kt we '.l'(“ use the t”“”\v?pn' f : :
. viiag “)!;l!‘\li:l"\
/ (xx})(\[lt } COSs {"[ (’I'} Q",\;!h (‘ ]
J 4 - ‘ ‘" 3 i
and
(,'X})(JL!.} sinbt dt - il'.\‘.g\ at)
- By - a <i -?,' 5
a® 4 p2 14 i1l Ol b cos b

By definition

L{sinkt} = [® g\



L{coskt) = / 2 exp(—st) cos kt.dt
0

exp( - st)
8 + k?
8
g

(~scoskt + ksin kt)”
0

v6.3.4 Laplace transforms of hyperbolic functions

These can be calculated using the “efinitions

() -chg-u) L i, {elip(i) +2exp(—kt)

We obtain

L(dnhkt)-;;—f—k, and L{coshkt} = ——y
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- : ‘ :
s L vl —at) exol(kt) f(t)adl
{ it"\iw_k'fé_{:f?_} / exp(—st) expi t) S (¢

o 2

g\:;, f‘ti “{ j‘»f' '['

J0

,'.q‘ + - ' »

/ expl - &'t) f(t) dt where s =3 k

F(s') = F(s - k) & L{J ()} ,s0-&

Rule of scales

2 . ‘ i inction s ; nt )
It enables us to calculate Laplace transform of a function of the form f(at)

where a > 0 is a constant. It states

L{f(at)) (1/a) L{f(t)}, a> 0
Proof
L{f(at)} = / exp(—st) f(at)dt, a>0
.{FV‘: ’ r. 3 y 4
/ exp(—st/a) f(t') dt'/a, at =1t
Jo
1 OO0
/ exp(—s't’) f(t')dt', where s’ = s/a
B s
= - / exp(—s't’) f(t') dt’
“ J0
i
- [_{faf!}. a>0

6.4 Laplace Transforms of Derivatives and Integrals

6.4.1 Laplace transforms of derivatives of a function

The following theorem provides states the sufficient conditions for the existence
of Laplace transforms of derivatives of a function.

Theorem

(i If f(t) is continuous and f’(t) is piecewise continuous on the interval
10, oo), and both are of exponential order, i.e. both of order exp(az), then

L{f'(t)} = s L{f(t)} ~ 1(0) = sF(s) - f(0)

(i) If f(t) and f'(t) are continuous and f”(t) is piecewise continuous on the
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Apphcations

in(hr\’”ﬂl {(), OC:). m‘ld !\“ are nf Q’X‘)‘)!\(\I]lu‘j order. 1¢ both o i
7 2 8 2\ . 1
L{f"(t)} = s"F(s) - s£(0) - f'(0)

'\11” It f(” f'\”- f’\“ .y _f" ) are continuous and (1) B plecewise
continuous on the interval [0, o), and all are ' i
of order €™, then

of exponential order, 1.¢
f (n) 5 * . ¥ 1 » 3 3
L{f*™™(t)} = s"F(s) - s""f(0) - s}

Proof

Using definition and integrating by parts
» 0
L{f (f)} = / expl st) f"(‘ff! dt
0

= exp(—st) f()g - (—= / e ™ f(t)dt
= —f(0)+ sL{f(t)} = aF(s) - f(0)
where F(s) is the Laplace transform of f(t).

(i) Again using definition and the result (i) above, we have

L{f"(t)} = L{g'(t)} = sG(s) — 9(0)

where g(t) = f’(t) and we have used result (i) above and G(s) = L{g(t)}
Now

6(s) = L{g)} = L{f'®) = s Fls) — J(O)

Therefore on substitution, we obtain
L{f"(t)} = s[sF(s) - f) - £(0)
= &*F(s) — sf(0)] - J(0)

i) By repeated application of the results (i) or (ii) we can derive this resulit

| b4.2 Laplace transform of the integral of a function
900 < [* f(r) dr, then
| ‘ 1
L{g(0)} = 7 LIO)
:’0 Prove this theorem, we note that by fundamental theorem of calculus, W&
g s f(t). Therefore /
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But .
g(0) = /0 f(r)dr =0 and gt) = Fit)
: J )

Hence I
: Lig()} = sLig®)} == Lig()} =3 LB}

or finally

6.5 The Inverse Laplace Transform

If F'(s) is the Laplace transform of f{t), then f(t) is called the inverse Laplac
transform of F(s). The inverse Laplace transform of F(s) is denoted by

L-Y{F(s)} = f(2).

