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DESIGN AND ANALYSIS OF EXPERIMENT I

Experimental Design

Experimental design is the design of any information gathering exercises where variation is
present whether under full control of the experimenter or not. However, in statistics these
terms are usually used for controlled experiments. In the design of experiments, the
experimenter is often interested in the effect of some process or intervention on some objects,
which may be people, parts of people, groups of people, plants, animals, materials etc. Design
of experiment is thus a discipline that has a very broad application across all the natural and
social sciences.

Design means a statistical plan to get observations relevant to the experiment. The plan
usually means

1- Selection of Treatment

2- Specifications of Layout

3- Allocation of Treatment

4- Collection of data analysis

Thus design is logical structure of experiment for the collection of data in an experimental
way. A good experimental design is one i.e.

1- Experimental conditions are free from any systematic error.
2- Minimum experimental error for free cost.

3- The inference have wide range of validity.

There are two types of experimental design.

1- Systematic Design

2- Randomized Design

The basic randomized designs are

e Completely Randomized Design (CRD)
e Randomized Complete Block Design (RCBD)
e Latin Square Design (LSD)

Experiment

The word experiment is used in quite different sense to mean an investigation where the
system under study is under the control of the investigator. This means that the individuals or
material investigated, the nature of the treatments or manipulations under study and the
measurement procedures used are all settled, in their important features at least by the
investigator e.g. clinical study, fertilizer treatments.

Observational Study

The allocation of individuals to treatment groups, are outside the investigator’s control e.g.
Penal of interviewers, payment, cash withdrawals

Experimental Unit




DESIGN AND ANALYSIS OF EXPERIMENT I

A unit or experimental unit in a statistical analysis refers to one member of a set of entities
being studied. It is the material source for the mathematical abstraction of a random variable.
Common examples of a unit would be a single person, animal, plant or manufactured item
that belongs to larger collection of such entities being studied. More formally they correspond
to the smallest subdivision of the experimental material such that any two different
experimental units might receive different treatments.

Treatments

The treatments are clearly defined procedures one of which is to be applied to each
experimental unit. In some cases the treatments are an unstructured set of two or more
qualitatively different procedures. In others including many investigations in the physical
sciences, the treatments are defined by the levels of one or more quantitative variables such
as the amounts per square meter of the constituents nitrogen, potash and potassium etc.

Response Measurement

The response measurement specifies the criterion in terms of which the comparison of
treatments is to be effected. In many applications there will be several such measures.

Experimental Error

Experimental material is subject to variation. Experimental error is the measure of variation
which exists among observations on experimental units treated alike. There are two source of
variation

1. There is inherent variability persists in the experimental material.

2. Variation due to lack of uniformity in the physical conduct of experiment.

Efforts are made to improve the power of the test, decrease the size of the confidence interval
and others good results.

Principles of Experimental Design
The three principles of experimental design are:
e randomization, to ensure that this estimate is statistically valid,;
e replication, to provide an estimate of experimental error;
e local control, to reduce experimental error by making the experiment more efficient

Randomization

Randomization is the random process of assigning treatments to the experimental units. The
random process implies that every possible allotment of treatments has the same probability.
An experimental unit is the smallest division of the experimental material and a treatment
means an experimental condition whose effect is to be measured and compared. The purpose
of randomization is to remove bias and other sources of extraneous variation, which are not
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controllable. Another advantage of randomization is that it forms the basis of any valid
statistical test. Hence the treatments must be assigned at random to the experimental units.
Randomization is usually done by drawing numbered cards from a well shuffled pack of
cards or by drawing numbered balls from a well shaken container or by using tables of
random numbers.

Replication

By replication we means that repetition of the basic experiments. For example, If we need to
compare grain yield of two varieties of wheat then each variety is applied to more than one
experimental units. The number of times these are applied on experimental units is called
their number of replication. A replication is used:

I. to secure more accurate estimate of experimental error, a term which represents the
differences that would be observed if the same treatments were applied several times to the
same experimental units.

ii. to decrease the experimental error and thereby to increase precision, which is the measure
of variability of experimental error

2
iii. to obtain more precise estimate of the mean effect of a treatment, since oy = % where n
denotes the number of replications.

Local Control

It has been observed that all extraneous source of variation are not removed by randomization
and replication, i.e. unable to control extraneous source of variation. Thus we need to a
refinement in the experimental technique. In other words we need to choose a design in such
a way that all extraneous source of variation are brought under control. For this purpose we
make use of local control, a term referring to the amount of (i) balancing, (ii) blocking and
(iii) grouping of experimental units.

Balancing:

Balancing means that the treatment should be assigned to the experimental units in such a
way that the result is a balanced arrangement of treatment.

Blocking:

Blocking means that the like experimental units should be collected together to far relatively
homogeneous groups. A block is also a replicate.

The main objective/ purpose of local control is to increase the efficiency of experimental
design by decreasing the experimental error.

Completely Randomized Design(CRD)

A completely randomized design, which is the simplest type of the basic designs, may be
defined as a design in which the treatments are assigned to experimental units completely
random, that is the randomization is done without restrictions. The design is completely




DESIGN AND ANALYSIS OF EXPERIMENT I

flexible i.e. any number of treatments and any number of units per treatment may be used.
Moreover, the number of units per treatment need not be equal. A CRD is considered to be
more useful where

i. the experimental units are homogenous
ii. the experiments are small such as laboratory experiments
iii. some experimental units are likely to be destroyed or fail to respond

Experimental Layout

The layout of an experiment is the actual placement of the treatments on the experimental
units, which may certain to time, space or type of material. Suppose we have k treatments and
the experimental material is divided into n experimental units. We shall then assign the k
treatments at random to the n experimental units in such a way that treatment z; is applied r;
times, with Y. r; = n. When each treatment is applied the same number of times, then
rn=r,=--=1r=rand ) r, =rt =n.Usually each treatment is applied equal number of
times.

An example of the experimental layout for a CRD using four treatments A, B, C, D, each
repeated 3 times is given below:

C A B D
C B C A
A D D B

The result or response of a treatment which may be a real yield, the gain in weight, the ability
etc. is generally called yield and is represented by the letter Y.

Statistical Model and Analysis

Each observation may be written in the form
Y:M+T+e {j:l,Z,...,T
H LT li=12, ..t
where u represents the true mean effect, z; represents the effects of the treatment i and e;;
denotes the random error, normally and independently distributed with mean 0 and variance

o2,

Formulation of hypotheses:
HO: T; = 0
Hy:t; # 0 foralli

Level of significance:

a = 0.05
Test Statistic:
st
F = =
Se
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S.0.V d.f SS MS F
Treatments t—1 SST 2= SST st
ft-1 T 52
Error n—t SSE , SSE
sé=——
n—t
Total n—1

Y? 2 1 2
C.F==, TSS= § ZYU-—C.F, SST:—§ Y?—C.F
n r

SSE =TSS — SST
C.R:
F= F(a,t—l,n—t)
Conclusion:
If calculated value of F falls in the critical region then we reject H,,.

Advantages of CRD

o Very flexible design (i.e. number of treatments and replicates is only limited by the
available number of experimental units).

e Statistical analysis is simple compared to other designs.

e Loss of information due to missing data is small compared to other designs due to the
larger number of degrees of freedom for the error source of variation.

Disadvantages of CRD

e If experimental units are not homogeneous and you fail to minimize this variation
using blocking, there may be a loss of precision.

e Usually the least efficient design unless experimental units are homogeneous.

e Not suited for a large number of treatments.

Estimation of Parameters

We estimate the parameters of the statistical model of CRD using OLS technique.

Differentiate w.r.t fi

as
Putﬁ = 0, we get
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t r
ZZZ(YU_'& ft):
i=1j=1
t r
ZZ(Yij_ﬁ_fl):O
i=1 j=1
t r t
ZZYij—tru—erl=0
i=1j=1 =1

i=1j=1
t r
Yij—trii=0
i=1j=1
t T
=Y 3
i=1 j=1
ST
K tr
A_Y.._7
'u_tr_
T T T
A a2 A N
S—Z(Yu a—1t) +Z(Y21—M—T2) + +Z( ij —H
j=1 j=1 j=1
T
Y
+Z(Y” a Tt)

Differentiate w.r.t 7,, 75, ..., Tj, ... T¢

as
Puta—%1 = 0, we get

j=1

r
Z(Ylj A—1t)=0
j=1

T
ZYU—T“M T‘Tl—O
j=1
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r
ZY:U == Tﬁ +T'7?1
j=1

Yl. = T'ﬁ + T"fl (1)

as -
== =2 (== £)(-D
T2 .
j=1
s
Puta = 0, we get
-
j=1
T
Z(YZJ A—1t)=0
j=1
T
ZYzj—r,u—rTz =0
j=1
T
z Yy =i+t
j=1
YZ. = T‘ﬁ + T‘fz (2)
T
aS
3%, - —2 Z(Yij —fA—1)(-1)
j=1
as
Puta—%i = 0, we get
T
ZZ(YU —A-1)=
j=1
T
Z(Yij A—t)=0
j=1
T
Z Yij—rid—7ri;=0
j=1
T
Yij=ri+ri;
j=1
YV, =ra+ri; ©)
r
aS
a7, =-2 (Yt] u-—- Tt)(_l)

as
PUta_%t = 0, we get
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j=1
,
Z Yij—ri—rt; =0
j=1
T
z Yij=ri+ri,
j=1
Yt. ES T‘ﬁ + T‘ft (t)
Adding equation (1),(2),(i).....,(t)
Yl. = T'ﬁ + T"fl (1)
Y, =ri+rt, )
Yo =ri+ri (i)
Yt == T'ﬁ + T"ft (t)

From equation (i)

Expected Mean square Error for CRD

Fixed Effect Model
Assumptions:

2. E(eijegh) =0
3. 21?:1 T, = 0
Yij=u+r1 +e
SSE =TSS — SST
t T
TSS = 221/5 —C.F
i=1 j=1
2 2
C.F= (Zf=12§=1 Yij) _ (Zf=1 Z§=1(/¢l +7;+ eij))

tr tr

2
B (tru+r¥iin+ X, Y- e))
tr

10
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2
_ (tru+7(0) + X, =1 eif)
tr

_ (tru + Z§=1 Z§=1 eij)z

tr

2
tr

i+ i Yo+ 2tru N Xy ey + 2 Y e g Xjen €ijEgn
tr

t t
Zr2y? N Yic1 X1 €ij° N 2tru g Xj=1€ij N 292 xn€ij€gn
tr tr tr tr

t 7 2
Yi=1 Xj=1€ij

ZZitgz:j:theijegh
— +2uYt 1 2=t

tr

=tru® +

Apply expectation on both sides

r

XN ACTSD) - 2%ieg X jen E(eizeqn)
E(C.F) = E(tru®) + = E g E(e;) +
=1 !

tr 4 tr
tro? 2(0)
= tru® + +2u(0) + —
T+ ——+2u(0) + —
= tru® + o?
t r t r
Z YﬁzZZ(u+n+eU)
i=1j=1 i=1j=1
t r t r
Z 1/3:2 (,u + 17 + e? +2,url+2,ueu+2‘reu)
i=1j=1 i=1j=1
t r
= tru? +T‘ZT + Zeu+2r,uZTl+2/¢ZZeU ZZ Ti€ij
i=1j= i=1j= i=1j=1
t t
= tru? +T'ZT +ZZeU+2r,u(0)+2yZZeU 22 Ti€jj
i=1j= i=1j=1 i=1j=1
t t r
= tru? +T'ZT +ZZeU+2yZZeU+ZZ Ti€;;
i=1j= i=1j=1 i=1j=1

Apply expectation on both sides

11
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= tru? + rZE(TZ) + ZZE(eU) + Zuzz E(ey) + ZZZT E(eyy)

i=1j= i=1j= i=1j=

= tru® +rZri + tro? + 2u(0) + 2(0)

i=1
t

= tru? + T‘ZT-Z + tro?

i=1
r

E(TSS) =E Z —E(C.F)

i=1j=1

t

= tru? + rz 1?2 + tro? — tru? — o?
i=1
t

= TZTL'Z + (tr — 1)0?

i=1
ty?
SST === —C.F

r r
Y =zyij =2(H+Ti+eij)
=1 =1
r
=ru+rri+2eij
j=1

2
2 t T
i= 1Yl _ i=1(TH+TTi+Zj=1eij)
Tr r
(i +rif + Y ek 2rtur 4+ 2ru Y e + 21T Y e+ X egn)
_ &=l u T j=1%ij ut; u j=1%ij T; j=1%ij ]ihel] gh
Tr
_ trep® 4+ r? Zz 1TL +Zl 12] 1311 + 212 #Zl 1Ti +2rﬂzg=12§=1eij+2r25:12§=1eij+Zi=g2]=heijegh
r

tTZMZ +ri i TP N X el +2r2u(0) + 2ru X X ey + 2r Xiy Yioi Tiey; + Xieg Xjxn €ijegn

T
-, 0 z L5 2
e;ie
—tTﬂ +TZT + i=14&j=1 l]+2 ZZ%"‘ZZZH 1] Lig j#h €ijCgh
i=1 j=1 i=1j=1

Apply expectation on both sides

t

t
TEYT e
tru? +TZTi2 +%+2uz

T

t T
ZL#gZ]#h €ij€gn
T+ ——————

t y?2
E[—L_l l'] =E e +2
r
i=1 i=1 j=1 i=1 j=
t t r t r
PO ACH i -nE(e;e
i=1 i=1 j=1 i=1 j=1

12
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t

) , tro
=tru +r2‘ri + "

i=1

2

+2u(0) + 2(0) + (0)

t

= tru? +‘)"Z’L’i2 + to?
i=1

E(SST) =E [Zl 1 ll E(C.F)

= tru® +T‘ZTi + to? — tru? — o2
i=1

t

= rZTiZ + (t — 1)o?

SSE
E(MSE) = E [
E(SSE) = E(TSS) — E(SST)

t t

= TZTL'Z + (tr — 1)o? —rZTiZ — (t—1)0?
i=1 i=1
=no?— 0% —to? + o?
= (n—t)o?
2
E(MSE) _n-Hr _
n—t

o [SST Xt + (= 1Do?

E(MST) = —

rzl | T? +(t—1)a _rzl T2 g2
t—1 t—1 t—1

Random Effect Model
Assumptions:

7;~iidN (0, 62)
E(eU,egh) =0
E(eij,ri) =0
E(Ti,’[j) =0

M w0 e

Yij=u+r1 +e
SSE =TSS — SST

13
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t r
T55=ZZY5-—

i=1 j=1

Ea T ¥y)  C Tttt e))’

tr tr
2
(tru + er 1T+ Zf:l Z§=1 eij)
tr

C.F =

2
(tT.U)Z +r23(Xi 1Tz) + (Thy Yi=1 e;j) +2triu¥i T+ 2tru ¥y Yioie+2r X, Yo ey
tr

_ tzrzﬂz + r 1 1T1 + ZL 12 =1 el] + 2r2 ZZTLT] + Z#g Z]ih eljegh + 2tr /421 1Ti + Ztr# Zf:l sz:l eij +2r er;:l Z§=1 Tieij
tr

t
e ¢ 2 T Tl 23y Zl*ngihe”eguzm Hzﬂ o 4 2T ZimTiey
t tr t ‘L it t
i=1j=

Apply expectation on both sides

rY E@?) YL YT _E(?) 2r3YE(mtT) YisonienE(ejie d
E(C.F) = tru® + L—lt (I.)+ i=1 jtrl (U)_l_ ; (T ])+ i#g j:tl;r (eij gh)+2rqu(T

+ Z#Z Z E(ey) + 2= 2j=1 E(rie5)

Y. t
i=1j=1

, , Ttaf  tra?
= tru? + —+
t tr

= tru®> +ro? + o2

t T t r

2
WML
i=1j=1

+0+0+0+0+0

i=1 j=1
t r t r
z Y. ZZM + 17+ e? +2,url+2,ueU+ZTeU)
i=1j=1 i=1j=1
t r
= tru? +r21 +ZZeU+2ruZn+2yZZeU 2221@-]
i= 1] i= 1] l=1]=1

Apply expectation on both sides

. rzE(Tz) +ZZE(el,) ¥ ZruZE(n) ¥ 2#2215(%)

11] i=1 j=

+ ZZZE(Tieij)

i=1 j=1

= tru® + tra? + tra? + 2ru(0) + 2u(0) + 2(0)
= tru® + tro? + tro?

14
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E(TSS) =E iiyg —E(C.F)

i=1j=1

= tru® + tro? + tro? — tru® —ro? — o2
=r(t—1)o? + (tr—1)c?
t y2

SST = i—1Yi

Y —Z Z(,u+ri+eij)
r
=Tru+rT; +Zeij
j=1

i= IYLZ _ o (ru+rr + =1 eij)z
T r
X (P 4P+ X ef 4 2rPur + 2ru Yo e + 20T X e + Xjun €ijegn)
B T
trzuz + 2N T A Y Y el A 2rP N T+ 2ru N Yoy e + 2r X Yo Tier + Yiwg Xy €ij€gn
r

—C.F

t

M Z ejje
=tru2+rz e U+27'HZT1+2.UZZQU+ZZZT€U Zligz’ih ij7gh

i=1 i=1j=1 i=1 j=1

Apply expectation on both sides

t t T t T
l':_ YZ Z e . . e e
E[Zl_%] =F try2+rzfi2+#+zyz eij+zz Tieij+zl¢921:h ij€gh
i=1 i=1 j=1 i=1 j=1
Ziz1 Xje1 E(e]) A Sing yen ECeyeqn)
e;iie
= tr,u +TZ E(‘[ﬁ-}-#_kz ZZE(611)+ZZ E(T el])+ i#g &j#h ijcgh
i=1j=1 i=1j=1 r

2

tro
= tru® + tro? + +2u(0) + 2(0) + (0)
= tru? + tro? + to?
Zl 1 l
E(SST) = —E(C.F)
= tru® + tro? + to? — 1:7",u2 —ro? —o?

=r(t—1)oc2 + (t — 1)o?
SSE
E(MSE) = E [—
n—t

E(SSE) = E(TSS) — E(SST)
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=r(t—1)oc? + (tr—1)o? —r(t — 1)o? — (t — 1)0?
=tro? —o% —to? + o2
= (tr —t)o? = (n—t)o?

(n—t)o?

E(MSE) :?:O’

2

— 1)g2 —1\n2
E(MST) = E [SST r(t—Dof + (t— 1o

t—1

=ro? + 02

Estimation of Missing Observations

Case I: One missing value

T, T, T; T,
Y11 Y21 Yll Ytl
Y12 Y22 YLZ YtZ
Y Y Y Y,
: : Yoq : :
Yy, Y,, Y, Y,,
Y, ,, YetYa Y Yo [ Y +Yy
t ~ 2
C.F = (Zi=1 U) (Z ] 1 l] + ch)
tr tr

SSE =TSS — SST

SSE
vy

2V, + V)
Tr
2r¥eq —2(Y. + Yoq)
. =
2(r¥e — (Y2 + Va))

. =
r?cd - Yc,. - ?cd =0
(r— 1)?cd = Yc’.

~ Y.
cd — r—1

0+2Y.,—0—

16
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Case I1: Two missing Observations in same treatment

T, T, T, .. T,
Yll Yzl aes Yil es Ytl
Y12 Y22 “en Yiz “en Ytz
Y, Yy Yy . Yy
H . ch H .
Yef
Y, Yy, Y, .. Y,
Y Y, Yo +Yea + Yef Y Ye. Y..’ +Yeq + Yef
2 A ~ 2
CF = (2, Xi=1 Y;) B (2, Yi=1 Yt Yeq t+ Yer)
o tr a tr

SSE =TSS — SST
t

N 1 ~ ~ N2
Y5+ Y24+ ;’f—C.F—;[ Y2+ (Y. +Y+Y,) |+CF

=1

LV (Yt Tt Tp)

r r
i=1j=1
0SSE
_—— =0
Y4
. 2(Y, + V.4 + 7
0+27,,+0—-0-— (ve :d ef)=o
o 2Vl +Y g+,
Zch _ ( c. cd ef) -0
T
2 (T?Cd - (YC, + ?Cd + ?ef)) 0
. —
Tch - YCI - ch _— Yef = 0
(r—1DYeq — Yef =Y 1)
0SSE
_—— =0
0%,
. 2(V 4+ V., + 7
0+0+2%,,—0- (¥ :d ef)zo
o 2Vl 4+ Y+,
ZYef . ( c. cd ef) =0
Tr
2 (T'?ef - (YC’ + ?Cd + ?ef))

=0
r
100 =Y. = Poq = D0y = 0
(r— 1)}’}ef - ?cd =Y (2
Multiply (1) by r — 1 and add it in equation (2)
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(r=1D%q— (=Dl = -1DY!
_Acd + (r — 1)?ef =Y
(T - 1)2?6(1 - 1?cd = (T' - 1)Yc,. + Yc,.
(r=1D*=D¥y=(0~-1+DY
r>?=2r+1-1)Y, =17/
r(r—2)Y.,=1Y!

o
A rr—2)
- Y.

cd = r_z

Exercise
Estimate the two missing observations in different treatments.

Randomized Complete Block Design

The RCBD assumes that a population of experimental units can be divided into a number of
relatively homogeneous subpopulations or blocks. The treatments are then randomly assigned
to experimental units such that each treatment occurs equally often (usually once) in each
block (i.e. each block contains all treatments). Blocks usually represent levels of naturally-
occurring differences or sources of variation that are unrelated to the treatments, and the
characterization of these differences is not of interest to the researcher. In the analysis, the
variation among blocks can be partitioned out of the experimental error (MSE), thereby
reducing this quantity and increasing the power of the test.

Blocking technique

The purpose of blocking is to reduce the experimental error by eliminating the contribution of
known sources of variation among the experimental units. This is done by grouping the
experimental units into blocks such that variability within each block is minimized and
variability among blocks is maximized. Since only the variation within a block becomes part
of the experimental error, blocking is most effective when the experimental area has a
predictable pattern of variability.

An ideal source of variation to use as the basis for blocking is one that is large and highly
predictable. An example is soil heterogeneity, in a fertilizer or provenance trial where yield
data is the primary character of interest. In the case of such experiments, after identifying the
specific source of variability to be used as the basis for blocking, the size and the shape of
blocks must be selected to maximize variability among blocks. The guidelines for this
decision are (i) When the gradient is unidirectional (i.e., there is only one gradient), use long
and narrow blocks. Furthermore, orient these blocks so that their length is perpendicular to
the direction of the gradient. (ii) When the fertility gradient occurs in two directions with one
gradient much stronger than the other, ignore the weaker gradient and follow the preceding
guideline for the case of the unidirectional gradient. (iii) When the fertility gradient occurs in
two directions with both gradients equally strong and perpendicular to each other, use blocks
that are as square as possible or choose other designs like latin square design (Gomez and
Gomez, 1980).

18
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Whenever blocking is used, the identity of the blocks and the purpose for their use must be
consistent throughout the experiment. That is, whenever a source of variation exists that is
beyond the control of the researcher, it should be ensured that such variation occurs among
blocks rather than within blocks. For example, if certain operations such as application of
insecticides or data collection cannot be completed for the whole experiment in one day, the
task should be completed for all plots of the same block on the same day. In this way,
variation among days (which may be enhanced by weather factors) becomes a part of block
variation and is, thus, excluded from the experimental error. If more than one observer is to
make measurements in the trial, the same observer should be assigned to make measurements
for all plots of the same block. This way, the variation among observers if any, would
constitute a part of block variation instead of the experimental error.

Experimental Layout

Suppose there are k treatments and r blocks in a randomized complete block design, then
each block contains k homogenous plots, one of each treatment. An experimental layout for
such a design using 6 treatments A,B,C,D,E,F in 3 blocks might be as follows:

BLOCK | D B A C F E
BLOCK II C B E F D A
BLOCK III C F B D A E

Statistical Model and Analysis

As each observation in a RCBD is classified by the block to which it belongs and by the
treatment it receives, therefore Y;; represents the observation corresponding to block j and

treatment i.

The linear statistical model for RCBD is as:

1= 1,2,3,...,t
Yii=u+t,+p+e L’: 1,2,3,...,7r

where

Y; ;- any observation for which i is the treatment factor j is the blocking factor
u - the mean
;- the effect for being in treatment i
B; is the effect for being in block j
Formulation of Hypotheses:
Hy:t; =0
Hy:B; =0
Hy:t; #0
Hi:B; #0
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Level of Significance:

a = 0.05
Test Statistic:
v st _sh
1= 2Ty
S.0.V d.f SS MS F
Treatments t—1 SST 2 SST. st
Ft-1 h=5
Blocks r—1 SSB ,  SSB sp
R Fp = s2
Error t-Dr-1) SSE 2= SSE
" -Dr-1)
Total tr—1 TSS
Where

Y? 2 1 2
C.F=—-, TSS=ZZYU-—C.F, SST=—zYi ~C.F
tr r )

1
SSB =?Z ijg —C.F,SSE =TSS5 — SST — SSB

C.R:

Fy 2 Faie—1,(6-1)(r-1)

Fy 2 Fagr-1,(6-1)(r=1))

Conclusion:

If calculated value of F falls in the critical region then we reject H,,.

Advantages of RCBD

1. Generally more precise than the CRD.

2. No restriction on the number of treatments or replicates.

3. Some treatments may be replicated more times than others.

4. Missing plots are easily estimated.

5. Whole treatments or entire replicates may be deleted from the analysis.

6. If experimental error is heterogeneous, valid comparisons can still be made.

Disadvantages of RCBD

1. Error df is smaller than that for the CRD (problem with a small number of treatments).
2. If there is a large variation between experimental units within a block, a large error term

may result (this may be due to too many treatments).

3. If there are missing data, a RCBD experiment may be less efficient than a CRD

Estimation of Model Parameters
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Let i, 1;, B]- are the OLS estimators of y, 7;, 5; respectively.

5=Zt:zr:(yif—ﬁ—fi—ﬁj)2

i=1j=1

Differentiate w.r.t j, we get

as
Now put i 0, we get

i=1j=1
t T t r
i=1j=1 i=1 j=1
t T t T
DN XEOIIY
i=1j=1 i=1 j=1

<

j=1
T r
A oA 5)\2 .
+Z(YU_H Tl_.Bj) + +Z(Yt}_lfl
j=1 j=1
Differentiate w.r.t 7,, %5, ..., Tj, ..., Tt
r
as o A
= =2) (b=t~ f)(-1) =0
T

j=1
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r
—2) (hy—a—t—f) =0
j=1
r T
Zylj—rﬁ—rfl—z:ﬁ“j:o
j=1 j=1
r r
Zylj=rﬁ+rf1+2ﬁ“j
= =

Yl. = T‘ﬁ + T‘fl + Z;":l ﬁ] (1)
oS e oA
=2 (==t = f)(-1) =0
T2 .
j=1
r
_ZZ(YZj —h—t—p) =
j=1
r r
ZYZJ _r‘a—‘rfz _Zﬁ] =0
j=1 j=1
r r
ZYZj =rﬁ+rf2+2[§j
j=1 j=1
Y, =ri+ri, + Z§=1 3j 2)
oS . A
55 =2) (==t -B)-D =0

j=1

T T
ZYij—r/i—rrl— ﬁ]=0
j=1 j=1

T T

ZYU- =r/1+rfi+Zﬁ}

j=1 j=1

Vi =ri+ri+ X B )
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aS . A
F=2) (Yy—a—t =)D =0
Tt .
j=1
T
—2 Z(Ytj A _ﬁ]) =
j=1
r r
ZYtj—rﬁ—rft— ,[?j=
j=1 j=1
r r
ZYU =rﬁ+rft+z,@j
j=1 j=1
Y, =rd+rt + X1 B )

From equation (i), put X5, B; = 0 we get
Y, =ri+7ri;+0

rty =Y, —rQ

. Yoo
i =———

T Tr
7?1:_1._7

t t
S:Z(Yil_ﬁ_fi_ﬁl)z+Z(Yi2_ﬁ_fi_[§2)2+"'
i=1 i=1
t

t
+Z(Yij—ﬁ—fi _ﬁj)z +"‘+Z(Yir—ﬁ—fi _ﬁr)z
i=1

i=1

Differentiate w.r.t Sy, B, ..., Bj, ... By

as - o
=2 (==t = f)(-1) =0
b i=1

t
2 (Ga ==t~ ) =0
i=1

t t
ZY}l—tﬁ—Zfi—tﬁ1=0
i=1 i=1
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t ¢
ZYu:tﬁ-f-Zfi-i-t,él
i=1

i=1

Yy =ta+ Xt +thy (D)
t

as .

=2 (o= A=t = f)(-1) = 0

0p; i=1

i=1 i=1
t t
D Vo =ti+ ) i+ th,
i=1 i=1
Y, =td+ X%+ th, (2)

i=1 i=1
Y, =ta+ Xt +th ()
t
oS o
T 2 (Y =A== B)(-1) = 0

i=1
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Y, = ti + Zf:l fi + tﬁr (T‘)

Put f_, £; = 0 equation (j), we get

Y, =tad+0+tp

th; =Y; —th
Yt
i
réJ:Y-j—17

Expected Mean Square Error

Fixed Effect Model
Assumptions:

1. E(e;)=0
2. E(eijegh) =0
4. ;=1ﬁj =0
1= 1,2,3, v, t
Yii=u+7t+p;+e L =123 ...,1
SSE = TSS — SST — SSB
t T
1SS =) ) V- C.F
i=1j=1
5 2
B 0 V7D (0 0 M R R Y)
= o - tr

2
C(trutr Y+t X B+ Xie X ey))
tr

(tru+0+0+Xf Y7y eij)2
- tr
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_ (try + i Z;=1 eij)2

tr
2
_ tZrZ”Z + (Z§=1 Z§=1 eij) + 2tru Z§=1 Z§=1 €ij
tr
t r 2 t T
o + i=1 2 j=1€ij +Zi¢g2j¢heijegh Zze '
tr b
=1 =1
Apply expectation on both sides
LY E@F) + Xieg X izn Eeije R
E(C.F) = tr,u2+ i=1Z4ij=1 ( U) trlig j#h ( ij gh)+2'uZZE(eij)
,  tra®+0
=tru® + 0
tr
i 4 tro?
=tr
H tr
=tru’+o

~<
M~
gk
=
+
Rl
+
>
+
0
=

T

t
=Z (12 + 12 + B;° + e + 2ut; + 2upP; + 2ue;; + 21,8; + 21;e; + 2Bje;;)
i=1j=1

= tru? +rZrl +tZBJ +ZZ€U+2r,qul+2tyZﬁ]+2uZZeU

11] i=1 j=

2 S 2y Yrey+2Y Y ey

i=1j=1 i=1j=1 i=1 j=1

r

t
= tru® +r271 +tZ,B] +ZZ€U+0+0+2yZZeU+O+ZZZneU
i=1j= i=1j= i=1j=1
+ Z.ZEIZEE:ﬁUeLi

i=1j=1
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r

t
= tru® +rZrl +t2[3] +ZZeU+2uZZeU ZZZTieU

i=1j= i=1j= i=1j=1

+ ZZZﬁ]eU

Apply expectation on both sides
t

E ii)’j = tru? +TZTL +tZ’BJ +22E(el])+2uZZE(6U)

i=1j=1 i=1j=1 i=1 j=

+ZZZT E(el])+222/3]5(€”)

i=1 j= ll]

= tru? +T'ZTi +tz’8j +tre®+0+0+0
i=1 j=1

t r
= tru?®+ rZTiZ + tz,/jjz + tro?
i=1 =1
t r
E(TSS) = E ZZ —E(C.F)

i=1j=1

T
—tr,u +rz Z + tro? —tru —o?

Z Zr:ﬁ] + (tr — 1)o0?

SST—ﬁ

T
:ZY”: (bt +B+e;)= ru+rrl+2ﬁ]+zeu

_T/i+7”TL+0+ZeU —r,u+r‘rl+ZeU

—-C.F

2
i1 le _ f=1(7’/i +rT 4+ X eij)

r r
2
le (T'Z,u + T' T + (Z eij) + ZT'Z,MTi + 27",[1 25::1 eij + ZTTi Z}':l eij)
B r
le(rz,uz + T'ZTl'z + Z;::l eizj + Zjih el-jeih + ZT'Z,MTi + ZT"LI Z;::l el-j + ZTTi 25::1 eij)
r

_ trz.uz +r? Z T + Zf 127‘ leL] + Zl#g Z}#h €jjegn t 2r? .U'Zl 1T+ 2ru Zf=12§=1 e + 27’21{::12;:1 €ij T;
T
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_ tr2u? +r2 N tf + X Y el + ieg Djeneijegn + 0+ 2ru Xl Y e+ 2r X Y ey T
r
_ tr2u? + 2 N tf + X Yis el + Dieg Djeneijegn + 2ruXio i e + 2r N, Yo e T
r

Apply expectation on both sides
B tr2p? + 2N 1f + X Yo E(e2) + Tiwg Xjen E(eijegn) + 2ru Yo Xioy E(ei)) + 2r Xioy X1 E(e) 14

r
tr2u? +r2 Yyl P+ tra?4+0+0+0
B r
t y? d
E (—ZF; l') = tru® + rz 7 + to?
i=1

t yz2
E(SST) = E <%> — E(C.F)

t
= tru? + rZTiZ +to? — tru? — o2
i=1
t
= rZTiZ + (t — 1)o?
i=1

r 2

. Y“
SSB =%—C.F

t t t t
ZZYUZZ(,U+Ti+ﬁj+€ij):t,ll+z‘[i+tﬁj+z€ij
i=1 i=1

i=1 i=1
t

t
i=1 i=1

- _2
Yo Y; Toa(tu + B + Xiy ei))

t t
2,,2 2 t 2
(t 2+ 6287 + By eyy)” + 202uB; + 2tu Xi, ey + 2tB; Tk 1eu)
h t
t ru +t2 1.8] +Z 121 161] +Zl=g21$heljegh +2t HZ] 1.8] +2tHZ 1Z;=1eij +2t21¢=12;=1,3j€ij
t
B E2rp® + 2 Y B A N Nicr €F + Ding Xjsn€ijegn + 0+ 2tu iy Xioy ey + 2t Xioy Xy ey
t
_ t2ru? + 2 Y BY A X Dicr € + Ting Djzn €ijegn + 2tu Ny Xy e + 2t iy Xy Brey;

t

Apply expectation on both sides

B EPrp® + 2 Y B A Y i1 E(ef) + Ying Xjen E(eijegn) + 2tu Xioy Xy E(ey) + 2t Xioy Yoy BiE (ei))
t
tru? + 2 Y5 Bf +tra*? 4+ 04040

t
lzf : ]l—tr,u +tZﬁ] +1ra?

E(SSB) =E [Z’ ! ’l E(C.F)
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= tru?® + tZB]-Z +7r0? —tru? — o?
=1

= tZﬁjz + (r—1)o?

E(SSE) = E(TSS) — E(SST) — E(SSB)

t r t

=r Ti2+t2ﬁ]2+(tr—1)a —r ) 17— (t —1)c? —tZﬁ]—(r—l)a

i=1 j=1 i=
=(tr—1oc?—-(t—1)o%? - (r — 1)o?
=({tr—-1—-t+1—r+1)0?
=({tr—t—r+1)o?
=({t(r—-1)—1(r—-1))c?
=({t—-1)(r—1)c?

SSE
E(MSE) = E [(t D —1)
E(SSE) _ (t-1)(r-1Do*
TE-Dr-1  -Dr-1
SST
E(MST) = E |-

E(SST) r¥f t?+(t—-1Do? , rY¥i,
:t—l = P— =0 +—t—1
E(MSB) = E [ﬂ

r—1
_E(SSB) _ tXj_4 B} + (r — )a? 2 L= B 1B

r—1 r—1 i r—1

Random Effect Model
Assumptions:

2. E(eijegh) =0
3. e;~iidN(0,0?)
4. 1;~iidN(0,0?)
5. Bj~iidN (0, aﬁ)
6. E(Tl"l'j) =0

7. E(BB;) =0
8. E(Tlel]) =0
0. E(Bey) =0
10. E(z;p;) =0

i=123,..,t
Yii=pu+1,+6+e; L-: 1,2,3,...,1
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SSE =TSS — SST — SSB

t r
1SS =)' ) Vi -

i=1 j=1

(B T ¥y’ O AR ks ei)))”

tr tr

C.F=

2
_ (tru+r¥i m+ D WIRY IR DRI ) eij)
tr

r2u + 2 Rt A 1 i T+ P X B P X N BiBy + X Xicr € + Tieg Xjxn €ijegn
12t Yl T A 200 Y B+ 2tru N Yo e + 2tr X Yo TiBy + 2r Xy Yo Tiey;
2t Ni, Yi=1Bjeij

tr

Apply expectation on both sides

2 + 2 B E() + 12 R e E(rit) + P Xj E(B]) + 2 X E(BiB)) + Zic1 Xj1 E(€f) + Zing Xj2n Eeijegn)
+2tr?u ¥l E(ry) + 26°ruXjoy E(B) + 2trpXiny Xjoq E(eq)) + 2tr Biny X E(wfy) + 2r Eioy Xy E(Tiey)
2t X5, X1 E(Bjes;)

tr

t?r?u? + trioZ + 0+ t?rof + 0+ tro* +0+0+0+0+0+0+0

tr

E(C.F) = tru* + ro? + taj + o*

t r t T

2
zzyﬁ ZZZ(#JFTHFﬁjJreU)
i=1j=1

i=1 j=1

t r

Z (,u + 1,2 +ﬁ] + e? i+ 2uty + 2upB; + 2pe + 2185 + 21y eU+2,8]eU)

i=1 j=1
= tru® +T'ZTl +tz,8] +ZZ€U+2r,qul+2t,uZﬁ]+2uzzeU

i= 1] i=1j=
+ZZZT131+ZZZTLQU+ZZZﬁ]€U
i=1 j=1 i=1j=1 i=1 j=1

Apply expectation on both sides

=4S E(Y) X BB + T T E(e2) + 2ru T E(r) + 2tu X E(B) +
2uYi Y E(e) + 2Xi X E(mB) + 221, Yoy E(rie) + 2 X1, X1 (Bjer))

=tru® + trof + trof +tro*+0+04+0+0+0+0
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t r
Z Z Y | = tru® + tro? + trog + tro?

i=1j=1

E(TSS) = E Zz —E(C.F)

i=1j=
= tru® + tro? + trag + tro® — tru* — rof — toj — o?
=r(t—1Do? +t(r — Dag + (tr — 1o
t y2
1=1"1

SST =———C.F
T

r r r r
Yi_ ZZYU ZZ(#+Ti+ﬁj+eij) =r,u+rti+2[?j+Zeij
j=1 =1 =

j=1

2
Y7 _ §=1(7’l1 +7r7 + Yo B+ Xy eij)

r
t <T'2.U2 +Z 131 +221¢]ﬂzﬂ] +E] 1eu +Z]¢heuelh+2r ut; +2T.UZJ 1ﬁ]>
3 =1 +2ru Yo ey + 21T oy By + 217 Yo ey + 2 X7 Bjeyj

r

trip? +r2 ¥ttt + ty 1.31'2 +t X N BiB + Xioy Yi=1 eizj + Vivg XjenCijegn + 2r2uYi_ T + 2tru Xi=1B;
B F2ru Xty Yo+ 2r iy oy Ty + 2r Xioy Yoy Tieyy + 2 Xioy X Brey;
r

Apply expectation on both sides
tr2p? +r? B E@)) + t X E(BY) + t X Xin  EBiB)) + Xica Xj=1 E(el) + Ning Xjen E (eijegn)
+2r2uNi E(r) + 2tru Y5  E(B) + 2rp Xioy Yo E(eyy) + 2r Bioy X E(Tif))
_ +2r Yl Yo E(Ties) + 2 X6, Yo E(Bjes))
Tr
tr2p? + tricZ +trof + 0+ tra*+0+0+0+0+0+0+0

r

%
[ =1 = tru? + tro? + tof + to?

E(SST) =E [Zl ! ll E(C.F)

= tru® + tro? + tog + to? — tru® — rof — toj — o*
= tro? + to? —ro? — o?
=r(t—1o? + (t—1)c?

T 2

©Y?
SSB =%—C.F

t t
=ZYU Z(/x+rl+,8]+eu)—tu+Zrl+tﬁ]+Zeu
1

i=1

YJZ _ j=1(tn“ + X Tt tB; + Yia eij)

] 1
t t
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5 (t2u2+2 1 TE + B2 Tty + 2B+ X 1e1,+21¢gel,eg, +2tu21 1 Ti o+ 2t° uﬁ,)
J=1 +2tuyi e+ 2 Xt Tie + 2P N T + 2tB N ey
t

rp? +r N T AT Y N T A P Y PR+ N Xos el + Ning Xjen €ijegn + 2tru Yty T + 267 Y, B;
F2tu iy Yol + 20 Xy ey + 2t Xl Yo Ty + 2t X, X Breyj
t

Apply expectation on both sides
2t +r Y E@D) +r XY E(r) + 2 X E(BP) + Xi1 Yo E(e7) + Ning Xj=n E(eijegn)
2trp Xy E(rp) + 26%0 55y E()) + 2tu Biey oy Ee) + 25y Ny E(rieyy)
+2t Niy X E(Ti) + 2t By Xior E(Bjess)
t
tru? +tro? + 0+ t?rof +tra®> +0+0+0+0+0+0+0

t

2
[ j=1 Y] = tru® + rof + trag +ro?

E(SSB) =E [Zf ! ’l E(C.F)

= tru? + rof + trag +ro? — tru® — ro} — tog — o?
=t(r — Dag + (r — 1)o?
E(SSE) = E(TSS) — E(SST) — E(SSB)
=r(t—1Do2 +t(r - 1)05 + (tr — Do? —r(t — 1)o2 — (t—1)o? — t(r — 1)ch2 — (r—1)o?
=(tr—-1—-t+1—-r+1Do?=(tr—t—r+1)0?
=({tr-1D)—-1r—-1)c?=({t—- 1) —1)c?

SSE
E(MSE) = E [(t D@ — 1)]
E(SSE) (-1 — 1)0 5

(t—1)(r—1) t-1D(@r-1)
E(MST) =F ST
(MST) = m]

_E(SST) _ r(t—1)o? + (t—1)a”
Cot—-1 t—1
SSB
E(MSB) = E [—
r—1

= g2 +raf

__E(S5B) _t(r—l)aé+(r—1)02
Cor—1 r—1

_ 2 2
=0 +1,“a[f

Mixed Effect Model

Case I: In this model the effect of z; is fixed and effect of B,- Is random
Assumptions:

2. E(eijegh) =0
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3. e;~iidN(0,0?)
4. Bj~iidN (0, 03)
5. E(BiBj) =0
7. f=1 Tl = 0
i=123,..,t
Y —H+T1+:Bj+el] {,’:1,2,3, v,
SSE = TSS — SST — SSB
t r
TSS = ZZ Yi—-C.F
i=1j=1
2
. (T, o, V) ~ ( i=1 271 (u +1+ B+ eij))
o tr B tr
2
(tru+ TSy m+ e B+ S S ey)
- tr
2
(tru +0+t¥iq ﬂj + ¥, Yi=1 eij)
- tr
2
(trut T B+ B T ey)
- tr

tPrip? + 2y ﬁ + 2% Yixi B, B+ X1 Xj=1 el + Xixg Tjzneijegn + thr‘uzfrzlﬁf
+2t7‘,uzi:1 Z]r:l e;+ thtl;:lzlr':lﬁjeij

tr

Apply expectation on both sides
22 + 2 B E(BY) + 2 R Xin E(BiB) + Xica Lj=1 E(ef) + Zing Xjun E(eijegn) + 26°ru Xj—1 E(B))
+2tru X X1 E(e) + 2t Xi, X1 E(Bjey))
tr

t*r2u® + t*rof + 0+ tra®> +0+0+0+0

tr
E(C.F) = tru® + toj + o*
r

Zt:Z(u+rl + B +eU)

i=1j=1 i=1j=

T

t
z (W% + 12+ BF + e + 2ut; + 2uP; + 2ue;; + 27,5 + 21ie; + 2Bjei;)

i=1j=1
= tru? +TZT +tZ,B] +ZZ€U+2r,uZTl+2tuZﬂ]+2,uZZeU
i= 11 i=1j=
+ZZZTl,B]+ZZZT18U+ZZZ,8]€U
i=1 j=1 i=1 j=1 i=1j=1
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= tru? +7‘ZT +tZ'B] +ZZ€U+0+2t#Zﬁj+zﬂzzel}+zzz Tib;

i=1 j= i=1j= i=1j=
+ZZZT18U‘|‘ZZZIBJBU
i=1j= 11]
t r t r
= tru® +r2‘r +t2[3] +ZZeU+2tuZB]+2,uZ el-]-+2221'i,8j
i=1j= = i=1j=1 i=1j=1
+ZZZT18U+ZZZﬁ]eU
i=1 j=1 i=1 j=1

Apply expectation on both sides

= tru? +rZT + tZE(,BJ)+ZZE(eU) +2tqu(ﬁ,) + ZﬂzzE(eu)

llj i=1j=

+ ZZZT E(B) + ZZZTE(GU) + ZZZE(B]%)

i=1 j= i=1j= i=1j=
= tru® +T'ZTi +traﬁ +tre?+0+0+0+0+0

t r t

E ZZYS = tru® + rz T} + trog +tro?
i=1 j=1 i=1
t r
E(TSS)=E ZZ Y7 | - E(C.F)
i=1 j=1

t
= tru® + T'ZTL-Z +trog + tro? — tru® — toj — o?
i=1
t
= TZTiZ +trog + tro? — tog — o®

i=1
t

= rZ 7+ t(r — Dag + (tr—1)o?

i=1

t 2
t Y.
SST==2% _(C.F
r r r T
:ZYLJ :Z(ﬂ‘i"[l’ +ﬁj +eij) =r,u+r‘ri+2[?j +Eeij
j=1 j=1 j=1 j=1
t y2 t (r +r; 4+ Y7 YT ..)2
i=11i. _ 4i=1 u rt; jzlﬁj jzlel]
T Tr
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_ =1 +27',LLZ;:=1 eij + ZT'Ti 2;=1ﬁ] + ZTTl' 2;=1 el-j + ZZ§=1,Bjeij
r

. <T2M2 + 1207 + YT B+ X Nix BiBy + Xios el + Xjeneijem + 2riut + 2ru Yoy ﬁj)

trep® +r2 ¥ttt + tXji=1 .sz +t X N BBy + Xioy Yi=1 eizj + Vivg XjenCijegn + 2r2u i, T + 2tru Xi=1B;
3 F2ru Yy Yios e+ 2r Ny Yo Ty + 2r Xioy Yoy Tieyy + 2 Xio, X Brey;

r
tr2p? + 2 Y T YT B A X Ve BBy + Nici o1 €f + Ning Njen€ijegn + 0+ 2tru Y_, B
_ F2ru i Yo e+ 2r X Yo B+ 2r Xl Yo tiey + 226, Yo Bey;

r
trep® + iyl 4t Xi=1 .sz +t X Vi BB+ Xioy Yi=1 eizj + Yizg Xjzn€ijegn + 2tru Y1 B
B F2ru Y Yo e+ 2r Ny Yo Ty + 2r Xl Yoy Tiey + 2 X0, Mo, Brey;
r

Apply expectation on both sides
tr2p? + 2Nt At Y EBY) A t X N EBiB) + Xicy Yo E(ef) + Ying Xjen E(eijegn)
+2tru Y5 E(B)) + 2ru Xioy o1 E(ey) + 2r Biy X TE(B))
B +2r Yt Yo nE(e) + 230, Yo, E(Bjer))

r

trip? +r2 Yttt +trog + 0+ tro?+0+0+0+04+0+0+0

r
t
t y2
Ly
E Izl_%l = tru’® + rz 7 + tog + ta?
i=1
Xizy Vi

E(SST) = E [Tl —E(C.F)

t

= tru® + rZriZ +top + to? — tru® — toj — o*
i=1
t

= TZTiZ + (t — 1)o?

i=1
T 2

SSB =%—C.F

t t
Yj=ZYU=Z(H+Ti+,8j+eij)=t,Ll+ZTi+t‘Bj+Zeij
] ] i=1 i=1

t t
i=1 i=1

t t
i=1 i=1

2 2
=1 Y] Xjoa(tu + B + Xy ey))
t t
2 2
i (BP0 + B + Xl el + Ningeijegy + 26708y + 2tu Y ey + 2tB; N ey))
t
_ tzrﬂz +t? Z§:131'2 + Zle Z§:19i2j + Zi¢g Zjih €jjegn t 2t2ﬂ2;:1 Bj + 2t.“2€=1 Z§=1 e+ 2t25=1 er':1 Bjeij
t

Apply expectation on both sides
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tru? + 2 i E(B]) + Xicy Yot E(e) + Xieg Xjsn E(eijegn) + +2t%u X E(B))
+2tu Yo, Yo E(ei)) + 2t Xioy Xj-1 E(Bjeq))
t
2r,uz+t2rcr§+t1’02+0+0-+-0-+-0

t

X
I =¥ = tru® + trog +ro®

E(SSB) = E [2’ ! ’l E(C.F)

= tru® + trog +ro’® — tru® — tog — o?
=t(r — Dag + (r — 1)o?