In calculating inverse Laplace transforms of functions, we make use of ou
knowledge of Laplace transforms of simple functions, and develop special meth-
ods. The following table summarizes the results on Laplace transforms.

Table of Laplace Transforms

f(¢) F(s)
L.~ 1/s, «8> 0
£ | L/ i)
(n = positive integer) | ° _

-ekt ' 1/(s—k), s>k
sin kt k/(32 +k2), <3G
(?oskt s/(32+k2), s
T E/(s2~ k%), s> |y
S (8"~ k%), s> |

7 okt VI;(S-—IC), s>k

n nj(s—k n+1, s |
LRI T Sl T o 1(0)




: UL?:iglthe result L{ta} e (a/s) L{ta—l}: (3 > 0, & > e
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e thhOd of par tial fl'&Ctit)DS may also be Xt
ed Cu

Izmnsfoml This is illustrated in example 4 below. lating inverse Laplace

55.2 Applications to initial value problems

The Laplace tr?.nsform§ have wide applications in initial and boundary val

problerms asso'clated w1t‘.h o.lfdinary and partial DEs. Their simplest app‘lljti
ations and direct applications are in the solution of initial-value problems
onsisting of an QDE subject to initial conditions. Such applications are illus-
rated 1D example 5: The results on Laplace transforms and inverse Laplace
ransforms discussed in the preceding sections will be used in these examples.

6.5.3 [llustrative exainples

Example 1

(a) Calculate the Laplace transform of &, where a is any real number.
1/2, B o
A ‘ 2 £

Solution }(QQ ”
)

(b) Derive the Laplace transforms of t*/2 and ¢~

L{t*} = [3° exp(—st) t* dt

Making the substitution st = u 01t the right side, we have

, Ta+1)
0 a du 1 e % @ ot
wey= [T (3) T T E W
0 3

. N o e -1 4.
where we used the d eﬁnition Of the ga[nma functlon F(I) = fO e u du

) This follows from (a) by noting that |
| ! PRU, B |
| W= vz, L{pey = (1/29) JIs, L) = RIS - A g SRS
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Sinee ki an odd posibive integer, wo can put k =« 2m+ 1, where m is a positive
-

lnlc-';_m

. 2 ‘ 1/2 m 2 o
l:{/’/}} I’{/H.‘I/,.) i "/ l:{f l/ } o L E_

l(ulnml.ml n]n'»h- ation of the same reanlt gives

- 9 vl - 349 3/2 1/2 ik ol g
| l/.’. " l/.? 1 : 3/, . / / L{[- 1,/3} e 'f.‘\,__ X

5 3

l«".“/’,)

{

Using the result {1 ’/"’} \//l/u, we obtain

ll‘l“/j} (2 | 1) (’,’,:_n._ l) (2{,, 3) --. 3.1 E
(23)"3-41 3

Blh=2)(kedl +8 .1 [m
1T T gh+2

Example 3

Find the inverse Laplace transforms of the following functions.

(n) 1/(a? 4 24), (b) a/(s* + 2s).

Solution
() g ) il # 1
842 5949 4+1-1 (s+1)2 -1
Hence F'(a + 1) = 1/[(s 4 1)? ~ 1). Therefore with k — -1

L™ F(s+1)} = exp(kt)L ' {F(s)} = exp(~t) L™? {;71??} = exp(—t) sinh¢

where we have used the shifting theorem.