E(SSE) = E(TSS) — E(SST) — E(SSB)
t t
= rz 7+ t(r—1)oj + (tr—1)o* — rz 72— (t— 1o’ —t(r— Doj — (r — 1)o?
i=1 i=1
=({tr—-1—-t+1—-r+1o?=(tr—t—r+1)c?
=({tr-1D)—-1r—-1)o?=(t-1)(r —-1)c?

SSE
E(MSE)=E[(t 1)(r—1)]
EGSSE)  (t-1)@-1Do?
TC-Dr-D - -ne-»
SST
EMST) = E |- 1]
_E(SST)_er=11i2+(t—1)0 o2y r¥i=i T
Cot—-1 t—1 i t—1
SSB
E(MSB) = F |~
_E(SSB)_t(r—1)0B+(r—1)a o, 5
Cor—1 r—1 = 0"+t

Case I1: In this model the effect of t; is random and effect of Bj is fixed
Assumptions:

2. E(eijegh) =0
3. e;~iidN(0,0?)
4. 1;~iidN(0,02)
5 E(r;7;) =0
6. E(Tieij) =0
7. ;21 B] = 0

i=1273..,t
Yii=pu+1,+6+e; L‘:LZ,S, v, T
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SSE =TSS — SST — SSB

t T
TSS = ZZ Y;—C.F
i=1j=1
2
g Ei= X v)’ _ (Bea Zjor (14 7+ B + )
tr tr }
(tr,u +rYi Tty B+ Y12 eij)

- tr

(tru +r¥i T+ 0+ 3 Y eij)z
tr

C(trut i+ T X eij)2

tr

Cripg? + 2 Sl T+t Yy i# T+ Yot Xj=1 eizj + Xizg Xj#h €ij€gh + 2r2tuyt_ 1
+2tru Yl Yo ey +2r ¥y ZJr=1TJ'eij

tr

Apply expectation on both sides
2 + 2 B E(R) + 12 BN E(Tir) + Xioy Xioi E(ef) + Ding Xjen E(eijegn) + 2r2tu i, E (1)
+2tru N X1 E(ey) + 2r Lo, Yo E(zjey))
tr

P+ tr*ef + 0+ tra? +0+0+0+0
- tr
E(C.F) = tru® + ro? + o*

t r t r
2
Zzy{f =ZZ(#+T1' +B; + eij)
i=1j=1

i=1 j=1

T

t
Z (,uz + Tiz + IBJZ + eiZj + 2,Ll'l'i + Zﬂﬁj + Zyeij + 2Tiﬁj + ZTieij + 2,81311)

i=1j=1
= tru? +TZ‘L’ +tZ,B] +ZZ€U+2r,uZTl+2tyZﬁ]+2uZZeU
111 i=1j=
+ZZZTL,B]+ZZZTLBU+ZZZﬁ]€U
i=1 j= i=1j= i=1j=
t r t r
= tru? +r27 +tZ,B] +ZZeU+2r,uZTl+O+2uZ ei]-+ZZZTi,Bj
i=1j= i=1j=1 i=1j=1
+ZZZTLBU+ZZZﬁ]€U
i=1 j=1 i=1 j=1
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= tru? +rZr +tz,8] +ZZ€U+2ruZtl+2uZZeu+Zzz 7:B;

i=1j= i=1j= i=1j=
DWRIEDNL
i=1j=1 i=1j=1

Apply expectation on both sides

= tru? +rZE(rZ)+tz,8] +ZZE(8U)+2TMZE(TJ +2#ZZE(311)

111 i=1j=
+ZZZE(TL)[)’]+ZZZE(T el,)+ZZZBJE(eU)
i=1 j= i=1 j= i=1j=

= tru® +tra,+t2[)’j +tre?4+0+0+0+0+0

j=1
t T T
z Z Y7 | = tru® + tro? + tz B} + tro?
i=1 j=1 j=1
E(TSS) = Z z _E(C.F)
i=1j=

= tru® + tro? + tZﬁj + tro? — tru? — ro? — o?
j=1

= tro? + tZﬁjz + tro? —ro? — o2
j=1

T
- tZ,BjZ +7(t — 102 + (tr—1)a2
=1

t y?2
SST=2=LL _ (. F

r
r r r T
:ZYU: (,u+Tl-+ﬁj+el-j)=r,u+r‘ri+2[?j+2€ij

=ru+rri+0+Zeij=r,u+r‘rl-+Zeij
— —

i=1 le _ o (ru+ T+ Yi=1 eij)z
r r
(P +ritt + Yo el-zj + Y jeneijein + 2r°ut; + 2ru Yo e + 217 Ny eij)
T
3 tr2p? + 2y Tt + Zlez 1eU + Yieg Djeneijegn + 2r2u Yl T + 2rp ZfﬂZ;:l ey +2r ¥io, YioaTie;

r

Apply expectation on both sides
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trip? + 12 N E(ef) + iy Xjo1 E(ef) + Diwg Xjen E(eijeqn) + 2r°u Xy E(zy)
+2ru Yoy Xioq Eey) + 2r Xio, Xy E(tiey))
r

_trp? +triof +tra®? +0+0+0+0
r

X
I =1 = tru? + tro? + to?

E(SST) = E [Z‘ L ‘l E(C.F)

= tru® + tro? + to? — tru® —ro? — o?
=r(t—1o2+ (t —1)o?
T._1y2
SSB =%—C.F
t t t t
:ZYU:Z(ﬂ+1’i+ﬁj+€”):tl«l+z‘[i+tﬁj+zeij
i=1 i=1 i=1 i=1
2
j= 1Y12 _ ;=1(tﬂ + Z§=1 T, + tp; +Z§=1 eij)
t t
. (t2u2+2 T8+ B2 Tty + 2B+ X0 1eu+21¢gel,eg] +2tuZL 1 Ti o+ 2t° ub’,)
j=1
J +2tuYi_q e +2Xi- 1Tlel]+2tﬁ] =1 T+ 2tB; Yo e

t2rp +r Y T AT Y Y Ty + tP 13} + Y Y el + Yirg Xjxneijegn
F2trp Yl T+ 262X, B + Zt,u i Yo+ 2%, Yo e T
+2t2§=1 Z;:l ,BjTi + 2t Zle Z;:l ,B]el]
t
+2try Zf=1 T + 0 + 2tu Zf=12§=1@ij + 22;12;:18” T;
+2t2§=1 Z;:l ,BjTi + 2t Zle Z;:l ,B]el]
t
ru? +r Y 17 A X Vi Tt 2 Xy B+ Xy Xy el + Dieg Xj=n €ijegn
+2tT[,l Zi:l T; + Zt/,l Zi=1 Zj=1 €ij +2 Zi=1 Z;::l € T;
+2t2§=1 2;::1 ﬁjTi + 2t Zle Z;::l ﬁ]eu
t

Apply expectation on both sides
2t +r Y E@) +r X i E(rity) + 2 X5, BE + i X, E(ef)
+ Yizg Xj=n E(eijegh) +2truYi E(r) + 2tu Yl jzlE(eij) + ZZlezyzlE(eij ;)
F2t X Yoy BE(T) + 2t i, Yoy BiE(ey)

t
t2ru? +trof + 0+ 23T BF+tro? +0+0+0+0+0+0

t
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T
2
I =Y —tru2+rorz+tZﬁj2+roz

j=1

E(SSB) = E [2’ ! ’l E(C.F)

= tru® +rar+t22[3] +ro? —tru? — ro? — o*

—tZZBJ r — 1)0?

E(SSE) = E(TSS) — E(SST) — E(SSB)
=t BE+r(t—1)ot+ (tr—1)o’ —rt— Dot —(t—1Da° —t Y B> —(r—1)o?

=(tr—-1—-t+1—-r+1Do?=({tr—t—r+1)o?
=@t(r—-1)—-1r—-1))c?=(t—- 1 —1)o?

E(MSE) = E [ S5E
S lEe-DEr -1
_ E(SSE) _ (t—1)( —1o? _
t-1r-1) t-1D@r-1)
SST
E(MST) =E ]
_E(SST)  r(t— DoZ + (t — 1)o? 5?4 o2
T ot—1 t—1 - T
SSB
E(MSB) =E —
_ E(SSB) _ t¥i Bf + (r—1)o? N t2; 1ﬁ1
r—1 r—1 r—1
Estimation of Missing Observations
Case I: One Missing Value
Blocks T, T, T; T, Total
Bl Y11 Y21 Yil Ytl Yl
32 )@2 Y?2 Y.i2 YFZ Y:2
B; Yy Ya; Y, Y Y;
: : : Yeq : : Yo+ Y
B, Yy, Y,, Y;, Y, Y,
Total Y, Y, Y, + ch Y; };t, Y' +Y.,
oo CBizi2iaa V)  (Eia it ¥ + Fea)
' tr tr
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SSE =TSS — SST — SSB

t T t T
_ 1 ) 1 N
=ZZY5 + 72 —C.F—;[zyi? + (VL + T)’ +C.F—;[ZY} + (V4 + )
i=1 =1

i=1 j=1
= Y7 _ (Yc’. + 17cd)2 _ Yi-1 Y.]z _ (Y.él + ?Cd)z + (25:1 Yi=1 Y+ ch)z

+C.F

T

Yl? + ?czd -

i=1 j r t t tr
i=1j=1
J0SSE
— =0
aY.,
0+27,—0— M _0-— 2(Y4 :‘ Yea) N 2(2, Z}:;Yij +7eq) _
2tr¥eq — 2 (Y6 + Vea) = 2r(Ya + Vea) + 2(Bies Bt Vi + Pe) _
tr
2 (trPeq — t(Y + Vug) = (Yl + Vo) + (B B Vi + Vo) ) _,
tr -
tTYCd—tY —tYCd—rYd TYCd+zzY +Y
i=1 ]

(tr—t—r+ 1DV, —tY¥, — rYd+ZZYU—O

i= 1] 1
(tr—t—r+ 1Y,y =tY. +1Y, — ZZY”
i=1 j=
LY, +1Yg — N N Yy

Yea = t-D@r -1

Case I1: Two Missing Values in same treatment but different blocks

Blocks | T; T, T; T, Total
B, Yin T Yia Vi Yy
BZ Y12 Y22 Yiz Ytz Y.Z

: : : Yee : : Y, + Y.
B] Yl] YZ] e Yl] ans Yt] Y]

: : : Yoq : : Yo+ Yy
Br er Y2r Yir Ytr Yl

Total Y1 Y2 YCI + ch +Yce Yl ase Yt Y., + ch +YC€
2 ~ ~ \2
CF = (Z:;:l Z;:l Yl]) — (Zf=1 Z;:l Yl,] + ch+Yce)
' tr tr

SSE =TSS — SST — SSB

r

t
=N v T RE - CF
i=1j=1

+CF——

ZY2+(Y’+YCQ) +(Yd+ch) +C.F
j=1

Z Y2+ (Y. + ch+Yce)
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,
oy o oo 1 . o
= Z AR [Z v+ (1 + ch+Yce)2] -3 IZ Vi (Vo4 Tee)” + (Vi + Tea)”
, £

L5 o 3\2
+ (Zi=1 j=1 Yij + ch+Yce)

tr
0SSE _
Vg
. 2(Y. + V447, 2(Y, +7, 2 Y/ 4+ Voq 47,
0+2%,,+0—0— (c. rcd ce)_o_ (.dt Cd)_o_l_ (Z 121 1tr cd ce):
Ztr?cd - Zt(YCI. + ?cd-l'?ce) - Zr(Yl('i + 1?cd) + 2(2?:1 Z§=1 YL,] + 1?cd +?ce) _
tr B
2 (tr?cd - t(Yc’. + 1?cd'i'?ce) - T(Ytli + 1?'cd) + (Zz?:l 2}:1 Y;j + ?cd+?ce)) 0
tr B
tr¥g —tY, —tV,g —t¥V., — —r¥,+ Z z Y+ Pt =0
i=1 j=
(tr—t—7+ DV + (1= )T, — £/ —ryd+zznj
i=1 ]
tr—t—r+ DV +A—-t)Y, =tV +rY, — ZZ Yy
i=1 j=1
Let E=tr—t—r+1, F=1—1t Zyg=tV.+1Y¥y—3X ¥,V
E?cd + F?ce =Zca ¢y
SSE _
v,
0+0+ 2?ce —0— Z(Yc,. + fcd"'?ce) —0— Z(Y.é :’ ?ce) Z(Zt 121 1:; + Yd +Yce) _
Ztche - Zt(Yc’. + 1?cd'i'?ce) - ZT(Y.; + 1?ce) + 2(2%:1 Z§=1 Yl,] + ?cd +?ce) _
tr B
2 (tr?ce - t(Yc,. + ?cd'H?ce) - T(Y.é + 1/;ce) + (Zle Z}r':l Y;j + ?cd'l'?ce)) —0
tr B

tr¥ — t(Y, + Vg4 V) — (Yo + V) + Z Z Y+ Put+¥e |=0
i=1 j=1

t
tr¥., —tY, —tV . —t¥., — 1Y, —r¥., + Z Z Y;j +P.ytYe =0
i=1 j=1

(tr—t—1+ 1) + (1= )V.y — t¥! —rY’+ZZYU

Ll]

tr—t—r+ 1DV, +(1—-t)YVy =tY¥. +1Y, — ZZ i

i=1 j=
EYce + Fch =Zce (2)
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Multiply equation (1) by F and equation (2) by E and then subtract it

Epﬁcd +F20,, =FZ.4
+ F?cd + EZ?ce =tEZ.

(FZ - EZ)?ce =FZ,q—EZ

o FZ.;.—EZ.
Yce = (FZ _ EZ)
Multiply equation (1) by E and equation (2) by F and then subtract it

Ey‘?ce +E*Tpq = EZey
+ F?ce x Fz?cd =+FZ,

(EZ - Fz)?cd =EZcq—FZg

. EZ,4—FZg
Voo ===y
(E? —F?)
Exercise:
Estimate P-missing observations in different treatments and different blocks.
Estimate the two missing observations in different treatments but same block.

Efficiency of RCBD relative to CRD

RE (RCB, CR): the relative efficiency of the randomized complete block design compared to
a completely randomized design. Did blocking increase the precision for comparing treatment
means in a given experiment?

MSEcg  (r —1)MSB +1(t — 1)MSE
MSEpcg (rt — 1)MSE

RE(RCB,CR) =

Latin Square Design

Latin Square Designs are probably not used as much as they should be - they are very
efficient designs. Latin square designs allow for two blocking factors. In other words, these
designs are used to simultaneously control (or eliminate) two sources of nuisance
variability. For instance, if you had a plot of land the fertility of this land might change in
both directions, North -- South and East -- West due to soil or moisture gradients. So, both
rows and columns can be used as blocking factors. However, you can use Latin squares in
lots of other settings. As we shall see, Latin squares can be used as much as the RCBD in
industrial experimentation as well as other experiments.

Whenever, you have more than one blocking factor a Latin square design will allow you to
remove the variation for these two sources from the error variation. So, consider we had a
plot of land, we might have blocked it in columns and rows, i.e. each row is a level of the row
factor, and each column is a level of the column factor. We can remove the variation from
our measured response in both directions if we consider both rows and columns as factors in
our design.

The Latin Square Design gets its name from the fact that we can write it as a square with
Latin letters to correspond to the treatments. The treatment factor levels are the Latin letters
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in the Latin square design. The number of rows and columns has to correspond to the number
of treatment levels. So, if we have four treatments then we would need to have four rows and
four columns in order to create a Latin square. This gives us a design where we have each of
the treatments and in each row and in each column.

Experimental Layout

Latin square are always constructed by rotation e.g. in case of 4 treatments A,B,C,D we get,

OO m>
>UOT
W00
OwWX>»0o

Example:

A courier company is interested in deciding between five brand D,P,F,C and R of car for its
next purchase of fleet cars.

1. The brands are all comparable in purchase price.

2. The company wants to carry out a study that will enable them to compare the brands w.r.t
operating costs.

3. For this purpose they select five drivers (Rows)

4. In addition the study will be carried out over a five week period (Columns=Weeks)

5. Each week a driver is assigned to a car using randomization and a Latin square design.

6. The average cost per mile is recorded at the end of each week and is tabulated below:

Drivers Week

1 2 3 4 5

1 5.83 6.22 7.67 9.43 6.57
D P F C R

2 4.80 7.56 10.34 5.82 9.86
P D C R F

3 7.43 11.29 7.01 10.48 9.27
F C R D P

4 6.60 9.54 11.11 10.84 15.05
R F D P C

5 11.24 6.34 11.30 12.58 16.04
C R P F D

Statistical Model and Analysis

The linear statistical model for LSD is

i=12,..,p
Yiioy =+ 1+ B + v + eiju £= 1122 )
=1,4..,p

Where

u True mean effect
t; effect of ith row
p; effect of jth row
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v effect of kth treatment
Formulation of hypotheses:

Level of significance:

HO:)/k =0
H(’):Ti =0
H(’)Iﬁ] =0
H15Vk *0
H(’):Ti *0
H(’)Iﬁ] *0

a = 0.05.0.01.0.001.0.10

Test Statistic:
2 2
Se St
F, = F,==, K==
1 2 53 3 Sez
S.0vV d.f SS MS F
Rows p—1 SSR , _ SSR sE
Sf=—— FL==
p—1 s2
Columns p—1 SSC , SSC s?
SC = _ 1 FZ — _2
p S&
Treatment p—1 SST , SST st
St = Tl F3 = -
p S&
Error —1D(p-2) SSE 2 SSE
¢ -D@P-2)
Total p?—1 TSS
Where
YZ 1 2 1 2
C.F = — SSR = —ZRi —C.F, §SC = —ZC] —C.F
Pl p p
SST = Ez Tkz —C.F, SSE=TSS —SSR —SSC — SST
C.R

Fi 2 Fap-1,p-10-2)
F2 2 Fap-1,p-10p-2)
F3 2 Fap-1,p-1)0p-2)

Conclusion

If calculated value of F falls in the critical region then we reject null hypotheses.

Advantages of LSD

1. Greater power than the RBD when there are two external sources of variation.

2. Easy to analyze.

Disadvantages of LSD

1. The number of treatments, rows and columns must be the same.
2. Squares smaller than 5x5 are not practical because of the small number of degrees of

freedom for error.
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3. The effect of each treatment must be approximately the same across rows and columns.

Estimation of Model Prameters

i=1j=1
p
as A
=233 (Yyay — A=t =~ 7)1 =0
f _
=1 j=1
p p
_ZZZ(YU(’C)_H_Tl_BJ — k) =0
i=1j=1
1% 14 14 14
ZZK,(R) pu—pzfi—pz:ﬁ}—pz:?ﬁo
i=1j=1 i=1 Jj=1 k=1
P p 1% 14 1%
EZYL,(@ —p2ﬁ+pzfi+p2ﬁ, +p2yk
i=1j=1 i=1 J=1 k=1

i=1j=1
p D
Zzyij(k) 2
i=1j=1
p p
= 2:i=1 ijl Yijao 7

P2
4 p

~ n A ~ \2 n n A ~\2

S = Z(Ylj(k) —A—t =B —7) + Z(YZj(k) —f—%,— B — k)
=1 j

+Z(Y31<k) —Bi =) +- +Z( pito) ~ - B -

Differentiate w.r.t 7,, t,, 73, ... T

p

S ,

o ZZ(Yuoc) A=t = fi—7)D =0
j=1

0%,
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P
—2 Z(Ylj(k) —A—t =B =) =0
=1
P
Zylj(k) pi —pty — Eﬁj Z? =
k=1
P P P
Zylj(k) = pl + pty +23j +Z)7k
=1 =1 =1
P P
=P+t + ) B+ ) P
=1 =1

p
as o A
Fre ZZ(YZj(k) — A=t =B —P)(-1) =0
y L
J=

—2 Z(Yzj(k) f—1t— B — Yk) =0
j=1
p p p
Z Yyi00 —PA—pta— ) Bi— ) 71 =0
j=1 j=1 k=1

ZYzJ(m pu+mz+Zﬁj+Zm
14 14
R2=Pﬁ+sz+Zﬁj+Z?k
j=1 k=1

4
S A
=2 (hja A=t~ B =7~ =0

ot
p =

ZZ( pj(k) ~ —Bi=7)=0
p p p
ZYpm—pﬁ—pfp—Zﬁj—Z?k =
j=1 j=1 k=1
p 4 p
D Voo =pR+DE,+ ) B+ )
j=1 j=1 k=1
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14 14
R, = pi + pt, +z,§j+2?k
j=1 k=1
For unique solutions Put ¥_; B; = 0, X} _; 7% = 0

From above equations, we get

A R, pp
T1=———
p P
R =
'f1=_1—Y
p
Similarly
R, -
fzz_z_y
p
R =
t,=—-Y
p

p p
N N ~ ~ \2 n n A ~ \2
S = Z(Yil(k) —f—% =B — ) +Z(YiZ(k) — A=t — B2 — 1)
i=1 i=1

p P
. A a2 A N2
+Z(Yi3(k) — A=t =Bz —Pr) + "'+Z(Yip(k) —fA—%— By —Tr)
i=1 i=1

Differentiate w.r.t 1, B2, B, ... Bp

14
as n
Y ZZ(Yu(k) —A—=t—p1- Yk)(—l) =0
b i=1
p
=23 (Yo — A=t = fi = 7i) = 0
i=1
14 14 14
> Yago —pi= ) ti—phi— ) 7 =0
i=1 i=1 k=1
p p p
D Vaw =pa+ ) ti+phit ) P
i=1 i=1 k=1

p p
Co=pi+ ) ti+phi+ ) T
i=1 k=1

48
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0

p
S A
o ZZ(Yiz(k) —A—t =B — 7)1 =0
0p; i=1
p
2> (Yo — A~ ti— B2 = 1) = 0
i=1
p p p
ZYiz(k)—Pﬁ—zfi—Pﬁz_Z)?k=0
i=1 i=1 k=1
p p p
ZYiZ(k) =Pﬁ+2fi+P32+ZVk
i=1 i=1 =1

p p
C=ph+ ) ti+phot ) P
i=1 k=1

9]

14
S n
Y = 2Z:(Yip(k) —A=t—pp— Vk)(_l) =0
Bp i=1
14
=2 (Vi — A=t = B = 72) = 0
i=1
p p p
> Vo =it = Yt =By = Fic=0
i=1 i=1 k=1
14 p p
D Yoo =P+ ) tAphy+ )
i=1 i=1 k=1

p p
Cp =P+ ) ti+hy+ ) i
i=1 k=1

For unique solutions Put Y7 _, 7, = 0,XF_, £, = 0

From above equations, we get

C, = pi+ph

5 Ci ph
pr=———
p p
.G -
pr=—-Y
Tp

Similarly
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S = Z(Yu(l) ~Bi =)’ +Z(Yu(2) ~ B =72)’

+Z(Yu(3) —B=5) +- +Z(Yu(p)

Differentiate w.r.t ¥4, v,, 73, -, ¥

— = ZZ(YM ~B =)D =0

-2 Z(Yu(l) B -71) =
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i=1 j=1
S~
a_A—ZZ(Yij(p) A—ti— B = 7)1 =0
Yp

i=1 =1 Jj=1
p P P
zylj(p) pﬁ+2fi+z AJ"'m?p
i=1 i=1 j=1
p
T, =pﬁ+2fi +zﬁ} +php
=1 j=1

For unique solutions Put Y7 _, 7, = 0, Z] 1/3]
From above equations, we get

T, =pi+p¥y

5 T
Tpoop
T, =
A1=_1_Y
p
Similarly
T, -
Yo =7~
*Tp
T, -
~ _'p =
Yb ;;'_'Y

Expected Mean Square Error

Fixed Effect Model
Assumptions:

The effect of treatments, rows and columns are fixed and we assume that
1 Zl 1Tl
2. Z 1,8] =0
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3. Z?:l },/\k == O
4. E(eijgy) =0
5. E(eijanegnw) =0

Yiioy =+ 7+ B + vk + eija
SSE =TSS — SSR — SSC — SST

p P
TSS = ZZ Yu(k)

i=1j=1

2 2
— (B B Yiao) _ (B X (ke + 7+ B + v + )

p? p?
2
(p u + le 1Tl + p2?=1 .Bj + pzi:l Yk + Z?:l Z?=1 eij(k))
P2
2
_ (pz,u +0+0+0+ Z?:l Z?=1 eij(k))
= ;>
2
_ (pzﬂ + Z?=1 Z?=1 eij(k))
= 2
B ut + Z?:l 25-):1 eizj(k) + Yizg Xj=n €ijk)€gn) T 2p*u Zle Z?:l €ij(k)
P2

Apply expectation on both sides
P4#2 + X0 X E(efig) + Ting Dj=n E(eijangnw) + 20* 1 X1, Xi-1 E(eijae)

P2
4,2 4 2 2
+ pco
L L
P P p
ZZ Yl](k ZZ(ﬂ R T eu(k))

i=1j=1 i=1j=1
P
ZZ(M + 17 + ,8] +vE+ eu(k) + 2ut; + 2uB; + 2uyi + 2peijg + 218 + 2Tk

i=1 j=1
+ 21585500 + 2Bk + 2Bjeija0 + 2¥ieiji))
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DESIGN AND ANALYSIS OF EXPERIMENT I

p

—p2u2+pZT +pZB, +pzyi+Zzeu(k)+2pu2n+2pu2ﬁ,

i=1j=1

P p P
+2pu2yk+2uZZeU(k)+ZZTiZﬁj+ZZTl

i= 1] i=1 j=1 i=1

p P
+ZZZTleU(k)+ZZ'B]ZVk+ ZZ eu(k)+2

111 k=1

4 4
Pz Zﬁ,+p2y +22 eligy +0+0+0+2u
i=1 j=1 k=1

i=1j=1 i

<

Vk

wMﬁ

Yk€ijk)

NGE
wa

=1

INGER
N~ =

eij(k) +0

j=

14 P b p b
+0+ZZZT18U(R)+0+ ZZﬁ eu(k)"' ZZ YkCijk)
i=1 =]_ =1

i=1j= j=1

1l
=
=

p p

p P P p
=p?u* + pZTiZ + pZ.sz + PZ Yi +ZZ eLZj(k) + ZHZZ eijaey + ZZZTieij(k)
i= = i=1j=1 i=1j=1 i=1j=1
+ Zzzﬁ]el](k) + 2

i=1j= i
Apply expectation on both S|des

14 14 14 p p
=p2u2+pZT?+pZﬁ]-2+pZV% +ZZE(e5-(k))+2
i=

i=1j=1
P b

+ ZZZTLE(eu(k)) + Zz BiE(eijao) +2

i= 1] i=1j=1

M"c
M"c

Yk€ijk)
1

1l

[
—.

1l

E(eu(k))

kE(eij(k))

ﬂMBﬂM“

»

P
—p2u2+pZT +pz,8] +pzyk +p%02+0+0+0+0

i=1 j=1 =1
p p p 14 p
E ZZY”(") = p?u? +pZT? +pZB,2 +pZV2 +p2a?
i=1j=1 j=1 k=1
14
2
E(TSS) = E ZZ Y200 | - EC.F)
i=1j=1
14 p 14
= pZT?+PZBf+pZV +p’o’ —p’u? — o?
i=1 j=1 k=1

E(TSS) = p

""N

Zﬁ +p Vk+(P —- 1)o?

i=1 k=1
P_ R?

SSR===L L _ (. F

p
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p p
R, = z Yiie = Z(M + T+ B+ Vi + eija)

j=1 j=1

=pu+pt; + 2 €ij(k)

2
P R? (ot T+ X0 ey
p p

2 14 2 14 14
i=1(P W2+ Pt + X5 el + DjenCijaoeing T 2070t + 2pp X e + 20T Xy eij(k))
p
lzj(k) + Zl¢g Z]#L el](k)egh(l) + Zp HZI 1T + Zp,u Z?:1 Z?:1eij(k)
_ +2p Zi=1 Zj=1TzeU(k)
p
_ p3‘u2 + pz Zipzl Tiz + Z?:l Z?:1ei2j(k) + Zi#g Zj#h eij(k)egh(l) +0+ Zp,u Z?:1 Z?:1 eij(k) + Zp Z? 127 1T el](k)
p
p3.u2 +p Zl 171 +Zl 121 =1 l](k) +Zl¢g2]¢h ez}(k)egh(l) + ZPHZL 121 ]_el](k) + szl 121 1Tl.el.](k)
p

PP +p? Y+ 3 X

Apply expectation on both sides
PP’ +p? X 7t + X X E(efig0) + Ding Xjen E(€ijaoenw) + 201 Yooy 51 E (eij0)
— +2p Zi:l Zj=1T1E(eLJ(k))

p
PP+ p? Yl i +p?e® +0+0+0
p
P p2 P
E<—‘=; l) = p?u? +pZTi2 + po?

i=1
14

E(SSR) =E ("=TlRi> —E(C.F)

—p2u2+pzr +po? —p’u® — o

=pZT + (-

P2
ssc==2=L7 _ ¢ F
p

M"c:

p
Yiiw = Z(H + T+ B+ Vi + €ija)
=1 =1
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P P P
=Pﬂ+ZTi+Pﬁj+ZVk+zeij(k)
i=1 =1 i=1

=p,u+0+p,3j+0+28ij(k)

i=1

=pu+pB;+ Z eijk)
i-1

5)=1 Ct _ 25):1(?9# +pB;+ X0, eij(k))2
p p
Yo (PPu + P+ X el + Tieg ijioegiy + 207 1B) + 2P ET_; eijiy + 2Bj X1y €ijy)
b
W+ PP X B+ N X el + Tieg Xjzn CijaoConw) + 207 N5o1 B + 200 X Y- e
= +2p X7, 25;1 Bjieijx
_ p3u? + p? Z?=1 BF+3b, Z?:l elit + Dizg Ljzh eiji)egh(l) +0+2puYl Z}’zl e + 2D 2?212?:1 Biesio
= Pout PR R B B Do o + i T eii(k)igh(l) +2pp X, X eijo + 2p B, X5-a Bieijan
p

Apply expectation on both sides
S+ pP X B+ X X E(efign) + Tieg Xjen E(eijaoegn) + 201 Xhoy X5t E(eiji)

_ +2p Z?=1 Zj=1 ﬂ]E(el](k))
p
p*u*+p* X B} +p*c? +0+0+0
- p

P 2 P
=17\ _ 2 2 2 2
E<T)—pu +p§ﬁj+p0
j=1

P (2
E(SSC) = E <Z’=Tlcj> —E(C.F)

=piu?+ pZﬁf +po? —p*u? —o?

j=1

=p) i+~ Do

P 2
) _CF

SSC =

Tk _ZYLJ(I{) Z(M+T1+ﬁj +yk+eu(k))

i=1 i=1

p p
:PH+ZT1'+Z,3 +pyk+zeij(k)
i=1

j=1 i=1

55



DESIGN AND ANALYSIS OF EXPERIMENT I

=p,u+0+0+p)/k+2€ij(k)

i=1

=put+pyrt+ 2 €ij(k)

i=1
P 2 P p 2
k=1Tk _ k=1 (P1 + PV + s eijo)
p p
B o1 (P22 +D2VE + X0 el + Tieg CijckyConaie) T 2D2 Vi + 2DU TE_, €ije) + 2DVi Dies Eijk))
p

put+p Zk 1 yk + Z?:1 Z?=1 eizj(k) + g Ljzn €ij()€gn) T 2p’p Zi:l Vit 2pi Z?zl 27:1 €t
+20 X0 Xy Ve

14
3 piut +piYh_ 1Vk +30, Z?:l eligo + Dizg Ljh €ijaognw + 0 + 2pu Xi_, Z?=1 eijgo +2p Xi-y Z?:1 Yk€ijio)
p
P3M2 +p2Yh_ 1Vk +30 Z?:l eizj(k) + Yizg Xj=n €ij()€gn) T 2DU P Z?:l eijiy +2p P 25;1 Yi€ijck)
14
Apply expectation on both sides
piut +p? i 1Vk P E(eu(k)) + Yizg Xjzn E(eijaoregnay) + 201 XY 12, 1ECeijm)
3 +2p Y0, Z;=1 YrE(eijiy)
- p
p3,u2+p S Ve +pict+0+0+0
p
P2 P
E( = k) = % +p ) Vi +po?

k=1
14

_,T?
E(SST)=E<k‘p+k>—E(C.F)
—p2u2+pzyk+p0 - p*u® —o?

2+ (—1o?

Mw

k=1
E(SSE)—E(TSS) E(SSR) — E(SSC) E(SST)

=pz 7+ z”: +PZV +(®* - Do? —er - (- 1Do? —pZB, - (—1Do? —pZVk—(p—l)a
_ =

i=1 k=1

= @*-1Do* - (- 1o —(p—l)cf - (p - Do?
=p?*-1-p+1-p+1—-p+1)o?
= (p%? — 3p + 2)o?
= (p*-2p—p+2)?
= (@ —-2)-1(p - 2)s?
=@-1D@-2)°
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_ E[ SSE ]= E(SSE)
P-D@E-2) (@-D@E-2)
_p-D@-20°_ ,
-D{P-2)

E(MSE)

SSR1 E(SSR
E(MSR)=E[ ]: (SSR)
p—1 p—1
14
_p2?=1ri2+(p—1)02_02+ p 27'2
- - i
p—1 p—la
i=
SSC1  E(SSC
E(MSC)=E[ ]=( )
p—1 p—1
14
P Bf+ (- Do? 2, P Zﬁz
- p—1 IR VALY
j=
FMST) — E[SST] _ E(SST)
-1 p-1
14
14
_ Pyt @-Do® _ ,  p Z”’E
p—1 p—1lad

Random Effect Model
Assumptions:

E(eija) = 0
E(eij0€gnw) = 0
7;~iidN (0, 62)
B;~iidN (0, af)
Yi~iidN(0, ;)
E(rirj) =0
E(BiB;) =0
E(yky) =0
E(Tiﬁj) =0
E(iy) =0
E(Bjyi) =0
. E(mieijgn) =0
-E(Bjeija0) = 0
- E(yxeijg) =0

© o N o g krwd

e
= o

e
B oW N

Yijgo = u+ 7+ Bj + Vi + €ijw

SSE =TSS — SSR — SSC — SST
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p p
TSS = Z Z Yia ~

i=1j=1

(. X Vi) (Z?=1 Yo (ut Tttt eijw))

C.F =
p? p?

2
(p u + le 1Tl + p2?=1 ﬁj + PZQ:l Yk + Z?=1 25';1 eij(k))
p2

p*u? +P22P 7 + X X1 T +P22 151 + XX BB + PP X Vi + X Xk ViV
+XP 12, L€l F Dizg Xjzh €ijoegn + 2031 XE_, T + 2p3 HZ B+ 2p3u X vk
+2p?u ¥t 12, L€ijoo T 2p2 XF 12 B+ 2P Y Y T+ 2p XL 12,- 1 Ti€ij(k)
+2p% X0y Xhet Bivie + 20 X1, 2 1ﬁ,eu<k>++2le 1 21 Vieijo
pZ

Apply expectation on both sides

PP+ P I B + 22 E(miy) + P2 X  EBD) + Z X EBiB) + 0* Tt EW) + X st Eievd)
+ 30 X0 E(efigo) + Ding Xj=n E(€ijaoegn) + 20°1 i E(@) + 2p°u X5  E(B) + 2p° 1 Xosy E(rie)
+2p*u Yl 12, 1ECeijan) +2p* X0 12 E@B) +2p? X Y E(tive) + 2p 25’:125’:1 E(tieij)
+2p2 ¥l Y EBivi) +2p X1 12 LEBjeiju) + +2p X 12 1E(reeij)
pZ

p*u? +p*cf +0+piaf +0+p3c; +0+p*0c*+0+0+0+0+0+0+0+0+0+0+0
pZ
4,2 3.2 3
_p'ut+pior +p B+P y +p’o’
pZ

E(C.F) = p*u* + pa? + paj + po} + o*
p P p
ZZ Vi = ZZ(# FTH B Yt ea)
i=1j=1 i=1j=1
P
ZZ(HZ + Tiz + 312 + )/]% + eizj(k) + 2/,('[1' + Zﬂﬁ] + 2/1)/]( + Zueij(k) + ZTiﬁ]' + 2Tl')/k

i=1j=1
+ 2tie5j00) + 2Bk + 2Bjeija0 + 2¥ieiji))
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p p p p P p p p
= p*u? +pzri2 +p2ﬁf +pZVﬁ +Zzeu(k) + ZP#ZTi + ZP#Z/?,- + ZP.UZVk
i=1 j=1 k=1 i=1 j=1 i=1 j=1 k=1
p P p p D D p P p p
+ ZIHZZEU(,() + ZZTLZﬁ] +ZZTLZyk + 2 Zfieij(k) + ZZﬁjzyk
i=1 j=1 i=1  j=1 i=1 k=1 i=1 j=1 j=1 k=1
P D P P
+ ZZZﬁjeij(k) + ZZ Yke€ijk)
i=1j=1 i=1 k=1

Apply expectation on both sides

= p?u + pZE(rZ) * pZE(ﬁ, )+ pZE(m * ZZE(eU(k)) * ZPMZE(TJ + ZPMZ E)

i=1 j=
v Zpuz E(r) + Zuzz E(eyun) + ZZZ Euif) + zz Z E(riri)
i=1 j=1 i=1 j= i=1 k=1
+2i E(Tieyn) +2 iiB(ﬁ,n)HZZE(ﬁ,eu(k))+222E(ykeu<k))
=1 i=1j= i=1 k=1

i=1j=1 =1k

=p2u2+pza§+pzag+pza§+pa +0+0+0+0+0+0+0+0+0+0
bp p
2 2.2 4 2
E ZZYL,(@ = p*u* +p’of +p’ag +poy +po?

i=1j=1
p D
E(TSS) =E Zzyﬁ'(") —E(C.F)

i=1j=1
= p*? +p*a? +p?oj + p?oy + po® — p*u? —pa? — poj — poy — o?

=plp - 1)GT +p(p — Dag +plp — Doy + (p* — Do
P p2
SSR = & —C.F

14 p
z ij(k) — Z u+T; +ﬁ] +yk+eu(k))
= :1

p
_p.u+p7:l+z.31+zyk+zel}(k)

2
P R? Xl (putpr+ X B+ Zkzl Vi + 2ho1 €ijiy)

p p
P2 +p*ef + X8 BF + X X BBy + ¥y yi + X Yt ViVt + Xiey €y + D €ijco €inw

) +2p2ut; + 2pu XE_y B + 200 Xk oy Vie + 2 X-y ey + 2T X- By + 20T Xk Ve
_ +2p7; Z?:l eijk) 2 Z?:l Yot Bivie + 2 Z?:l Bjeijay + 2 Z?:l Vi€ijk)
- p

P+ PP S T A DY B A DI i BB + P T VE P Sk ViVi + 2y T €0

+ Nixg Ljzn €ij€gn) T 2P2 M oy T + 2071 X5y B + 2P* 1 Toey Vie + 200 201 X -y @i

+2p X7, Zj:l B+ 2p Y Yo TV + 2P X1 121 1Ti€ij() T2 Zj:l Yot Bivi + 2%7 121 1Bj €ijao
_ +230 121 1 Yk€ij(k)
p
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Apply expectation on both sides
PP+ p* Y EGH) +p X, E(BF) +pX Xisj EB:B) + p2£=1 E(V;ZC) + 0 X k= E(vevt)
+30 Z?zl E(efigo) + Zizg Xjzn E(eijaegnay) + +2p*uYr E(t) + 2p2u Z?:l E(B))
+2p* Y E() + 200 X0, X8  E(eijao) + 20 X0y 25, E(TB)) + 2p X0, Xy E(Tavie)
_ +2pXh 25;1 E(tieijg) + 2 25;1 YR EBivi) 220, Z?=1 EBjeiju) ++2%1, Z?:l E(Yreiju))
p
p*u? +p3c? + p*of + 0+ p*cf + 0+ p*c?+0+0+0+0+0+0+0+0+0+0+0
p
p3u? + p3c? + pzoﬁ +p?of + p?o?
p
= p*u® + p*c? + poj + poy + po?

P p2

PR

E <—“; l) = p*u® + pc? + paj + poy + po?
P p2

E(SSR) =E (l’:TlRi> —E(C.F)

= p*u’ + p*o? + poy +poy +po’ —p*u® —poi — poj — poy — o?
=p(—Do7 + (p - Do*
14 CZ

j=17J

SSC = —-C.F

14 14
G = z Yijao = Z(# + 70+ B + Vi + eijao)
i=1

i=1

P P P
=PM+ZT1+Pﬁj+ZVk+Z€U(k)
i=1 k=1 i=1

?:1 Cjz _ Z?ﬂ(p:“ +X Tt pB; + Y1V + 20, eij(k))2
p p
Pt + 3 i+ Y Yixj TTj + Pz.sz + Zizl V;Z( + X Ykar VeV + 2hy eizj(k) + Yizg €ij(0)8qj)
X, 2pU Y T + 2DPUP; + 2P1 Yoy Vi + 2PU T, €ij) + 2D Doy T+ 2 X TiVk
+2 X1, Ti€ijg) + 2P ey BjVi + 20 Bl B €1y + 2 Xila Vi€ij
p
TR D YR TS DI WIVE ALY D YA L DY APE AN DY) WARE R VRUD YA XA 1N
+ Ving Xjxh €ijo)€gna) + 2D Xioy Ti + 2pU Z?:l Bi +2p*uXh v + 200X, Z?:l eijgey + 20 Xhy Z?:l T:B;
23 T +2Xh, Z?:l Ti€ijie + 2D Dpey Z?zl Bivi +2p i, Z?zl B;eijao + 230, Z?zl Yk€ij(k)
p

Apply expectation on both sides
P+ pY EGP) +pE Yis E(ir) + P2 X0 EBP) + D Xpc E) + P it Eiev) + 20- X4 E(eli)
+Zixg Zjen E(ijaoegnw) + 2071 Xi_y E(x) + 2puXf_  E(B)) + 2p*u i E(i) + 2pu XYy Xy E(eij)
+2p X ) E(By) + 280 Thoy E(rivi) + 2 X0, B0, E(tieij) + 20 Xhoy X-1 EBjYic)
+2p B0, X0 E(B) eijao) + 220, Xhoy E(Vceij)
p
p*u? +p*cZ + 0+ p3af + p*cf + 0+ p*c?+0+0+0+0+0+0+0+0+0+0+0
p
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_ p3u? + p?o? + p30[§ +p?of + p?o?
p
= p*u® + pa? + pcj + poy + po?

p 2
P OF
E< ]_pl >=p2/,t2+parz+p20/§+pa]§+p02

P (2
E(SSC) =E <Z’=Tlcf> —E(C.F)

= p*u® + poz + p*oj +poy +po? —p’u? —pof — pog —poy — o”

=pp - 1D+ (p— 1o
p TZ
SST = "=pl k_C.F

p p
i= i=1

=1 =
P P P
= PIH'ZTL' +Zﬂj T PY +zeij(k)
i=1 j=1 i=1

PTE Zeea(pr + X i+ 27 B+ pvic + 21, i)
p p
piu* + Zle D) 2izj T+ Z?zl 5,'2 + 22z BiBj + PZVIZ( + 2?21 eizj(k) + Yizg 2jzh €ij()Cgn (D)
el 2pu Yl T + 2pu 25-):1 B; + 2p°uyi + 2pu Xl eijan + 230, 25-]:1 T+ 20 X0 Tivk
+2%0 ., Ti€ij) +2p Z?:l Bivk +2 P Z?:l Bjeija + 2p > Yr€ijk)
p
pPut+pYl i +pY YixjTTi+ D Z?:l sz +pX Xz BiBj + p? Yhoy Yi +30 Z?:l eizj(k)
+ Ving Xjh €ijo gy + 2P2 U Xi-y T; + 2p*u Z?:l Bi +2p*uXh v+ 20X, Z?:l eijgo + 220, Z?:l TiB;
+2p Y Y T+ 220, Z?zl T + 2D Yy Z?zl Bivie+2X0, Z?zl B eijey + 2P Xy et YicCijci)
p

Apply expectation on both sides
P +p Yl EG)) +p XY E(mr) +p X EBY) + X Xiws EBiB) +0° et E(VRD)
+3F, Z?zl E(efigo) + Lizg Xjzn E(eijregn) + 2021 X_ E(1) + 2p°u 25-]:1 EB) + 2p*uXle—; E(vi)
+2pu X7, B0y E(eij) + 280, X E(@B) + 2p X, Xhey E(ivi) + 227, X5 E(Tiij)
+2pYh_y Z?:l EBjvi) +2%0, Z?:l E(Bjeijay) + 20 Xi-y Z?:l E(Ykeiju))
p
p3u? +p*cZ + 0+ p*os + 0+ pcf +p*0*+0+0+0+0+0+0+0+0+0+0
p
p3u? + p?c? + p?oj + p3af + pc®
- p
= p*u® + pa? + paj + p?o; + po?

p_ TZ
E <—k; k> = p*u® + pa? + paj + p*o; + po?
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p TZ
E(SST) = E< "=pl ") —E(C.F)

= p*u? + pot +pog + p’oyf +po’ — p*u® — poi — poj — poy — o*
=p(p— Doy + (p — Do?
E(SSE) = E(TSS) — E(SSR) — E(SSC) — E(SST)
=pp - Do +pp - Do +plp — Do} + (p? — Do? —p(p — Da? — (p — Do?
—p(p—Dog — (p— Do? - p(p — Doy — (p — 1a?
=@p*-1-p+1—-p+1—-p+1o?
= (p*—3p+2)o°
=(@-2)(p—-1Do?
ESSE) _(p-2)(@-Do* _ ,
P-DEP-20 @-DE-2)
E(SSR) _p(p—1Da? + (p — Do?