(b)
8 S 411

P42 +1P-1 GriF-]

Hence
841 1

(e+1)4 -1 (s+1)P—1

1"(8 I l) =<

and therefore

EUR D) = apg i { pen-nz{ 1)

8% - 1 s
exp(~t) cosh¢ — exp(—t) sinh ¢

where we have uged the shifting theorem

—

&3]

7))
&
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Example 4

We have

Calculate L~ {(s +4)/(s? + 3s + 2)}.

Solution

which gives

Therefore

s24+3s+2

Example 5

Solve the I.V.Ps:

2+3s+2 (S+1)(3+2):s+1+

s+4=A(s+2)+ B(s+1)

Putting s + 1 = 0 and s + 2 = 0 successively, we obtain A =3 and B = —2.

o
3exp(—t)L7! {%} — 2exp.(-—2t)L'1 { S
3exp(—t) — 2exp(—2t)

where we have used the shifting theorem and the result L™ {1/s} = 1.

0, u(0)=1

Solution

(a) We take the Laplac
W ~ 2y = 0, and obtain L{v'} - QL{U} =0

U(s) - u(0) — 2U(s) = 0

(b) u”+4u' +3u=0, u(0)=1, v (0)=0

e transform of both sides of the differential equation

Using the formula for Laplace transforms of derivatives,

Now using the initial condition u(O)

| Yo -~ 2) = 1 which gives U(s) = 1/(s —2)

: Whel‘efI‘Om

ll.(t) = [-1 {1/(3 5 2)} = exp(Zt)

!
1
i

we have

=1, we obtain
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vaxt using Lthe lorn i
f i f s* | 4 i F |
e iAW
' Uls & wil)) w0 d{al/(s uil)
O On using Lhe given (nitial condition:
o’ l/ia - ST
o
! - fa i
e
Al
8* 4

Hence on taking inverse | aplace transf

wil) = L !{

»
P O

On putting » + |

s+ 4
!Jto"‘
s+ 4

Oand » + 3

32 B 1/2 Therefore we have

s+ 4

1|

8.5.4 Exercises

i. Compute Laplace transforms of the fuﬂmvm; funetac

(a) ®in® wt,

(b) cos®

rn

:
g

4s +

T

'

oblain

U obe alter the other

A L ot ]
[ (o4 1){a+ 3) ] ¢ J

i

e T

{ " i

) é
1] :

&
'y p

W

1§71

i
:

Bl«u‘: (W |

{P ]

]
i

£

s i
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(d) cos(wt - ¢), (e) e2(t+1)

2. Find the Laplace transforms of the following functions

(a) sinwt e—2t, (b) cos 3wt et (c) et ¢4,
(Hints for solution
-3t _s s .
(2a) L{e ™ sinwt)} = L{sinwt} |, ,, 0= w/(s? + 45 + 4 4 w?)
(2¢) L{e*t'} = L{t4}), 3 = 4/(s - 3)". A yg BN
z (/ 7,“"-'1 .
3. Derive the Laplace transforms of t/2 and t~'/2 from definition. j e J¢ j /"//

(Hint: Use the substitutions st = x, where z > 0, and z = y* and the result «

JI® et gt = /7).

e ¥ 7( /r"
Find the inverse Laplace transform of the following functions: y , A / 7/

4. s/(s+2as +b?), 5. 1/(s?+2s+ 10). dive /'// 2
6. 1/(s®2—4s+8), 7. s/(s?+ 68+ 13). o Eam
8. (2s4+3)/(s+4)% 9. s¥/(s=1)". [ f’" ( * /-"
10. (2s — 3)/(s? — 4s + 8).

Use the method of partial fractions to calculate inverse Laplace transforms of

the following functions: /," oL | ‘
0. - 2R 12. /(e -4). ° A / )
B (s+3)/fs(s?+2), 14 4/[s(s + 1) P g
15. Solve the I.V.Ps: | ) :/ﬂ / :
(8) ' +2u=0, u(0)=1 Mt i

B tgu=0, u0)=0, w(0)=1

6.6 The Convolution Theorem and its Applications .

5.6.1 The unit step function
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1 H(1-1y)

v

¥

—~

Figure 6.1: Graph of the unit step function H(t — tg).

by the relations
1, 2%

H(t_t"):{ 0, t<to

It is clear that the step function is discontinuous at t = to, (see fig. 6.1)
Some important properties of the step function are illustrated by the following

examples.