E(MSE) =

— — 42 2
E(MSR) = 1 — 0° + po;
E(SSC) p(p—Doi +(@—1o* ,

E(MSC) = b1 1 =0°+pog
E(SST) p(p— 1oy + (p— Do? X )

E(MST) = b1 1 =0“+poy

Mixed Effect Model

Case I: In this model the effect of 7; is random and effect of B,- and y, is

fixed
Assumptions:
1. E(el](k)) =0
2. E(eija0egnm) = 0
3. el-j(k)~iidN(0, 0'2)
4. 7;~iidN(0,02)
5 E(r;7;) =0
6. E(Tieij(k)) =0
8. Z£=1 Yk = 0
Yijgo = u+ 7+ Bj + Vi + €ijw
SSE =TSS — SSR — SSC — SST
14 14
— 2
TSS = ZZYU(,() C.F
i=1j=1
2 2
CF (o 2P Vi) _ (P X (o + B+ i+ eij))
' p? p?
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2
(p X T+ DX B+ T v + 2 X eijan)

p2
2
(p u+pX_ T +0+0+37, Z?ﬂeij(k))
p2
2
(p U+ PZL 1Ti + Z?:l Z?:l eij(k))
p2

p*u +p? Yl Tt + X2z Tt + P 12? 1 izj(k) + Ying Xjen Cijiognay + 2031 T
+2p%u Xt XF_ e + 20 By Xioq Tl

pZ
Apply expectation of both sides

P+ P N E()) + XX E(riry) + X X0 VE@lig) + Divg Xjen E(eijaoegna)
+2p HZ E(Tl) + Zp #Z 121 1E(eu(k)) +2p2 12 E(Tieij(k))

pZ
p*u? +p302+0+p?62+0+0+0+0+0
E(C.F) = p*u? + po? + o*
p P p D
2
ZZYLJ(R Z (1 + 70+ By + i + eijao)

i=1 ]=1 i=1 1

~.
1]

D
Z Z(uz + 17+ ﬁjz +yZ+ eizj(k) + 2ut; + 2uB; + 2uyi + 2peja + 218 + 21,
i=1j=1

+ Zrieij(k) + Zﬁﬂ’k + Zﬁjeij(k) + Zykei,-(k))

—p2u2+pZT +pZB, +pzyk +Zz U(k)+2pu2n+2pu2ﬁ,+2puzyk

i=1 j= i=1
p p p p p p
+2,uZZeU(k)+ZZTLZ,8]+22112yk+222‘re,](,€)+22ﬂ12yk
i=1j=1 i=1 j=1 i=1 k=1 i=1j
P D p P
+ ZZZﬂjeij(k) + ZZ Z Y€ijk)
i=1 j=1 i=1 k=1
p p p p P
=p2,uz+pZTi2+pZ ]-2+pZy,f+ZZef](k)+2puZTl+0+0+2y22e”(k)+0+0
i=1 j=1 k=1 i=1j=1 i=1 j=1
p D P D
+ZZZT6U(,()+0+ZZZ,Belj(k)+222ykeu(k)
i=1 j=1 i=1 j= le 1
p p p p P
=p2M2+pZT?+pZB,-2+pZV +Zzeé(k)+2pu2n+2uzzeu(k)+2227%m
i=1 j=1 k=1 i=1 j= i=1 j=1 i=1j=1
p D p P
+ 2223 eijy + ZZZYkeij(k)
=1 j=1 i= =1

Apply expectation on both sides
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p p p P D
= p*u? +sz(Tf) +pZﬁ,-2 +pZV,§ +ZZE (CHI) +2P#ZE(TJ + ZMZZE(eU(k))
i=1 Jj=

k=1 i=1 i=1 j=1
p 14

14 p
+ ZZ E(T €ij)) T ZZZ BiE (eijxy) + ZZ YrE (€ijy)

i=1 j= i=1 j= i=1k=1

=p2ﬂ2+pza§+p2ﬁj +p2y§+p202+0+0+0+0+0
j=1 k1
p

= p?u +p01+pz B} + Z ; +po?

k=1

inﬁ‘ —E(C.F)

j

p

2.

i=1
P P

— 2,2 2.2 2 2 2.2 _ 20212 2 __ 42
=p°u +pcfr+p2ﬁj+pzyk+p0 puc —por —ao

j=1 k=1

14
=plp - Do? +p2ﬁ,-2 +pZV,3 + (p* — Do?
j=1 k=1

E(TSS) =E

P R2
SSR =%—C.F

P .R? X (putpr+Xf, i)
p p
_ Zf:I(P p? + p*tf + Z?:l eizj(k) + X jzn €0 + 20Ut + 2pu Z?:l eij) + 207 Z? 1 el](k))
- p
(TP B X el + ing Djen ijo€nw T 207U BT T + 20 X1y BE_ e
_ +2p2 121 1 Ti€ij(k)
p

piu* +p* i

Apply expectation on both sides
PPt +p? YL EGH + X0, Z E(eizj(k)) + Ying Xjen E(eijaoegnm) + 20°u X E(1)
_ +2ppu X7y B0y E(eij) + 20 Xioy Xy E(Tieijae)
p
Pt +pPo +p*c®+0+0+0+0
p
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_p’pt +pior +pio’
p
=p*u® +pof +po’

P R?
E (—F; l> = p?u® + p%0? + po?

P R2
E(SSR) =E (%) —E(C.F)
=p*u* +p’of +po’ —p*u® —poi —o*
=pp—1Do? + (- 1o?

Z’L Cc?
SSC = %— C.F

) p
T S RETR
i=1

i=1

P P P
=P.U+zfi+l?ﬁj+21’k+zeij(k)
i=1 k=1 i=1
P p
=PM+ZTi+pﬁj+0+23ij(k)
i=1 i=1

p p
=pu+ Z 7, +pBj + Z €ij(k)
i=1 i=1

2
p 2 p p p
j=1Cj _ j:l(pﬂ +Zi=1Ti +p.8j +Zi=1 eij(k))
p p
" (pzllz + Y TP Y YTt PR A Y eizj(k) + Yizg Xj=h €ij(k)€gn) T 2DU Z?:l T+ szuﬁ]->

_ =t +2pu ¥, e T 2p T B +2 P Tieija) T 2pB; P €ij(k)
p
pPu*+p Z?:l 7+pY Nixj Ty + D° 25-):1 5,'2 + Zle 25-]:1 eizj(k) + Nieg Xjxh €ij(0Cona) T 2D ZL T;
_ +2p°uXE_ By + 2pu Xl By ejao 20 Moy X T By + 2 X0 X Tieijao + 20 Xhy X5 eijao B
p
PPt +p X 1t +p X ik it + PP Z?:l sz +30, Z?:l eizj(k) + Ying Xjen Cij0Cgnm T 2P U T
B +0+ 2pu X7, X5 eijoo + 2 X Xy i By + 2 X, X Tieijoo + 2P Xy Ehos eijao B
p
P2 +p Xl P Y Tt + 0P X B+ B Yo el + ieg Djn Cijtoeon + 2P U TE-, T
+2pu Y, Z?:l eijtey + 20 Xiq Z?:l B+ 2%, Z?:l Ti€ije) + 2P Xhey Z?:l eijc) Bj
p

Apply expectation on both sides
P2t +p Xl E(?) + p X X1 E(1it)) + PP Z?:l BF+30, 25):1 E(eizj(k)) + Yizg 2j=n E(eijaoegnwy)
+2p2u ¥l E(t) +2pu ¥l 25-’:1 E(eijg) + 20 Xi-, Z?:l E(t)B;
3 +230, Z?:l E(tieijg) + 20 X0, Z?:l E(eiji)) Bj
p
PPt +pPol +0+p? L) B} +p?0?+0+0+0+0+0+0
p
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_pPut+piel +p? L, B +pPo?
p

P2 P
Jj=1"J 2,,2 2 2 2
E —, TP +por +p ) Bi +po
-

p

Z': CZ
E(SSC) =E <’T“> —E(C.F)
= p*u® +pof + pz Bf +po® —p*u* —pof — o’

14
=p ) B+ @10

p T2
SST =k=p+k—(].F

Tk _ZYLJ(R) Z(M+T1+ﬁ] +yk+eu(k))
_pﬂ+zrl+2ﬂ] +p)/k+zelj(k)
=P#+Zfi+0+m/k+z@ij(k)

i=1 i=1
p p
=pu+ ZTi + Py + Z €ij(k)
i=1 i=1

w1 Tie P+ Xt o + 20, eij(k))z
p p
P (PZMZ + Z?:l 7+ Dixj TiTj + P*vi + 257:1 eizj(k) + Yizg 2j=n €ij(k)€gh) T 2DU Z?zl T+ szlll’k>
=t +2pu i a0 2P X T Ve + 220 Tl + 2PV Bies €1
p
PPt +p Y T+ YN Tt PP e Ve + 20 12 -1 eizj(k) + Ving Xz Cij0Cgnw + 2P U Th- T;
_ +2p*u Xk v+ 2pu Y, Z,-:l €ijtey T 2D Xy D Ti Vie + 220, Z?:l Ti€ij(k) T 2P Xieq Leen €ijio) Vi
- p
P +p Xt P N T+ PP Xy Vi + By Xy €l t Ding Djen Cij0Cgnw + 2P UL, Ti
+0 + 2pu Z:i=1 Zj=1 eijk) T 2p Zi:l Zk:l TV +2 Zi:l Zj:l Ti€ij(k) T 2P Zi:l Zk:l €ijx) Vi
p
pPu*+p Z T+ DPY Yixj LT+ D 2¥ Vi + Z?—l Z?=1 eizj(k) + Nieg 2jzh €ij(0Cgna) T 2D Z?:l T;
+2pu Y, Z, Loy T2 X Y T+ 220, Z?:l Ti€ij(e) T 2P Xheq Yo €ijio) Vi
p

Apply expectation on both sides
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PPt +pYl JEG) + 0 XY E(rty) + p* Yooy VE + X0y 25;1 E(eizj(k)) + Yizg 2j=n E(€ijio€gnw)
+2p*u ¥l E(t) +2pu Yt Zj:l E(eiju) + 20 Xy X  E(C) vie + 230, Z?:l E(tieij))
+2p X0 Yot E(eijao) Vi
p
PP+ pPe+0+p? Y vk +p*0?+0+0+0+0+0+0

- P
_ P’ +pPo +p’ Yy v +p’o’
p

iy Y
E(‘—) = p*u’® + pa? +p2%? +pa?
P k=1

p

2
E(SST) =E <";+T"> —E(C.F)

= pu +par+p2yk+pa —p?u? — po? — o

=1
P
= pzyﬁ +(p—1)o?
k=1

E(SSE) = E(TSS) — E(SSR) — E(SSC) — E(SST)
=p(p - 1)of+p2ﬁ, +p2yk+(p ~ Do = p(p - )? = (p — o —pZﬁ, - (- 1o? —pZyk—(p—l)a

—(p —1-p+1-p+1—-p+1)o? —(p —3p + 2)o?
=(-2)(p-1o?
E(SSE) _(1!?—2)(10—1)02_02
@P-DE-20 @E-DE-2)
E(SSR) p(p—1Da? + (p — 1)a?

E(MSE) =

E(MSR) = = = g2 2
(MSR) — — 0% + po;
p
E(SSC) pXi_ Bi+ (p—1)o?
F(Msc) = o) Piml =02+ L g2
p—1 p—1 p—14L"
j=1
14
E(SST —1)0?
p(usty = EESD _PLica Vi~ D" _ oy B ZV%
p—1 p—1 p—1lad

Case I1: In this model the effect of B,- is random and effect of ; and y,, is
fixed
Assumptions:

E(eija) =0
E(eijuegnw) =0
eij(i)~ildN (0, %)
B;~iidN (0, af)
E(BiB;) =0

o M w Db E
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6. E(ﬁjeij(k)) =0

7 Zl 1Tl
8. Zk=1yk =0
Yiigog =+ 7 + Bj + Vi + e
SSE =TSS —SSR — SSC — SST
p
i=1 j=1
2 2
— i X Yiw) (B Zioa(u+ 1+ B+ vi + eijny)
' p p’

2
(p HHPEL T+ P X B+ P Eiea Vi + 2 B i)
p2
2
(PP 0+pE_ B+ 0+ XY eij)
2
_ (P2u+p Zﬁ-’zl B+ X, Z’};l €ij(i))
= oz
p*u® + p? ij=1 ,31'2 + X iz BBy + Z? 121? 1 izj(k) + Yizg Xj#h €ij(0)€gh) T 2p°u Z?ﬂﬁj

+2p 'uz 12J 1el](k) + szl 12] 1ﬁ]el}(k)

pZ
Apply expectation of both sides
p*u® + p? 2 E(ﬁ] )+ XX E(BiB)) + > 12 E(eizj(k)) + Yizg 2jzn E(eijgoegnm)

+2p3 MZ LEB) + 2p*u Xy 12, LECeijgo) + 20 28 12 1EBjeija)
7

p*u? +p3of +0+p*0?+0+0+0+0+0
E(CF)— +pa + o2
14

1% 14
2
Z Z Yie = Z(H + 7+ B+ Vi + eij)

i=1j=1 i=1j=1

P
ZZ(M + 17 + ,8] +vE+ eu(k) + 2ut; + 2uB; + 2uyi + 2peijg + 218 + 2Tk

i=1 j=1
+ ZTieij(k) + Z,B]yk + zﬁjelj(k) + ZYkeij(k))
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p p P p P 4 p P
—p2M2+pzrf +p2ﬁf +pZV§+Zzeu(k)+2p#2n+2p#2ﬁ, +2pu2n
i=1 j=1 k=1 i=1 j=1 i=1 j=1 k=1
p p p p P P p P p p
+2“ZZE”(") +ZZTLZ[>’] +ZZTiZVk+ZZZTLeu(k) +ZZ,3,Z%<
i=1 j=1 i=1  j=1 i=1 k=1 i=1j=1 j=1 k=1
P D p P
+ ZZZﬂ]eU(R) + 2 Z ykeij(k)
i=1 j=1 i=1 k=1
p P p P
= p2u? +pZTl- +pZﬁ +pZV,§ +ZZ €ij(i) +0+2PMZBJ +0+2ﬂzzeu(k) +0+0
i=1 j=1 k=1 L=1 i=1j=
p P
+ ZZZ Tieijay + 0+ ZZZﬂJGU(R) + ZZ Z Yi€ij(k)
i=1j=1 i= 1] i=1 k=1
P p P P P P p P
=p’u’ +PZT? +P2512 +pzyi +ZZ €iico +2p“zﬁf +2“Zze‘f“‘> +ZZZT"€”(")
i=1 j=1 k=1 i=1j=1 j=1 i=17 i=1 j=1
P P p P
+ ZZZ Bieija + zzz Yk€ijk)
i=1 j=1 i=1 k=1

Apply expectation on both sides

p

p p P D
=Pt +p Y Tt sz(ﬁ,-z) P vE+ ) D E(ed) + ZPMZE(ﬁ,) * ZMZZE(EU(I())
i=1 j k=1 i=1j=1 i=1 j=
p P p
+ ZZZ T; E(el](k)) + ZZ z E(B]el](k)) + ZZ ykE(eL](k))

p
i=1j= i=1j=1 i=1k=
14

=p2u2+'pZTi2+pzol§+p2y,f+p202+0+0+0+0+0
' k=1

=p2u2+pzrf+p20§+pzyﬁ+p202

i=1 k=1

p p
E(TSS) = E Zz 200 | — E(C.F)
=1 j=1

p

—p2u2+pZT +p202+pzyk +p?0?® — p?u® — pog — o*
i=1 k=1

[y

E(TSS) = erf +p(p - 1)af + pZy,% + (p?-1)0?
i=1 k=1

14 2
R?
SSR —#—C.F

p p
Z ij(k) — Z U+t + .Bj + Vit el}(k))
) el

=pu+pt;+ Zﬁ] ZVI(‘*‘ZQJ(k)
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P p
=P#+PTi+Zﬁj+0+2€ij(k)
=1 =1

P p
=pu+pT; + Z,Bj + Z €ij(k)
=

2
P 2 14 . 14 i 14 .
i1 Ri _ i=1(pﬂ +pt; + Zj=1 ﬁ] + Zj=1 el](k))
p p
» p*u® +p*t} + E?zl B + X XixjBiB; + 25-}:1 el + Xjen Cijaoinw + 22Ut + 2pu 27:1 Bj + 2pu Zﬁ?:l €ijk)
=t +2p XF_ By + 20t XY eijao + 2251 B eija
14
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pPut+p* Yl i+ Z?zl .31'2 +p XXz BB + PN Z?:1 eizj(k) + Nieg X jxh €ij(0) o) T 2P% 1 25;1 B;
+2pu Y, Z?:l eiji) +2p > Z?:l .6 + 2p > Z?:l Ti€ijay + 2 P Z?:l Bj eijao
14

Apply expectation on both sides
p3u? + p? Z?:l 7+ PZ?:l E(.sz) +pX X E(BiB)) + Zf:l Zi-;l E(eizj(k)) + Yizg X j=n E(eija0eqnwy) + 2071 Z?:l E(B))
+2ppu X7 X E(eijao) + 20 X0y X0 TEB) + 20 X1y Xy tiE (eijn)) + 2 iy X—1 E(B) eijay)
p
P2 +p2 Yl 12 +p2of +0+p2e2+0+0+0+0+0+0
P
p3M2 + pz Z?zl,l.iz + pzo.ﬁ% + p20.2

- p

P
= p?u? +pZTi2 +paj + pa?
i=1
P R? ?
E(—l"l l) = p?u? +pZTl-2 +paj + pa?
p i=1
P p2

E(SSR) =E ("=TlRi> —E(C.F)

p
=p*u + pzrf +poj +po’ —p*u? —pog —o”
i=1

14
=p ) T+ -1
i=1

p 2
j=1GCj

SSC = -C.F
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14 14
(= Z Yijaoy = Z(ﬂ + i+ B+ Vi + eijao)
i=1

i=1
P P P
= Pﬂ'*‘ZTi +Pﬁj+z}’k+zeij(k)
i=1 k=1 i=1
p

i=1

p
=pu+pB;+ 2 €ij(k)
i=1

P 2 D P 2
j=1C (o +pB + X eijo)
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3 Z?ﬂ(l’z#z + 2B + X, el + Tizg Cija0egiay + 202 UB; + 2pu Xl eije) + 20 Xh-, B €ijtk))
p
p3M2 + pz 25;1 ,3,-2 + Zfﬂ Z?:l eizj(k) + Zi:tg Zj::h €ijtegn t ZPZM Z?:l .Bj + 2pu Zf:l Z?:l €ij(k)
+20 271 X1 Bj eijoo
p

Apply expectation on both sides
p*u® + p* Z?:1 E(ﬁjz) +30 Z?:l E(eizj(k)) + Yieg Xjen E(eijaoregnm) + 2071 Z?:1 E(B})
+2pu X, Z?:l E(eiju) +2p Xi, Z?:l E(B;j eiju)
p
p3u? +p3cf +p*c>+0+04+0+0

p

_ p3’u2 + p30.§ + pZO.Z
p

= p*u® + p?oj + po®

p CZ
j=17J 2,2 2.2 2
Esz,u +p“og +po

p 2

P
E(SSC) = E<’T“> — E(C.F)
— p2’u2 +p20.§ +p0.2 _p2’u2 _pO.EZ _0.2
=p® - Doj + (p — Do?

p p
Ty = Z Yijoo = Z(H + 7+ B + ¥k + eijgo)
i=1 i=1
P P P
= PIJ+ZTL' +Z.Bj + DYk +Zeij(k)
=1 =1 i=1
p p

:PH+O+Zﬁj+PVk+Z€ij(k)
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p p
=pu+ Zﬁj +pyi + 2 €ij(k)
= i=1

P P P 2
her T (e + 2ie1 Bt oyt Xy €ij(k))
p p
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+2pu Yl Yhieija +2p Z?:l Yo Bive+2X, Z?=1 Bieijcey + 2P Lot imr Vi €1j i)
p
pPut+p Z?:l 3]'2 +pXY Xz BiBj + p? Yo v+ X Y, eizj(k) + Yieg Xjn €0 Con T 2D Z?:l B;
+2pu Yt Yhieijao +2p Z?:l Yo Bive+2X, Z?:l Bieijcey + 2P Lot ier Vi €1j k)
p

Apply expectation on both sides
p3u® + PZ?:l E(sz) +p YN EBiB) + p* Lhc VE+ 20 Tk E(eizj(k)) + Nizg Xj=n E(eijaoegnay) + 2021 Z?zl E(B))
+2pp B Yoy E(eijao) + 20 X5, oy EB)DY + 220, Xy E(Bjeij) + 20 Xhey Zimy E (Vi €ij)
14
p3u? +pop + 0+p* Xi_ vk + p*02+0+0+0+0+0+0
p
_PPuP+pPog +p X, vk +plo?
p
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= p*u® +pzyi +poj + po?
k=1

et T2 S
E( ~ >=p2u2+pzyi+paﬁ+p62
p k=1
b 2

E(SST) = E< "? T") —E(C.F)

p
=p*u? +pzyﬁ +poj +po’ —p*u? —pog —o?
k=1

p
= pme +(p — Do?
k=1
E(SSE) = E(TSS) — E(SSR) — E(SSC) — E(SST)

14 14 14 P
= er? +p(p — Dog +pZVﬁ + (P*-1o? —pzr? —(—-1ao?-pp -1} — (- Do? —pZVﬁ --1Do?
i=1 k=1 i=1 k=t

={(p*-1-p+1—-p+1—p+1)?
= (P*-3p+2)o* = (p—2)(p — 1o?
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EGSSE) _(-D- 2)0? _ 2
P-DE-2 @G-L@E-2)
E(SSR) pYl,t?2+(-1o% . p O,
= =0°+ ZTL-

E(MSE) =

E(MSR) = P
( ) p—1 p—1 p— 1z -
=
E(SSC) p(p— Do + (p — 1)o?
E(MSC) = = = g2 2
( ) — > —1 o+ pog
14
E(SST P v24 (p—1)c?
gmsTy = 285D _ PLiziVi t (P=Do” P Z’/’%
p—1 p—1 p—1
k=1
Case I11: In this model the effect of y,, is random and effect of ¢; and B,- IS
fixed
Assumptions:
1. E(eu(k)) = O
2. E(ejaoeonw) =0
3. el-j(k)~iidN(0, 0'2)
4. y~iidN(0,0y)
5 E(y) =0
6. E(vieiju) =0
8. le Ti = 0
Yijgo = u+ 7+ Bj + Vi + €ij)
SSE = TSS — SSR — SSC — SST
P p
_ 2
TSS = zz Y34 —C.F
i=1 j=1
2 2
CF (- 21 Vi) _ (B X (u+ i+ B+ i+ eij)

p? p?

2
(PP B p B Ve + B R eijo)
2
(PPt 0+ 0+ p X vk + 2 X )
- 2
2
PPut i v+ 2L 2 eij)
- =
P+ p? Tema Vi + Z st Vievt + i Zjer €650 + Zimg Ljen €110 €gn@ + 2P° 1 Dieza Vi
+2p?u B0 Y-y eijay + 2P Xiey Xer YiCij(i)
pZ
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Apply expectation on both sides

p*ut +p YN EQR) + X Xkt E(rievy) + 20 12, 1E(9U(k)) + Yizg Xj=n E(eijaoegnw)
_ +2p3u ko Ei) + 2p X X7 E(eijao) + 2p 21y Xie
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= .~
E(C.F) = p*u* + poy + o*
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i=1j=1
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i=1 j=1
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p P p P
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+ ZZZ ‘[l-el-]-(k) +0+ ZZZ,B el](k) + ZZ Z ykeij(k)
i=1 j=1 i=1 j=1 1:1 k=1
p 14 14 p P
= p*u? +pZTi2 +p2ﬁf +pzy +ZZ€U(R) +2pu2n +2u22%(k> + ZZZT €ijio
i=1 j=1 k=1 l=1]= i=1 j=1 i=1j=1
p P
+ Zzzﬁjeu(k) +2 Vieij(k)
i=1 j=1 i=1 k=1

Apply expectation on both sides

= p?u? +pZT +pZB, +pZE(V;?) +ZZE(eL](k)) +2puz E(vi) + Z#ZZE(eu(k))
p

i= 1} 1 i=1 j=1
p p
+2 ZTE(GU(,{))-}- ZZB]E(el](k))+ZZ VkE(el](k))
i=1j=1 i=1 j=1 i=1k=1
p p
=p?u® + pZTf+pZ,B 02 +p?0?+0+0+0+0+0
i=1 j=1
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E(TSS) = E ZZY”'(") —E(C.F)
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j=1
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p

p
R; = Z Vi = Z(H T B+ Vit i)

p

2
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v P+ pPtt 4+ X VR Xk Vi + Z?:l eliu + Xjzn Cijoing + 2P2UT; + 2pu Nk, Vi + 2pu Z?:l €ijk)

< +2p Xh oy TV + 20T B0 eijag + 2 X0- 1 Zhey Vi Ciji) )

p

P2+ PP X T A DIy VE A DR Dkt ViVt + Dy e €l + Lieg Ljn €ij(0 €gn) + 2D U Ti=y Ti
_ +2p U Y Vi + 2o X, Z?:l eijk) +2p Yty + 20Xl Z?zl Ti€ijk) + 2 Z?:l Y1 Vi €ij(k)
B p

P+ 2 Y TP AP YR VEF DI kst ViV + 2iey Z?:l eizj(k) + Yizg Zjxn €ij)€grwy T 0
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_ +2p% Uy Vi + 200X, Z?:l €ijt) 2D Xy D1 TiVe + 2P X0, Z?:l Ti€ijk) + 2 Z?:l Y1 Yk €ijk)
p

i=1

Apply expectation on both sides
P2t 4+t Y TP p I EQR) P E Tk EQiv) + 20y Z E(elzj(k)) + Yizg 2j=n E(€ijaoegny)

+2p Ui E(ri) + 2pi X0y X5y E(eijao) + 20 Xioy Dema TE (i) + 20 214 X5, TE (eij))
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p
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— +2p*u Zk:1 Yi + 2pu Zi=1 Zj=1 eijk) + 2p Z£:1 Z?:l Bjvk +2p 25;1 Z?=1 Bj eijge + 2 Z?ﬂzi'):lykeij(k)
p
PP+ D2 YN B+ DEh VR DX Dem Viht + 2oy TPy €Z0) + Bing Xjen €30 €gnay + 0
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Apply expectation on both sides
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ﬁjz+(P—1)02

I
'§4~3

Tk _ZYLJ(R) Z(M+T1+ﬁ] +yk+eu(k))

_p.u'i'zfl'l'Zﬁj +pyk+zeu(k)

=P#+0+0+P)/k+z@ij(k)
i=1

=pu+pyp + Z €ij(k)
i=1
2
2 p p
he1 TF _ k:l(P# + Vi + Xiey eij(k))
p p
e (PP + YR+ I, eizj(k) + Ying Xjen Cij0€gn) T 2P MY + 2DU Xi s eijao + 2P b, Vkeij(k))
p
PP+ D Y Vi + X Sk el F Dieg Xjen €ijtoCone) T 2P2 M Xhoy Vie + 2pu XE_ iy €0
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p

Apply expectation on both sides
PP+ p* Yoy Vi + X Xkt €l F Diseg Djen €ijt0Cgn@) T 2021 Xhoy Vie + 2PU XE— 1 Xy i
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P
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_pPut+plo) +p?c?+0+0+0+0
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_ pPu? +piod +plo?
p
p_ Tk2
E (—k"pl > = p*u® + p®oy + po?

14 TZ
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_E(SSC) _pXioiBf + (p—Do? P
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— 2 _ 2
E(MST):EP(S_S?:p(p 1)?_+1(p Do

Case IV: In this model the effect of T; and B,- is random and effect of y,, is
fixed
Assumptions:

E(eija) =0
E(eija0€gna) = 0
e1jci0~1idN(0,02)
7;~iidN (0, 02)
E(Tl-‘[j) =0
E(Tieijg) = 0
B;~iidN (0, af)
E(BiB;) =0

. E(Bjesjao) = 0
10. E(7;8;) = 0

© o N o gk wbdE
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11. Zi:l Yk = 0
Yijoy =+ 7+ B + v + eiju
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TSS = ZZ 200 —
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Apply expectation on both sides
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p (pzliz +pitf + Z?:l B} + X Xz BiB; + Z?:l eizj(k) + X jsn €ijoCine + 202Ut + 2pu 25;1 .Bj)
=1 +2pu Z?:1 eija) T 2pT; Z?:l B + 2p7; Z?:1 eijaoy T2 Z?=1 Bj eij)
p
pPut+p* Yl i +p 2?21 Bf +pY iz BiB + PN Z?:l eizj(k) + Yizg 2j=n €ij(k)€gh()
+2p2u Xl T+ 207 X B+ 2pu N X e + 20 X X B
+2p ¥, Z?:l Tieij(k) + 2 M=y Z:?:1 Bj €ijx
p

Apply expectation on both sides
pPut+p* Yl EG@H) +p Z?:l EBH+pI i EBB) + X0, 2?21 E(efigo) + Lizg Xjzn E(€ijgregnm)
+2p* U YT E(r) + 2p*u X0 E(B) + 2pu Xy X5, E(eijaoy) + 20 Xioy 2oy E(Ti))
+2p X0 Yo E(rieijan) + 220, X5-1 E(B) eijiy)

p
p*u? +pic? +p?of + 0+ p?c*+04+0+0+0+0+0+0
B p
_p’u? +pio? +p’of + pPo?
B p
= p*u® + p?c? + poj + pa?
b R2
E(SSR) = E (%) —E(C.F)

= p*u* +p’of +pog +po® —p’u? — po — pog — o?

=p(p — Doz + (p — 1)o?
YP_ C?
SSC = % —C.F

p p
(= z Yijo = Z(# + 70+ Bj + Vi + eijao)
i=1 i=1

p P P
= Pﬂ"‘ZTi +Pﬁj+zyk+zeij(k)
i=1 k=1 i=1

P P
=PH+ZTi+Pﬁj+0+Zeij(k)
i=1 i=1
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P P
=pu+ Z T +pBi + z €ij(k)
i=1 i=1

i 6 X (pu+ X0 T+ B+ XY, i)
p p
p (Pzﬂz + 20 T A X Y Tt + PPBF + X el  Tieg CijtoCgi) F2PR T T + ZPZMIBj)
= +2pp Xl eijoo + 2P X T + 2 X7 Tieiju + 2P 214 B eijoo
P
PP +p Xt P Y Tt + 0P X B+ B X el + ieg Xjzn CijoCone) T 2PP 1 X1, T
3 +2P2ﬂ2 B +2pu Yl 12, 1€ + 2P Xt 12 B+ 2 X0 121 LTi€ijao +2p XL 121 1B eijao
p

Apply expectation on both sides
P2+ p I EGH) +pE Xis  E(uir) + P2 X7 EBP) + 21, 271 E(elin)
+Xizg 2jzn E (eijaoegnay) + 2020 Xh-, E(1;) + 2p? MZ LEB) +2pu XY 12 1ECeijmy)
+2p X X E@B) + 220, X5 E(Tieijo) + 20 Xy 251 E (B eijiy)

p
p*u? +p*cZ + 0+ piof +p*c*+0+0+0+0+0+0+0
p
_pPut+p’ef +piof +p’o
p
= p*u® + po? + p?oj + po?

p 2

E(SSC) =E <Z’=Tlcf> —E(C.F)

= p*u® + po +p*oj + po’ — p*u® — pof —pog —

=p -1+ (p - 1o
1% TZ
SST = k;%" —C.F

Tk - Z Yl](k) Z(H +7; + .8} + Vit el}(k))

_pﬂ+zT1+Zﬁ] +pyk+Zeu(k)

w1 T he(pu + Zi:lTl' +X0_1 B+ v + X, eij(k))z
p p
2P+ X0+ Y Y Tt + X B+ X i BiBy + PZVIZC + 30 el F Dizg 2j=h €ij0 Can)
et +2pu N7 T + 20 XE_) By + 2071y + 200 XY e + 2 X0, XF_y Ty + 2p X, Tivk
+230  Tieija + 2p Z?:l Bivi + 2%t 12, 1B eijao + 20 Xioy Yeeija
p
P+ p I TP AP I i LT A DS B AP I e BB+ PP T Vi + S XE el
+ Xing Zjzn €ijooonw + 202U B, T+ 2070 EL_ By + 202U B Vi + 201 B, B eijoo + 220, XF Tl
+2p X0y Dt TV + 220, Z?:Jl‘eij(k) +2p Yoy Z?=1 Bivik + 2%0 121 1Bj €ijy +2p i1 e 1 Vk€ij(k)
p
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P+ p Y TP+ P I i T P BE AP Tin BB + PP Tkt Vi + T Do €l
+ Ving Xjzn €ijtoConwy T 207U Doy Ti + 207U T B + 0+ 2pu X7 X0 eijao + 2 X1, o, Ty
_t2p Y Yhea TV + 20 Xy Tieijao + 20 Yoy Xy BiYie + 2 X021 251 By eijay + 20 Xioy D=1 VicCijk)
B p
P+ p Y TP+ P i Tt P BE AP Tin BB + PP Tkt Ve + T T €l
+ Nizg Ljzn €ij0€gny + 2P° 1 oy T + 2071 X5y By + 2P X1, X0 q eijao + 2 Xioy Xy Ti;
+2p X7y Deer TV + 220, Zj:l Ti€ijy 2P her 25';1 Bivi +2 X0 12 1B eijao + 20 Ty Xoen Yiijo
p

Apply expectation on both sides
P +p Y EG)) +p X i E(mr) + p X E(B) + X Xin EBiB) +0° Xioy Vi

+Zf 125) 1E(e12](k)) + Zl#g Z]#hE(eij(k)egh(l)) + Zp MZi:1E(Tl) + zp #Zj:1E(ﬁ])
+2pu ¥t 12, LECeija) 230 12 E@B)+ 2 Y Y vkE(T) + 230, 2?21 E(Tiei0))
+2pYh_, ZFl)/kE(ﬁj) +2%0, 5-;1 E(B; eija) + 20 Xi-y 25;1 YrE (eijxy)

B p
pPu? +p*cZ +0+pog +0+p* Yy +p?0*+0+0+04+0+0+0+0+0+0+0
- p
p*u? +p?of +pof +p? Ly, vi +po’
- p

= p*u® + po? + paj +p2h§ +pa?
k=1
p 2

E(SST) = E< "=pl T") —E(C.F)

= p*u® + pa? + paj +pzyk+p6 — p*u® — po? — pojg — a®

P
=p Y ¥+ - 1o
k=1
E(SSE)—E(TSS) E(SSR) — E(SSC) — E(SST)

=pp -1 +pp-1)a} +pZVk+(p - 1Da? =pp-1o? - (p—Do*—p(p - Do} - (p — Do? —pZVk (» - Da?

k=1 k=1

=(p?—1—-p+1-p+1—p+1)0?
=@*-3p+2)*=(p-1({p-2)*

_ EGSSE) (p-D®-2)0*
S = he-2 - G-De-2 °
E(SSR) p(p—-DaZ+(p—-1o*>

= =0“+ po;

E(MSR) = =
(MSR) =1 —
E(SSC) plp—Doj + (p — 1)o?

E(M = = = g2 2

(MSC) — — o” + pog

14

E(SST P_vE+ (p—1)o?

gust) = LOSD) _ PRk Vet P=Do” _ P Z”’E

p—1 p—1 p—1lad

83



DESIGN AND ANALYSIS OF EXPERIMENT I

Case V: In this model the effect of T; and y,, is random and effect of B,- IS
fixed
Assumptions:

E(eij) =0
E(eija0€gn) = 0
el](k)~leN(0, 0'2)
7;~iidN (0, 02)
E(TiTj) = 0
E(tieij)) = 0

Yk ~1idN(0, o )
E(yky) =0
E(ykeijon) = 0
10. E(Tl)/k) =0
1130, B =

© o N gk o PR

Yiioy =u+71+ B + v+ eija
SSE = TSS SSR SSC — SST

TSS = zz 200 —

i=1j=
2 2
(- 21 Vi) _ (B X (u+ o+ B+ i+ eij)

C.F =
p? p?

2
(P p+pXl T+ PZ?zl B + PYhci Ve + 2y 25-):1 eij(k))

pZ
2
_ PP p XL T+ 0+ p X i+ 2 2T eyj)
pZ
2
(p u + PZl 1Ti + ngzl Yk + Z?:l 25):1 eij(k))
pZ

P4M2+P22 L\ TF + X i TiT; +p2 Y VE +ZZk¢leYl+Zf 12? 1 izj(k)
+21¢g21¢hel](k)egh(l) +2p IJZl 1Tl+2p Mzk 1Yk +2p UZ 121 1 €ij(k)
+2PZ 121 1T€U(k)+2PZL 12]( 1 l)/k+2pzl 12]( 1 Yk€ijx)
pZ

Apply expectation on both sides
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p*ut +p* Yl E() + X E(it) + 2 e EQVE) + X ket Evieyy)
+X0 Z E(eizj(k)) + Yieg Ljzn E(eijanegn) + 203 X E(t) + 203 Xh—  E(vi)
+2p%u i, X0_ 1 E (eija) + 2p X7, 12 LE(miea) + 2 X Yot E(Tive)
+2p X0 YR E(Veijao)

pZ
p*u® +pcf +04+p3cf +0+p*c*+04+04+0+0+0+0+0
4,2
_p*u’ +p’ef +pioy +po?
- >
E(C.F) = p*u* + pa? + poy + o*
p p p p
2
Z 2 Yia = Z(ﬂ T+ B+ v+ eij)
i=1 j=1 i=1 j=1

14
22( + Tiz + ﬁJZ + )/]% + eizj(k) + 2,Ll'l'i + Zﬂﬂ] + Zﬂ)/k + Zﬂeij(k) + ZTL'B]' + ZTL']/k

i=1j=1
+ Zrl-el-j(k) + 2[)’]]/1( + Zﬁjeij(k) + ZYReij(k))

—pzuzﬂozr +p2ﬁ, +p2yk +Zz L](k)+2puZTl+2puZﬁ,+2pu2n
p

i=1 j= i=1 =
P p p p p
+2Mzzeu(k) +ZZTLZ,8] +ZZTLZ}/,€+ZZZTL-€U(,€) +22ﬂjzyk
i=1 j= i=1 j=1 i=1 k=1 i=1j=1 j=1 k=1
p b 14 p
+ ZZ :Bjel](k) + ZZ Z Yk€ijk)
i=1j=1 i=1 k=1
14 14 14 P b
=p*u? +pZT? +p2ﬁf +pzy +ZZ€3,(R) +2puzrl +0+2puzyk+2uzzeu(k)+0
i=1 j=1 k=1 l=1] i=1 j=1
p p 14
+ ZZZyk T; + ZZZT elj(k) +0+ ZZZ‘BJEU(;() +2 Zykeij(k)
i= 1 i=1 j=1 i=1j= 1 z=1 k=1
14 14 p p
=p*® +pz T} +pZB,-2 +p ) vi +Zzeu(k) + ZPuZn + ZPuZVk + ZMZZeU(k)
i=1 j=1 k=1 i=1 j=1 i=1j=1
p p p p 14 p 14
+ ZZ Z Vi Ti + ZZZ Ti€ijy + 2 Zﬂ;eu(k) +2 Yk€ij(k)
i=1 k=1 i=1j=1 i=1 j=1 i=1 k=1

Apply expectation on both sides

= p*u? +sz(12) +pzl>’, +sz(yk) +zp:2p:E( elia) +2pqu(TJ+ ZP#EE(Vk)

i=1j=1 i=1 =

14 p p p p P 14 ;
+2u ) D Eleya) +2 ) > E0t) +2) ) E(meyu) +2) > BEeyw)
i=1 j=1 i=1k=1 i=1 j=1 i=1j=1
p P
+2 Z Z E(Yreij))
i=1k=1
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=p2u2+pza,2+p2ﬁf+pzay2+p202+0+0+0+0+0+0+0

14
= p*u’® +p’o +pZB,+p +p?o?
j=1
p p
E(TSS) =E ZZ Y3 | = E(C.F)
i=1j=1
=p°u® + +pZB,+p +p?o? — p*u? — pof — poy — o?

=pp—-Do? + pZB,? +p(p — Do? + (p? — 1)0?
j=1
P Rz
SSR = —l—; L_C.F

P 14
Z ij(k) — Z(H + T; + ﬁj + Yk + elj(k))

p
_p#+ptl+2B]+zyk+zeu(R)
=pu+pn+0+zyk+zeu<@

k=1 =1
P p
=PM+1Wi+ESVk+zZ€Uw)
k=1 =1

2
2 P p P
PR ELa(pe A pri+ B v+ Eioieijo)
p p
» (PZHZ + P2+ X VR + X ks ViV + Z?ﬂ eligo + Xj=n €ijaoCinw + 207 UT; + 2pu Y-, }’k>
=1 +2pu Z,-:l eiji) + 2pT; Yho1 Vi +2pT; Z?zl eijky 2 Y1k €ij(k)
p
P+ p? Y TP DY VE P ks ViV + 2y Z?:l eizj(k) + Yizg Xjxh €ij(k)€ghQ)
+2p* U T T+ 207 Doy Vie + 2D X0y B0 €y + 2P Xy Do TiVk
+2p X7, 121 1 Ti€ijo + 2 2ioq Zem1 Vi €ijcio)
p

Apply expectation on both sides
PP+ P2 EGH) +p X EGR) + X Xk EQiv) + 2 1Zp E(elzj(k)) + Yizg Xj=n E(eijaonegnwy)
+2p*u N0 E() + 20°u ko E() + 2pp X7y B0, E(eijo) + 2P Xi—y Xy E(Tivi)
+2p X0 B0 E(Tieijao) + 280 Yhoet E(Vie €j0)

p
P’ +pPcl +p?oy +0+p?c®+0+0+0+0+0+0+0

p
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p’u® +piof +p’oy +p’o’
14
= p*u® + p®cf + poy + po?
p 2
i=1 R
E(SSR) = E == E(C.F)

= p*u* +p*or +poy +po’® —p’u® —pof —poy - o*

=p(p—1of + (-1

A

SSC —-C.F

) 14
T S RV
i=1

i=1

p P P
=PM+ZTi+Pﬁj+ZVk+zeij(k)
i=1 =1 i=1
P P P
=P.U+zfi+l?ﬁj+21’k+zeij(k)
i=1 k=1 i=1
p P P
=P.U+zfi+l?ﬁj+21’k+zeij(k)
i=1 k=1 i=1

?:1 Cjz _ ?:1(17# +X T+ pBj + Yhe1 Vi + 202y eij(k))z
p p
piut + 3l P+ Y Yixj TTj + pz.sz VR X T ka ViV + X eizj(k) + Yizg €ij(0)8qj)
Vol 2pu X T+ 20%uB; + 200 Xy Vie + 2P B €ijg + 2D Doy Ty + 2 X0y Xeey TV
+2 X0 Ti€ijgn 2P Dema BiVie + 2p B0 B €ijay + 221 Xema Viijco
14
PPt +pXl_ tf +p Y ity +p° 2?21 B +p S VR P I Yk vivi + 20, Z?zl eizj(k)
+ Ying Djeh Cij0Can) T 2PPU Xiey Ty + 2D%1 Z?zl Bi+2p*uXh v +20u X, Z?zl €ijk)
+2p 30, Z?zl B+ 2y Yo T + 230, Z?zl Ti€ijy + 2D oes Zz?:l BiYk
+2p X1 5o B) eijoo + 2 X1 Diema Vie€ijon
14

Apply expectation on both sides
P+ pI EGP) +p I Yis E(ir) + p2 X0_ 1 B7 + P Xkt EQR) + P 2 Tkt EQiev) + iy 2oy E(eliiy)
+Yieg Xjzn E(ijaogne) + 207 X5, E(1) + 2p2u 25:1 B+ 2p*u Yk E(vi) + 2pu X, Z?:l E(eijw))
+2p Z?:l 2?:1 E(Tl.)ﬁ] +2 2?:1 Izzzl E(Tiyk) +2 Zle Z]?=1(Tieij(k)) + ZP ZIP(:1 25‘;1 .BJE(yk)
+2pYP 2?21 B; E(erjay) + 2201 Xhcy E(Vi€ija)
P
p*u® +p®af +0+p? ¥ B} +p’cf +0+p?c?+0+0+0+0+0+0+0+0+0+0+0
B p
3,,2 2 .2 2 VP 2 2.2 2.2
_put+ptor +p* X Bi +pioy +pTo
p

p
= p*u® + po? + pz: B} + po; + pa?
j=1

87



DESIGN AND ANALYSIS OF EXPERIMENT I

p

2
E(SSC) =E <Z’=Tlcf> —E(C.F)

= p*u* +pof + pZBf +poy +po? —p’u? —pof — poy —o?

j=1

14
= pZBf +(p—1)o?
=1
14 2

Tk

SST=2k=1 % _ (¢ F
p

Tk _ZYLJ(R) Z(M+T1+ﬁ] +yk+eu(k))
_p.u'i'z‘fl'i'Zﬁj +pyk+zeu(k)
=P#+2Ti+0+l9)/k+zeij(k)

i=1 i=1
14 14
=pu+ zTi TVt Z €ij(k)
i=1 i=1

hi T2 Yoy (pu+ X0 1 +pyi + 20, eij(k))z
p p
p (PZMZ + Z?:l 7+ XX TT + szi + Z?:l eizj(k) + Yizg Xj=n €ijk)€gr) T 2PU Z?:l T+ ZPZHYk>
= +2pu ¥l eijik) T 2p otk +2%0, Ti€ijy + 2p P Vi€iji)
p
piu® + PZ 7} +P Y Y TTi P 2 e Vi + Zf} X 1ei2j(k) + Yizg 2 j=n €ij(k)€gh()
+2pP U T T+ 207 Ney Vie + 2D XT-y Tkoey €iji) + 2D Bi-q Tomy TiVi
+2 30 X1 Tieijoo + 20 By Ziem1 Yeijco
p

Apply expectation on both sides
PPt +p X EG) +p X Yin  E(t) + ? Lot EGR) + X0 e E(eli) + Ding Xjen E(eija0€9n)
+2p*u Xt E(t) + 20 u Yo E(vi) + 2pu X0y Shot E(eijao) + 2 Xh-y Xhoy E(Tivi)
+2Y0 S E(tiea) +2p Xy Yot E(Vieijo)

p
P’ +p?e+0+pc} +p?c?+0+0+0+0+0+0+0
P
_p’u? +p’of +pioy +pPo’
P
=p*u* +pof +p?oy + po?

p 2

E(SST) = E< "? T") —E(C.F)

= p*u® + paf + p*oy + po* — p*u* — pof — poy — o*
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=p(p— Doy + (p — Do?
E(SSE) = E(TSS) — E(SSR) — E(SSC) — E(SST)
14
=pp - Do + pZBf +p( - Doy + (p* — Do? —p(p — Do? — (p — 1)o?
j=1

- pZBf —(@-1Do*-p@ - Do} + (p - Do?
j=1
=p?*-1-p+1-p+1—p+1)o?
=@*-3p+2)*=({p-1(p-2)0?
ESSE) _(@-D-20*_ ,
P-D@E-2) @G-L@E-2)
E(SSR) plp-DaoZ+{p—-1o*

E(MSE) =

E(MSR) = b — = 0% +po?
p
E(SSC) pXiBi+®-Do* p )
E(MSC) = . — =0 +pj2ﬂj
E(SST) plp—1Do} +(p—Do?*
E(MST)=p_1 = — =0°+poy

Case VI: In this model the effect of B,- and y;, is random and effect of ; is
fixed
Assumptions:

E(eiji) =0
E(eij00€gnm) = 0
eij)~itdN(0,02)
B;~iidN (0, af)
E(BiB;) =0
E(Bjeijan) = 0
Yi~iidN(0, o2)
E(viv) =0

. E(veeijan) = 0
10. E(ﬁ,yk) =0
11.3° 1 =

© o N O R~ wbdRE

Yiioy =u+7+ B + v+ eiju
SSE =TSS — SSR — SSC — SST

p p
TSS =ZZY5® ~C.F

i=1 j=1
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2 2
(X 2P Vi) _ B X (e + o+ B+ v +eijy))

C.F =
p? p?