To illustrate the a plication of the unit step function sketch the graphs of the
following functions:

(a) H(t)t?, (b) H(t—1)t?, (c) H(t - 2) ¢

. # t>0 .
(8) f(ty=H(t)t? = { & o<t The graph is shown in fig. 6.2 (a)

1>}
(b)_,,_f(t) =H({t-1)t*= { PPt The graph is shown in fig. 6.2 (b

7 . ¥, >3
(c) f(t)=H(t-2) 3 = { o i€3° The graph is shown in fig 62 (¢}

6.6.2 The convolution theorem (or Faltung theorem)

If f(t) and g(t) ave piecewise continuous functions over the interval [0 a0}
then their convolution denoted by f#g is a function of { defined by the e

t
[rg= /o f(r)glt - 1) dr

From this definition it is easy to prove the following results:
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e —— s e ———
S

Jw Thy
(a) f(t)':-f‘ H(ue? - (a) f(t) ;= H(t)t? ;
A f(t)
1+
: 1 >t
(a) f(t) = H(t?

Figure 6.2: Graphs of the functions (a) H(t)t?, (b) H(t-1)t?, (c) H(t—2)¢3

(i) frg=g*f
(ii) fr(g+h)=frg+fxh
(iii) fx(gxh)=(fxg)xh

Proof of (i)

¢
frg= [ f@olt-7)dr
We put t — 7 = t/, so that —dr = dt/, and obtain
¢ / /
frg = [ f=0)g) (-dt)
t
t
= | flt=1)g(t)dtl
0

= gxf, by definition

Results (i) and (iii) are left as exercises for the student.
Lemmg

W eed the following result Lo prove the convolution theorem. .

frg= [ He=T) el -

‘__..‘
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where H is the step function. |
¢ step function viz. H(t — )

=0

Using the defining property of the uni
when t > 7 and = 0 when t <7, W€ have

frg = fotf(f).f/(t*”)d"

2 /OtH(t—T)f(T)g(t"T)dT’ (t-720)
- [ ae-ns@ae-nd

+ [ HE—) ) ot =) dr

i /OOOH(t _ 1) f(r) gt —7) dr, QED.

6.6.3 The convolution theorem

Statement

If f(t) and g(t) are piecewise continuous functions over the interval [0, T),
where T is any arbitrary positive number, and are of exponential order, then

t
wsest=1{ [ 1) ot =)} ar = Fi5) 600
The same result can also be stated as
L™MF(s)G(8)} = f g
where f(t) = L~ {F(s)} and g(t) = L-1{G(s)}.
Proof

We will prove that

L{f g’ = F(s) G(s)
By definition -

Urs) = [ i) fuga

i t
= ~st
/0 i /of(T)g(t"T)drdt




we have

L{fxg} = ‘/000 [/O'ooe;cp(—st) H(t—7)g(t - T) dt} f(7)dr

Lett —7r=¢, thep on substitution, we have

L{f g}

where using the
H{t') =1 for ¢ B

—_—
f—

/0 ; Uj SXP=s(t'+ T) H(t') o(¢) dt'} f(r)dr
/0‘00 e T [Amexp(~st’)H(t’) 9(t) dtlJ F(r) dr

property of step function that H(t')
0, we have

I, exp(~st) H(#) o) ar' = g

Therefore

6.6.4

L{f * g}

= for ¢ < 0iand

i /0 T amer [ /0 e gy dt’] e

) o
= / e " f(r) dr / et g(t’) dt/
0 0

Il

F(s) G(s)

Ilustrative examples

Example 1 ¢~

Calculate the following convolutions.

(a) txexp(t), (b)txsin2t, (c) sin2texp(~t)

Solution

(a)

txexp(t)

| .
[ repi-rdr=op@) [repcna
) 0
0

exp(t) [r {— exp(~tauw)} — {exp(~taw)} - Uls

exp(t) [1 — exp(—%) (1 + )]

____—-d
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”nj
1
f & uin 21 /‘/ sin 2(1 T)dT
Jo
. e d RCEl
cos 2(t — ) _ sin2(t '>H ‘
l ‘ g 0
: & t - 1 sin 2t
n t cosl 4 :/ SN e 2. f
| c L g
(tcost — sin 2t + sint)
Y
(¢)

Use the formula for the integral of exp(az) cos bz given in appendix A.
Foxample 28

Using the convolution theorem, calculate the inverse Laplace transform of the

function

9 2

® were © G |

Solution

(n) Writing H(s) = F(s) G(s). With F(s) = 1/s* and G(8) = 3/(s%+9?), we
have f(t) = t and g(t) = sin 3¢,

I'herefore by convolution theorem

W) = 1(t) % g(t) = /) S(t-T)g(r)dr

g/
/(I. 7) 8in 37 dr
()

( I,(:n.".siiir“ { "1‘(7:()33r sin 37\ [
3 il "
;»ilxISL [ |
e g (3t —~ sin 3¢)

(b) Here H(s) 8/(a* | 9% With F(s)

. y . 8 : ¥ LI
wo hiwve f(t) = condt, g(1) A el 8/(s* +9), and G(s) = 1/(s* +9)

Fherefore by convolution theorem

It L1 :
Wt) {H(s)} « J(t) & g(t) ,l‘ / cos 3(t - 7) sin3r dr

0

| /‘ |
- (cos 3t cor B i ;
g Jo CO8 37 + gin 3¢ SIndr) sin 37 dr
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pe—

1. b
a2 /0 (COS 3t cos 37 sin 37 + sin 3¢ sin? 37-) dr

T t Ry 2 s
-~ cos 3t / sin 67 dr + -1~ sin 3t / E—-EOiGL dr
0 3 0 2

I

,_.@

— L. sin 67 |
= §Ecoth(l~—_cos6t)+gsmiit (7‘— ; )

0
1 1
Tt - coth+coth]+6tsm3t

— gt sin3t

pe
/
1

Example 3

Use convolution theorem to calculate the Laplace transform of _

f(t) =[5 (t — B)%P sing dp

Solution .

By definition of convolution, f(t) = t3 x (e! sint). Therefore
L{f(®)} = L{*}L{e" sint} = -; (L{sint})

| B e 6
'i T T e T v

Lk

s—s—1

‘ 6.6.5 [Exercises Crf

| 1 Find the Laplace transform of the given integrals

a) [}(t—pB)sin3BdB, (b) [, exp[—(t—B)]sin Bdf.

2. Find the inverse Laplace transform using the convolution theorem or oth-
erwise,

42— 2], () Y +DA (@ (- 12

3. Show that ; e g9
Sl P e
I{T}*Af()d —ﬁ,ﬁ&/(u/]

-(Hi“ti use convolution theorem with G(s) =1/s )-

.ﬁ‘l{F(s} / {/fA)dA} ¢
/hwj Sl “1"’”6""”“ i g

L Show that
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Ans. ylt at + (a/3M 3
7 hve the intasval - a
ve Lhe integral equation by using convolution theorem
- S |
2 : B of # - - -
' Jit) 4 | ol ]

T - B bw Lank
» >oive the D Es. by Laplace transform method
A '.,‘ 4 . ‘A"?‘ { "’ {
N .’ - “l’..' I }l‘ ’ £l
7 f ‘./ ¢ b 4 3 P
7 £) + XY

In each case discuss the physical significance

:AHS. (b) e “;,»A! + o3t 4 ;: : e "d
9 Solve the ;'vfz“."i“!ﬂ

,*‘ i ,.jj,' ,,‘!’ - v () y (0 V1

and discuss the case when

| O for other { values
(Ans. yl! woswt + (i/w)snwt + (1/w) flit) asinut )

10. Solve the ;uhunmg«'mmu.\ ;mJJrun with sero initial « onditions 1 e wlidl
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