2
(p HADEL, T+ PR B+ D Do Ve + Xior Z)ms €ijiy)
pZ
2
B (p?u+0+ PY_ B+ Yoy Vi + X X0 €ij(k))
= i~
2
PP+ pE B R v+ X X e
= =
p*u? +p2 X B+ X s BiBy + PP Yoy Vi + XX +30, 2
j=1Pj i#j PiPj k=1'k k=1 ViVl i=14&j=1 l](k)
+ Xizg Xj=h €ij(k)€ghD) +2P3IJZ§-’ B+ 2p? UGy Vi + 2070 XY 121 1 €ij(k)
+2p2 121 1ﬁjelj(k)+2292] 12 1ﬁ1yk+2p2 12}( 1 Yk€ijx)
P2

Apply expectation on both sides

p*ut+p Z EBD XN EBB) + 02 Thct EGR) + X Xkt Evievd)

+ Zf 12- E(eij(k)) + Yizg 2j=n E(eijaoegnm) + 2piu Z?:l E(B)) + 23uXh 1 E(vid)
+2p%u Xl X0 Eeijao) + 2p Xioy Xi—1 E(Bjeijao) + 20 X5_  Xhct E(BiYi)
+2p X0 Yo E(Vkeijao)

P2

p*u? +p3cf +0+p30; +0+p®c?+0+0+0+0+0+0+0
pZ
_p*u? +piof +p’af +pPo
pZ
E(C. F)=p2,uz+p0[§+p0]§+02
P

14
2
ZZ Yi = Z(ﬂ +7 + B+ vic + eij)
:1 =1

i=1j=1 i

P
ZZ(HZ + Tiz + 312 + )/]% + eizj(k) + 2/,('[1' + Zﬂﬁ] + 2/1)/]( + Zueij(k) + ZTiﬁ]' + 2Tl')/k
i=1j=1

+ ZTl-el-,-(k) + Zﬁj)’k + Zﬁjeij(k) t Zykeij(k))

—p2#2+p21 +pzl>’, +pzyk +ZZ l,(k)+2puZTl+2puZﬁ,+2pﬂzyk

i=1 j=1 i=1 =
p p p p p
+2,uZZeU(k) +ZZTLZ[5’] +22112yk+2221 i€ +ZZ,8]Zyk
1j= i=1  j=1 i=1 k=1 i=1j j=1 k=1
p p p p
+2 Z Z Bjeijge) + 2 Z Z Yke€ijio
i=1 j=1 i=1 k=1
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P D
=p2u2+pZT?+pZﬁ,-2+p Vi +ZZ€5(k)+0+2p#Zﬁ, +2p#2n+2uzzeu(k)+0
i j=

i=1j=1

P P > P
Ti€ija) T 22[)’] Z Vi + ZZZﬁ]el](k) +2 Z Yk€ijck)
]:1 k=1 1k=1

i=1 j= i=

—P2M2+pZT +pZﬁ, +pzyk +ZZ u<k>+2pﬂzﬁf+2P“Z”k+z“zze”(")

11]1 i=1j=1
P

+ ZZZT i€ij(k) + ZZﬁjzyk + ZZZﬂJGU(R) + ZZZykeU(k)

i=1j=1 j=1 i=1j=1 i=1k=1

Apply expectatlon on both S|des

= +pzrl - pZE(ﬁJ ) +pZE<m +ZZE(eU(k)) ¥ ZPMZ EB) + ZPMZ E(r)

p 14 e 14 14 p 17
+20) > Eleyo) + ZZZ E(rieya) +2 ). D E(ref) + Z Z EBreqan)
i=1j=1 i=1j=1 j=1k=1
p D
+ ZZZEO/keU(k))
i=1k=1
14
=p2,u2+p21i2+p20ﬁ2+pzaf—|—p202+0+0+0+0+0+0+0
i=1
14
=p?u® + pzrf +p?af + paf +po?
i=1
p p
E(TSS)=E ZZ Y | — E(C.F)
i=1j=1
—p2u2+pzr +p20jf + pof + p?o® — p*u* — pog — po} —o®
l—1

= pZT? +p(p — Dag +plp — Doy + (p*> — Do?
i=1
P R2
SSR===L L _(C.F
P

14
Z ij(k) — Z(.u + T; + Bj + Yk + elj(k))

P P
=PM+PTi+Z,Bj+ZVk+ZeU(k)
j=1 k=1 j=1

2
P R? XL (pu+pri+ X5 B+ By Vi + X €ijy)
p p
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DESIGN AND ANALYSIS OF EXPERIMENT I

p*u* + p*tf + Zf 1 .3, + X X BiBj + SR VE+ X T ka Vv + 25-;1 eizj(k) + X j=n €ijk) €in()
L +2p%ut; + 2pu XE_; By + 2pu Xy Vie + 2P XE_ 1 ey + 20T Xhoy By + 20T Xiosy Vi
+2p7i X5y €ijao + 25721 Bivie + 2X5-1 B eijao + 2 X Vi i)
P
PP+ Y A p Y B A DY i BBy H P ke Vi P X D Vi + Xy X €l
+ Yieg Xjzh €ijk)egn) + 202U X1y T + 202U Y B+ 207Uk Vie + 200 X0, Xy e
A2 N X Ty + 20 Yoy Xy Tk + 2D X0y XF_ Tieijao + 20 X1 Bivk
+2 %01 X1 By eijoo + 2 211 Zi=r Vi iy
P

Apply expectation on both sides
PP+ St AP EBD A pE L EBiB) + P Eict EGD) + D E Ekst E(vivd)
+3P Z, 1E(e”(k)) + Yicg Xjzn E(eijaogna) + 20°u X T + ZPZMZP LEB) + 20T E(ri)
+2pu X7, X8 E(eija) +2p X0, X TEB) + 20 By By tE (i) + 2p X, X5, i (eij)
+2PZ EBivi) +238 12 LEBieijan) + 280 e  EGk €ijar)

p3,u2+p Y 1t +p*of + 0+ pPo] +0+p2i2+0+0+0+0+O+0+O+0+0+O+O
P
p’u? +p? X7 1! + p’oj + p?of + p’o?
- p

= p?u? +pZTi2 +paj + poy + pa?
i=1
p

2
E(SSR) =E (l':TlRi> —E(C.F)

= p?u? +pZTi2 +p0§ +pat + po?® — p*u? —pag —pof —a?

i=1

p p
Z ij(k) — Z U+t + .Bj + Vit el}(k))
i=1 i=1

= Pﬂ"‘ZTi +Pﬁj+zyk+zeij(k)
i=1 k=1 i=1

—pu+0+pﬁ,+2yk+2em

=1

- p.u-l'pﬁ] +Zyk +Zel](k)
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DESIGN AND ANALYSIS OF EXPERIMENT I

i CF XE (oA pBy + Ty vie + XE ej)
p 4
» (p 24 2B + B Vi + EXkat Vive + i € + Zizg ijo g + 20°1B; + 2pp X 1Vk)
= +2pu Zi:l €ij(k) + 2p Zk:l Bjvi + 2p Zl=1 Bj €ijuo + 2 Zl=1 Zk:l Vi€ij(k)
P
P+ 0P X BE A DT Vi Y D Vi + ey Xy i Bizg jzn CijioConw T 2021 Y- By
_+2ptu Yhe1 Vi + 200 X0 X0y eijio + 20 Bhay X—y BV + 20 Doy Xy By eijoy + 2 201 Xt VieCijo
P

Apply expectation on both sides
PP+ p? Y E(B7) + IR EGWR) + 0 X Zaest EGraev) + X0y X Eeli)
+ Xixg Dj=n E(eijiregny) + 2021 X5 E(B) + 2p* 1 Xpo E(vid) + 200 X0, 251 E(eija)
+2pYh_, Z EBivi) +2p X, Z EBjeija) +230, Z, 1E(reijoo)

p
pPu? + piaf +p?cf + 0+ p?c*+04+0+0+0+0+0+0

p

_ p*u? +p3cf +p2o} +pPo
p

= p*u’® + p?oj + poy + pa?

p CZ
) _E(C.F)

YP_

E(SSC):E< ’pl !
= p*u?® + p2oj + poy + po* — p*u? — poj — poy — o*
=p( - 1D+ (p—1a?

p T2
SST =k=p+k—C.F

Tk _zyl](k) Z(M+T1+ﬁ] +yk+eu(k))

_p.u'i'zfl'l'Zﬁj +pyk+zeu(k)

—pu+0+2ﬁ,+pyk+2eum

= pu +ZB, + Yk +Zeu(k)

P k:l(PN + 308 PV + B eija)
p p
» (pzuz + 25;1 Bf + X Xixj BB + PZVIZC +30, eizj(k) + Yizg Xj=h €ij)€gra) T 2PH Z?:l B; + zpzﬂyk>
= +2pu Yl eijgo +2p Z?zl Bivi +2 Z?zl Bieijce) + 20 iy Yi€ijo
p
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DESIGN AND ANALYSIS OF EXPERIMENT I

pPut+p Z?:l .sz +pX Yz Bib; + Py VE+ Zf:l Yhes eizj(k) + Yizg X j=n €ijk)€gn (D)
+2p2/~l 25;1 Bj + szl,l Zz:l Yk + Zp.u Zf:l ZZ=1 eij(k) + ZP Z?:l Zz:1 Bjyk
+2 Z?;l YhoiBieijuo + 2P X Yoot Yi€ijco
p

Apply expectation on both sides
piu* + PZ?:l EBH +pX X EBB) + P> o  EGvR) + X0 Yoy E(eizj(k)) + Yizg 2j=n E(€ijao€gnw)
+2p*u X0 E(B) + 2021 Tocy E(ri) + 200 X7-y Toeq E(eiji) + 20 X5y Xioy E(Bjvic)
+2 2?21 Yo EBieija) +2p X0 Xt E(Vi€ij)
P
p3u? +pop + 0+ p3cf +p*c?+0+0+0+0+0+0+0
p
p3’u2 + pZO'[)% + p3o.)g + p20.2
- p
= p*u’® + paj + p*o; + po?
14 T2
E(SST) =E <"=p+"> —E(C.F)

= p?u? + paﬁz +p?of +po? —p*u® — pa[? — po? — o?
=p( - Doy + (- Do?
E(SSE) = E(TSS) — E(SSR) — E(SSC) — E(SST)

14 p
=pZT?+p(p—1)05+p(p—1)0y2+(p2—1)02—pZT?—(p—l)az
—pp— 1oz —(p—Do?—pp - Doy — (p — Do
=(p*-1-p+1-p+1—-p+1)o?
=(@*-3p+2)*=(p-1(p-2)?
E(SSE)  (@-D@-2)*>
r-D@P-2) @E-D@P-2)

E(MSE) =

D
E(SSR P 124+ (p—1)o?
p—1 p—1 p—la
E(SSC)  plp—Dog + (p — 1o?
E(MSC) = = =g? ;
(MSC) — p—1 o° +pog
E(SST) p(p— 1o} + (p — Do?
E(MST) = = = g2 2
(MST) — 1 0%+ poy
Estimation of missing values
Case I: One missing value in one treatment
Rows Columns
1 2 j p Total
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DESIGN AND ANALYSIS OF EXPERIMENT I

2 YlZ(E) YZZ(D) YZ](M) sz(X) RZ

i Yar  Yie Yijao Yivco R;

: : : Yabp) 5 5 Ra + Yan(n)

P Y@ Yew Yoiw Yon(r) Ry
Total Ci C, Cp + Yan(p) Cj Cp G' + Yoy

Let Yyppy is missingand G = ¥F_ 30, Vi

Effected Total:
Ry =R;+ Yab(D)
Cy = Cp + Yapp)
Tp = Tp + Yar ()
G=G+ Yanp)

2
(ZF: X1 Yo + Yan))
pZ
SSE = TSS — SSR — SSC — SST

p p p
1 ) , 2
= ZZ Yl](k) + Yab(D) C.F _E Z Ri + (Ra + Yab(D))

i=1
1 1
—E ZC]'2+(CZIJ+Yab(D))2 +C.F—E

C.F =

+C.F

+C.F

1%
Z T2 + (T) + Yab(D))z
k=1

4 4 4
1 , 2| 1 , 2
= Z Z Vi * Yy = [z R? + (Ra + Yap ) ] ) [Z Cf +(Cb + Yar)
i=1 j=1

i=1j=1

+2C.F

1 , 2
= Z TZ + (T + Yap))
P k=1

14 14 14
1 , 2 1 2
= E E Y + Yab —;[E R? + (Rg + Yan)) ]—;lE Cf + (Cp + Yar))
i=1 j i=1 '

i=1j=1

Z(Zl 12 =1 U(k)+Yab(D))
pZ

p
1 , 2
S z T2 + (T) + Yapn))
p k=1

0SSE
Yan(D)
0+ 20— 2(Ra + Yapm) 0 2(Ch + Yarm) 0 2(T5 + Yar () N 4212 yi;j(k) + Yo ) _
P P p P
1 1 ' 14 14 !
2(Ra + Yar®) _ 2(Ch +Yar) _ 2(To +Yarwy) S0 Z00 Yoo + Yav) _
P 14 14 p?
2p*Yappy — 2P(Ra + Yanpy) — 2P(Ch + Yan(py) — 20(Tp + Yan(py) + 4(G' + Yap(p)) _
pz

2Yab(D) -
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DESIGN AND ANALYSIS OF EXPERIMENT I

2 (P*Yan) — P(Ré + Yan(y) = P(Ch + Yan)) = P(Th + Yapy) + 2(G" + Yap)))
2 =
p
P*Yapp) — PRa — PYan(0) — PCh — PYan) — PTp — PYap(p) + 2G' + 2Yappy = 0
(P? = 3p+ 2)Yap) — PRy + Cp + Tp) +2G' =0
®— D@ — 2)Yapp) = P(Rq + Cp + Tp) — 2G’

p(R, + Cp + T)) — 2G’

r—-D@-2)

Yabp) =

Case Il: Two missing Observations

(a) Missing in different treatment but same row and different columns

Rows Columns
1 2 j p Total
2 Y12(E) YZZ(D) YZj(M) YZp(X) RZ
: : : Yan(p) : Yac() : Ra + Yappy + Yacr)
{ Yar  Yie Yiio) Yin(o) R;
P | Y@ Yew Yiw Yor(r) Ry
Total C, C, Cp + Yap() C; Ce + Yo Cp G+ Yooy + Yacw)

Effected Total:
Rq = R4 + Yappy + Yac(r)
Cp = Cp + Yap)
Cc=Ci+ Yac(E)
Tp =Tp + Yap(p)
Tg = Tlf? + Yac(E)
G=G+ Yavo) + Yacer)
(X 2P Yo + Yavoy + Yac(E))z
pZ
SSE =TSS —SSR — SSC — SST

P P
=ZZYLJ(k)"'Yb(D>+Yc(E> CF—

=1 j=1

C.F =

+C.F

Z R+ (Ry + Yapy + YaC(E))

i=1
[ p

- = Z +(Ch + Yap)” + (CL+ Yaewy) ' |+ C.F

+C.F

I
T
Mﬁ'l.

2+ (ThH + Yab(D)) + (T + Yab(E))

L k=1
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DESIGN AND ANALYSIS OF EXPERIMENT I

p P
Z Z Y,_J(k) + Yab(D) + Yac(E) Z Rz + (R + Yab(D) + YaC(E)) ] I IZ CZ + (Cb + Yab(D)) + (C + YaC(E))

i=1j=1
P [Z T2 + (Th + Yar)” + (T4 + Ya(e) \ Lot YU(k)p-lz- Fan * Ycty)
dSSE
Yab(D)
0+ 280y +0— 0 2(Ry, + Yab(D) o) 26 +pYa,,(D)) oo
B Z(TD' + Yab(D)) o4 4(21 12 lJ(k) + Yapp) + YaC(E)) 0
p p?
2Yap(py — 2R+ Yab;m o) _ 2(G +pyab<0)) AT +pYab(D)) + 42 X0 Yi'j(k; :' Yab0) + Yae(r)) =
2p¥Yapy = 2P(Re + Yan(o) + Yac()) = 20(Ch + Yav)) = 20(Th + Yan) + 4(Z0-1 20-1 Vi) + Yabo) + Yac()) _
2
2 (szab(D) — (R + Yab) + Yac()) — P(Ch + Yav)) = P(Th + Yan)) + 2(Zhoy Xh-y Vi) + Yavo) + Yac(E))) )
pz =

P P
Papy — P(Ra + Yap) + Yacwy) — P(Ch + Yapw)) — P(Th + Yapmy) + 2 Z Z k) T Yar) + Yace) | =0

i=1 ]=1

P*Yappy — PRG — PYabd) — PYac®) — PCh — PYan0) — PTp — PYab(p) + ZZZ iy T 2Yap) + 2Yac) =0
i=1j=

(p* = 3p + 2)Yapp) —P(Ra + Ch + Tp) + (2 — P)Vacr) + 26" =0
(P* = 3p + 2)Yapp) + (2 = P)Vacr) = P(Ra + Cp + Tp) — 2G'
LetF=p?—3p+2, E=2-p, Zgp) =prRe+Ch+Tp) — 26
FYab(D) + EYac(E) = Zab(D) €Y)

dSSE
aYac(E)
0+ 2ogey + 0 — 0 — 2(Rq + Yab(D) +Yoew) 0— 2(Ce + Yacwy) 0—0
ac
p
2T+ Yaew) 04+ 4(2 121 Yo + Yabo) + Yac(E))
p p?
oy 2(Ri + Yapo) + Yac)  2(Ce+ Yaeww)  2(Ti + Yac(E)) 421 2= Yoo + Yaro) + Yaew)
ac(E) 2 -
14 p p p
ZPZYaC(E) - zp(Rz’z + Yapo) + Yac(E)) - ZP(CL( + Yac(E)) - ZP(TI;I‘ + yac(E)) + 4(25;1 Z?:1 yi,j(k) + Yapo) + yac(E)) _
p?
2 (pZYaC(E) (R + Yapp) + Yac(E)) p(C + Yac(E)) p(TE + yac(E)) + 2(21 121 1 l](k) + Yapo) + yac(E))) _
p? B

p p
pZYac(E) - P(R(’; + Yab(D) + Yac(E)) - P(Cé + Yac(E)) - p(TI;‘ + Yac(E)) +2 Z Z ij(k) + Yab(D) + yac(E) =0
i=1 ]=1

P*Vactey = PR = PYab(w) = PYacte) = PCL = Pace) = PTh = PYacts) +2 Z Z Wit + 2Yabio) + 2acts) = 0
i=1j=1
(®* = 3p + 2)¥ac(e) = P(Re + €2+ Tp) + (2 = P)app) +2G" = 0
(p? = 3p + 2)Yace) + (2 = P)Yapo) = P(Ra + Cc + Tg) — 26’
Let F=p?—3p+2, E=2—p, Zeewy = p(RL+ CL+Tp) — 26’
FYac(E‘) + EYab(D) = Zac(E) )
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DESIGN AND ANALYSIS OF EXPERIMENT I

Multiply (1) by E and (2) by F and then subtract it
j’%b(u) + E¥cey = EZaby
t FYab(D) + FzYac(E) = iFZac(E)

(E? = FO)Yqe) = EZapny — FZac(s)

EZuwy — FZac)

Yac(E) = E2 — F2

Multiply (1) by F and (2) by E and then subtract it
_il%c(zs) + F?Yap0y = FZap(p)
+ FYac(E) t EzYab(D) = iEZuc(E)

(F* = E®Ya0y = FZapny — EZac(s)

FZuwwy — EZacm)

Yab(D) = F2 — E2

(b) Missing in different treatment but same column and different rows

Rows Columns
1 2 j p Total
1 Y11(A) Y21(B) Ylj(D) Ylp(Z) R,
2 Yioey  Yaop Yo i o Yo R,
= s s Yab(0) s s Ra+Y
i Yar Yo Yiio e Yipo R;
= s s Yen(e) s s Re+Y 0
P Yie Yeew Yiw = Yopw Ry
Total | C; C, Ch + Yooy + Yerie) o Cp G + Yo + Yo

Effected Total:
Rqy = Ra + Yap)
Re = R¢ + Yepry
Cp = Cp + Yappy + Yeu(e
Tp = Tp + Yap(p)
Ty = Tg + Yepe)
G=G+ Yab(D) + ch(E)
_ (O Y01 Yo + Yavoy + ch(E))z

p?
SSE =TSS — SSR — SSC — SST

P
2 2 2 1
= Viao + Yaby + Yebeey = C-F =2

=1 j=1

C.F

1%
Z R? + (R, + Yab(D))z + (R, + ch(E))Z
i=1

14
1 ) , 2
+C.F_E ZC] + (Cb + Yab ) +ch(E)) tCF
j=1

p
Z T2 + (T) + Yab(D))z + (Tf + ch(E))Z +C.F
k=1

1
p
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DESIGN AND ANALYSIS OF EXPERIMENT I

p p
Z Z Yl.](k) + Yab(D) + YCb(E) Z Rz + (R + Yab(D)) + (R + Y(;b(E)) “ - IZ CZ + (Cb + Yab(D) + YCb(E))

i=1j=1
14

1 P +Y, +Y,
_z_) ZT;?+(T[',+Yab(D))2+(Té+ch(E))2 ( i=1 } 1 l}(k) ab(D) Cb(E))

pZ
0SSE B
Yab(D)
2(R, +Y, 2(Cp +Y, +7Y
0+ 2Yab(D) +0-0-— ( a ab(D)) —0— ( b ab(D) cb(E)) —0-0
p p
_2(Th + Yaw) 04+ H(Eis 1 Yijao + Yav) + Yeore) _
p p?

2(Ry + Yapy)  2(Ch + Yaboy + Yerey)  2(Th + Yapmy) . 4(Zh=1 Z=1 Vi) + Yano) + Yob(sy) B

Pavw) = p - p - P " p? B
2p*Yappy — 2P(Ré + Yan(m)) = 20(Cp + Yapo) + Yen(ey) — 20(Tp + Yan()) + 4(Z1-1 i1 Vi) + Yab ) + Yer(s)) 3
p? B
2 (szab(u) = p(Ra + Yap)) = P(Cp + Yan(oy + Yenmy) = P(T5 + Yany) + 2(ZF-; ZF-1 Yijoy + Yanoy + ch(E))) B
p? B

p p
P*Yarpy = P(Ra + Yanm)) — P(Ch + Yanp) + Yere)) — P(Th + Yan(py) + 2 Z Z i + Yab) + Yepey | =0

i=1 j:1

P*Yab0) — PRa — PYan0) — PCh — PYan(0) — PYen(e) — PTH — PYab(p) + ZZZ ity T 2Yap) + 2Yep) = 0
i=1j=

(»* = 3p + 2)Yapp) —P(RG + Cp + Tp) + (2 — P)Vep(e) + 26" =0
(P* = 3p + 2)Yapp) + 2 = P)Yens) = P(Rq + Cp + Tp) — 2G’
LetN=p?—-3p+2, M=2-p, Zgyp) =R+ Ch+Tp) —2G'
NYoppy + MYepe) = Zappy (1)

J0SSE _
Yen(m)
2(Re +Y, 2(C +Y, +7Y,
0+ 2Ypm +0— 0 — ( c cb(E)) —0— ( b T Yab(D) Cb(E)) —0-0
p P
_ Z(TI;L + ch(E)) —0+ 4(21 1Z l](k) + Yab(D) + ch(E))
p p?

Z(R,’_- + YCb(E)) Z(C;J + Yab(D) + ch(E)) Z(Té + ch(E)) 4(25;1 Z?:l Yi,j(k) + Yab(D) + ch(E)) _

Zch(E) - v - = - v + 2 =
2p*Yon(e) = 2P(Re + Yensy) = 20(Ch + Yano) + Yene) = 20(Ti + Yon(y) + 4201 2y Yijaoy + Yar) + Yors))
p2 =
z (pZYCb(E) p(Re + Yone)) = p(Ch + Yaboy + Yon(e)) — (T + Yenmy) + 2(2E1 E5-y Vi + Yanoy + ch(E))) _
p2 =

p p
Y6y — P(RE + Yo (o)) — P(Ch + Yan(o) + Yer)) — P(Té + Yep(y) + 2 Z Z i + Yab) + Yepey | =0

i=1 ]:1

P*Yen(ey — PRe — PYen(ey — PCh — PYabw) — PYene) — PTE — PYen(e) + ZZ Z Yt + 2Yap) + 2Yepey = 0
i=1j=1
(0? = 3p + 2¥epey = P(Re + Cp + Tg) + (2 = P)Yappy + 26" = 0
(P* = 3p + 2)Yep) + 2 = P)apo) = P(Re + Cp + Tg) — 26
LetN=p2—3p+2, M=2-p, Zpe =p(R. + C, +Tg) — 2G’
NYepey + MYap0) = Zepy  (2)
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DESIGN AND ANALYSIS OF EXPERIMENT I

Multiply (1) by M and (2) by N and then subtract it
;Wwy/yab(D) + M*Yepey = MZgp(p)
TMNYoppy £ N2 Yopey = TNZ oy (i)

(M? = N*)Yp(5y = MZappy — NZep ey

_ MZgppy = NZep(r)
YCb(E) - M2 — N2
Multiply (1) by N and (2) by M and then subtract it
WD(E) + N*Yap0y = NZap(p)
TMNYo, 5y £ MYy = £MZ oy

(N% = M*)Yap0y = NZappy = MZep ey

NZappy — MZcpr)

Yab(D) = N2 — M2

(c) Missing in different rows and different columns but same treatments

Rows Columns
1 2 j p Total
1 Yll(A) YZl(B) Yl](D) Ylp(Z) Rl
H s : Yab(D) S E Ra + Yab(D)
[ Yar  Yee Yijaoy Yino) R;
: : Yce(D) R, + Yce(D)
P_| %z Yooy - Ypjw) e Yoon| Ry
Total Cy C, Cp +Yapy G Co+ Yooty Gy G + Yo + Yeer)

Effected Total:
Rqy = Ra + Yap)
Re = R¢ + Yeen)
Cp = Cp + Yap)
Ce = Co + Yee(ny
Tp =Tp + Yap) + Yee(n)
G=G+ Yooy + Yce(D)
_ (O Y01 Yo + Yanoy + Yce(D))z
= =
SSE =TSS — SSR — SSC — SST

4
2 2 2 1
= Viao +Yaboy + Yeewy = C-F =2

C.F

14
Z R? + (R, + Yab(D))z + (R, + Yce(D))Z
i=1j=1 i=1

p
1 2 2
2 ’ r
+C.F—5 ZC] +(Cb+yab(D)) +(Ce+Yce(D)) t+C.F
=1

+C.F

p
1 2
- = Z TZ + (Th + Yap) + Yeed))
p k=1
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DESIGN AND ANALYSIS OF EXPERIMENT I

P P
Z Z Y + Yooy + Yeemy —

ZR2+(R + Yapoy)” + (RY +YCE(D))2]

i=1j=1 i=1
p p
1 2 ’ 2 ' 2 1 2 ' 2
- Z Ci + (Cb + Yab(D)) + (Ce + Yce(D)) - Z T¢ + (TD + Yo + Yce(D))
D |4 D&
j=1 k=1
’ 2
2(2?:1 25;1 Yij(k) + Yab(D) + Yce(D))
+ 2
p
0SSE
Yan(D)
2(Rg + Yapp 2(C + Yoo
0 + 2¥,p(p) + 0 — 0 — (Ra ““)—0—0— ( “”)—0—0
p p
14 14 U
2T + Yap) + Yeey) 4 421 21 Yoo + Yapo) + Yee))
P p?
2Ry + Yapy)  2(Ch+ Yapmy)  2(Th + Yapoy + Yeewy) . 4ot 21 Vi) + Yan) + Yee())
2Yapp) — - - + < =
p 14 14 p
2p*Yap) — 2P(Re + Yab)) = 20(Cp + Yapy) = 20(Th + Yand) + Yeen)) + 4(Z1=1 i1 Vi) + Yab) + Yeen)) 3
p? B
2 (szab(u) —P(R& + Yap)) = P(Ch + Yan)) = P(Tp + Yan(o) + Yeew)) + 2(Zh=y X-1 Yoy + Yan(o) + yce(D))) B
p? B

p p
P*Yanp) = P(Ra + Yanm)) = P(Ch + Yan)) = P(Tp + Yar) + Yee(n)) + 2 Z Z i + Yab) + Yeey | =0

i=1 j:1

P*Yan(p) — PRa — PYan) — PCp — PYab) — PTp — PYan(p) — PYee(n) + 2 Z Z Yiao + 2Yab) + 2Yee) = 0
i=1j=1
(»* = 3p + 2)Yapp) —P(RG + Cp + Tp) + (2 — P)Vee(py + 26" =0
(P* =30+ 2)Yap0) + 2 = P)Yeewy = P(Ra + Cp + Tp) — 2G’
LetN=p?—-3p+2, M=2-p, Zgyp) =pRe+Ch+Tp) —2G'
NYab(D) + MYce(D) = Zab(D) €]

dSSE
aYce(D)
2(Rc +Y, 2(Ch+Y,
0+0+2Yepy—0—0— (ke C€<D>)_0_O_ (¢ ce(n))_o
p p
Z(TD + Yab(D) + Yce(D)) 4(21 12 U(k) + Yab(D) + YC@(D)) -0
p p?
2R+ Yeew))  2(Ce+Yee))  2(Th + Yabo) + Yeeww) | 2= 2j=1 Yoo + Yav) + Yeew))
ZYce(D) - D - D - P + pz =
2szce(D) - Zp(Ré + Yce(D)) - ZP(Cé + Yce(D)) - ZP(TIS + Yapo) + Yce(D)) + 4(25;1 Z?=1 Yi,j(k) + Yapo) + yce(D)) _
p? =
2 (P?Yee(w) = P(RE + Yee()) = P(Cl + Yeew)) = P(T5 + Yabo) + Yeerw)) + 2(hes B-s Vit + Yaoto) + Yee))) _
p? =

p p
ey = P(RE + Yeeny) = P(Co + Yeeny) — P(Th + Yap) + Yee(ny) + 2 Z Z Yige + Yan) + Yeew) | =0

i=1 ]:1
P*Yee(p) = PRe = PYee(p) = PCe — PYeep) — PTp = PYan(p) — PYee(n) + 2 Z Z Yigey + 2Yap) + 2Yeep) = 0

i=1j=1
(2 = 3p + 2)Yeep) = P(Re + Co + Tp) + (2 = p)Vap) + 26" =0
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(P® = 3p + 2)Yeep) + (2 = P)Yap(0) = P(Re + Co + Tp) — 2G’
LetN=p?—-3p+2, M=2-p, Zep) =pRe+C,+Tp)—2G'
NYceny + MYap) = Zce(p) (2)
Multiply (1) by M and (2) by N and then subtract it

AI/IWVIy/Yab(D) + M*Yee(py = MZgp(p)
T NYab(D) t NZYce(D) = iNZce(D)

(M? = N*)Y,e(py = MZappy = NZge(py

_ MZgppy = NZee(n)
YCE(D) - M2 — N2
Multiply (1) by N and (2) by M and then subtract it

Yee) + N*Yabo) = NZap(p)
—MNYce(D) + MzYub(D) = iMZce(D)
(N? = M*)Yappy = NZapy — MZce(n)

NZapy = MZ ey

Yab(D) = N2 — M2

(d) Missing in different rows columns and treatments

Rows Columns
1 2 j p Total
1 Yll(A) YZl(B) Yl](D) Ylp(Z) Rl
2 Yioey Yaomp Yoimm Yonx) R,
: Yab(D) R, + Yab(D)
{ Yiur Yo Yijao Yino) R;
: Yce(E) R, + yce(E)
P | Y%z Yooy - Yiw e Yoon| Ry
Total Gy G, Cp + Y G Cet Yoo Cp G+ Yo +Yer

Effected Total:
Ry = Ra + Yap)
R.=R;+ Yce(E)
Cp = Cp + Yapp)
Ce = Co + Yoo
Tp =Tp + Yapp)
Tg = Tg + Yeem
G=G + Yar) + Yee(r)
B (o1 2¥_1 Yo + Yanoy + Yce(E))2

p?
SSE =TSS — SSR — SSC — SST

C.F
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14 14
= z Vi + Yabw) + Yooy — C.F — =
i=1j=1

z R? + (R + Yapy)” + (RE+ Yeoe))

i=1

1
HCF— Z C? + (Ch + Yap)” + (Co + Yeow)) ' | + C.F

+C.F

p
1
P [Z TZ + (T + Yar)” + (T + Yeerry)”

P p
Z Z Y7 i) T Yab(D) + Yce(E)

14
Z R2 + (R, + Yap))” + (RL+ Yees))

i=1j=1
1 p
3 Z C? + (Ch + Ya(@)” + (Co + Yeow) ' |~ = Z T2 + (Th + Yary)” + (Th + Yee(w))
j=1 Pl
2(X%, 2?:1 Yiiao + Yapo) + Yce(E))
+ o2
JdSSE
Yan(p)
2(Rg + Yapp 2(C, + Yoo 2(Tp + Yauo
0+2Yab(D)+O—0— (Ra+Yorw) o _ 2% +Yww) 20+ Yew)
p p p
4(2 =1 Lj(k) + Yab(D) + Yce(E))
pZ
2(RL + Yapy)  2(Ch + Yarm)  2(Th + Yapy) | 4(Z8or Zft Yoy + Yabo) + Yeer)) B
2Yap) ~ - - + - -
p p p p
20*Yab(o) 2p(Ra + Yab)) = 20(Ch + Yar)) = 20(T5 + Yarmy) + 4(Z1, Z?=1 it + Yabo) + Yee(s)) _
p? -
z (pzy”b(D) p(Ra + Yar)) = P(Ch + Yav)) = P(Tp + Yan)) + 2(Z01 Xy Yijuo + Yaro) + Yce(E))) -
p? -

p b
P*Yapo) — P(Re + Yarpy) — P(Ch + Yan)) — P(Tp + Yan(m)) + 2 (Z Z Yoo + Yooy + Yce(5)> =0
i=1j=1

=1
14
P*Yab(o) — PR = PYab) — PC — PVab(o) = PTh — PYav(o) +2 Z D Vi + Wan(o) + Weoiey = 0
i=1j=1
(P? = 3p + 2)Yapp) —P(Re + Cp + Tp) + 2Yce(i—) +26'=0
(P*-3p+ 2)Yapp) + 2Yeer) = P(Ra + €y + Tp) — 26
LetF =p2—3p+2, Zapp) = PR+ Cp+Th) — 26’
FYab(D) + 2Yce(E) = Zab(D) (€}

J0SSE _
aYce(E)
0+ 2Y.o;y+0—0— Z(Ré + Yce(E)) —0—-0-— Z(Cé + Yce(E)) _0— Z(Tlg + Yce(E)) _
ce(E) D —p -
427, 21};1 Y/icey + Yap) + Yee(r)) B
+ oz —
oy _ Z(Ré + Yce(E)) _ Z(Cé + Yce(E)) Z(TE + Yce(E)) 4(2 ] 1 YL](k) + Yab(D) + Yce(E)) _
ce(E) P P v pz
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ZPZYCE(E) - Zp(Ré + Yce(E)) - Zp(Cé + Yce(E)) - Zp(Té + Yce(E)) + 4(2?:1 5'):1 Yi,j(k) + yab(D) + yce(E)) -0
p? B
2 (pZYce(E) - P(Ré + Yce(E)) - p(Cé + Yce(E)) - p(Té + Yce(E)) + 2(2?:1 5’7:1 Yi’j(k) + yab(D) + yce(E)))

pZ
p

p
i=1j=1
p

pzyce(E) - P(Ré + Yce(E)) - p(Cé + Yce(E)) - p(Té + Yce(E)) +2 ( Yi’j(k) + Yab(D) + yce(E)) =0

4
pZYce(E) - PRé - che(E) - pCé - che(E) - PTé- - che(E) + ZZ Z Yi’j(k) + 2Yab(D) + 2Yce(E) =0
i=1j=1
(p* = 3p + 2)Yeer) — P(RC + Co + Tg) + 2Yapp) + 26" =0
(p® = 3p + 2)Yeo(p) + 2Yap) = P(RC + Co + Tg) — 2G'
Let F =p®>—3p+2, Zew) =p(Re+Co+Tg)— 26
FYeery + 2Yap) = Zce(r) (2)
Multiply (1) by 2 and (2) by F and then subtract it
;:/Yc{b(o) +4Ycer) = 2Zap)
s Yab(D) s FZYce(E) = iFZce(E)

(4= F3)Y,ery = 2Zapp)y = FZce(r)

_ 2Zap) = FZcer)
YCB(E) - 4 — F2

Multiply (1) by F and (2) by 2 and then subtract it

2FY, e(E) + Fzyab(D) = FZab(D)
+ FYce(E) + 4'Yab(D) = izzce(E)
(F? = 4)Yap0y = NZappy = 2Zce(r)

_ NZap) = 2Zcer)
Yab(D) - F2 — 4

Efficiency of LSD relative to CRD

RE (LS, CR): the relative efficiency of the Latin square design compared to a completely
randomized design. Did accounting for row/column sources of variability increase the
precision in estimating the treatment means?

MSEcz _ MSR + MSC + (p — 1)MSE

RE(LS,CR) = =
( ) MSE, (p + 1)MSE

Where p is equal to no. of treatments.

Efficiency of LSD relative to RCBD

RE (LS, RCB): the relative efficiency of the Latin square design compared to a Randomized
complete block design.

RE using columns as Blocks in RCBD

MSEpcs  MSR + (p — 1)MSE

RE(LS,RCB) = =
( ) MSE,sp pMSE

Where p is equal to no. of treatments.
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RE using rows as Blocks in RCBD

RE(LS,RCB) = =
( ) MSE,¢p pMSE

An estimated relative efficiency greater than 1 indicates that LSD is more efficient than
RCBD whereas less than 1 indicates that RCBD is more efficient than LSD.

Greaco Latin Square Design

A Greaco-Latin square consists of two latin squares (one using the letters A, B, C, ... the
other using greek letters a, b, c, ...) such that when the two latin square are supper imposed
on each other the letters of one square appear once and only once with the letters of the other
square. The two Latin squares are called mutually orthogonal.

Experimental Layout

a 7 x 7 Greaco-Latin Square
Aa Be Cb Df Ec Fg Gd
Bb Cf Dc Eg Fd Ga Ae
Cc Dg Ed Fa Ge Ab Bf
Dd Ea Fe Gb  Af Bc Cg
Ee Fb Gf Ac Bg Cd Da
Ff Gc Ag Bd Ca De Eb
Gg Ad Ba Ce Db Ef Fc

Example:

A researcher is interested in determining the effect of two factors. The percentage of Lysine
in the diet and the percentage of Protein in the diet have on Milk Production in cows.
For this reason it is decided to use a Greaco-Latin square design to experimentally determine
the two effects of the two factors (Lysine and Protein).
Seven levels of each factor is selected

« 0.0(A), 0.1(B), 0.2(C), 0.3(D), 0.4(E), 0.5(F), and 0.6(G)% for Lysine and

« 2(a), 4(b), 6(c), 8(d), 10(e), 12(f) and 14(g)% for Protein.

« Seven animals (cows) are selected at random for the experiment which is to be carried

out over seven three-month periods.

A Greaco-Latin Square is the used to assign the 7 X 7 combinations of levels of the two
factors (Lysine and Protein) to a period and a cow. The data is tabulated on below:
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Period
1 2 3 4 5 6 7
1 304 436 350 504 417 519 432
(Aa) (Be) (CP) (DY) (Ex) (Fy) (G3)
2 381 505 425 564 494 350 413
(B) (Co) (DY) (Ey) (F3) (Ga) (Ae)
3 432 566 479 357 461 340 502
(&9) (Dy) (Ed) (Fo) (Ge) (AB) (B9)
Cows 4 442 372 536 366 495 425 507
(D3) (Ea) (Fe) (GB) (A)) (By) (Cy)
5 496 449 493 345 509 481 380
(Ee) (EP) (Go) (A) (BY) (C8) (Do)
6 534 421 452 427 346 478 397
(Fo) (Gy) (A7) (BS) (Car) (De) (EB)
7 543 386 435 485 406 554 410
(G) (A3) (Ba) (Ce) (DB) (E9) (Fy)
Statistical Model and Analysis
The linear statistical model for Greaco LSD is
i=12,..,p
j=12,..,p
Yi=u+7+ B +Vi+Mm+eijum k=12, ..,p
m=12,..,p
Where
1 True mean effect
T; ith row effect
p; jth column effect
Y kth Greek letter effect
n., mth Latin letter effect
Formulation of Hypotheses
HO: T, = 0
Hy':yx =0
Hy": 1 =0
H1: T; =0
H{,: Yk *#0
H{":n, #0

Level of significance

Test Statistic

a = 0.05,0.01,0.10,0.001

I R
1= 5 2= 3= 5 4=
s2’ sz’ s2’ s2
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S.0.V df SS MS F
Rows p—1 SSR , _ SSR 7
S’r = Fl = —
p—1 s?
Columns p—1 SSC ,  SSC sé
SC = FZ =
p—1 s?
Greek Letters p—1 SSG , SSG sé
sé¢=—— F,==%
p—1 s2
Latin Letters p—1 SSL , SSL st
SL = — 1 F4 = —2
p Se
Error —-D®-3) SSE 2= SSE
. (p=D(@E-=3)
Total p?—1 TSS
Y. 1 2 1 2 1 Z
CF=—%5, SSR=-) RFP—CF, SSC=>) C?=CF, SSG=5) Gi-C.F
p p p p
1
SSL = EZ L%, — C.F, SSE =TSS —SSR —SSC — SSG — SSL
C.R:

Fi 2 Fo(p-1),0-D@-3)

F> 2 Fy(p-1),0-D0-3)

F3 2 Fy(p-1),0-Dp-3)

Fy 2 Fo(p-1),0-1(0-3))

Conclusion:

If F.q, falls in critical region then we reject the null hypothesis.

Estimation of Model Parameters

The least square estimates of i, 7;, [?j, V% and 1j,, are as:

a2
S=ZZ(Yij(km) ll—Ti—ﬁj—Vk—Tlm)
i=1 j=1
p P
as o )
aA=ZZZ(YiJ(km) fA—%—Bj— Pk —Nm)(—1) =0
H i=1j=1
p P
—ZZZ(Yij(k,m)—ﬁ—fi—ﬁj—?k—ﬁm)=0
i=1 =1
p P p p P P
zzyij(k,m)—Pzﬁ—PZfi—P23j—PZ?k—Pzﬁm=0
i=1 j=1 i=1 j=1 k=1 m=1

For unique solution Put ¥*_, £, = 0, Zﬁ’zlﬁj =0,X0_7x=0 XF _Hn=0
p P
Z Yiigemy —P*A =0
i=1 ]:1
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i=1 j=1
n Yiet Z?=1 Yioem) s
= > =Y
p
p p
A~ ~ A 2 A N ~ ~
Z(Ylj(km) 1 — B — P — Tim) +2(Y2j(k,m) —A—1t,—p;—
= =

+- +Z( pillem) — A=ty =B = P —fim)

Differentiate w.r.t £,,%,, ..., T,

p
as . " R .
Frie ZZ(Ylj(k,m) —A—t =B =Pk —Nm)(-1) =0
1 =
P
—2 Z(ylj(k,m) a—t—B fim) = 0
=1
p p
Zylj(km) p.u pTl Zﬁ] Z? Z ﬁm 0
k=1 m=1
For unique solutlon putZ B =03k 1)7k 0, X0 _Am=0
Z Yijaemy —PA—pt; =0
j=1
pt, = Z Yijtkm) — PA
=1
. X1 Yijtem) _PA
! P p
R =
t,=—-7V
p
P
as o
=2 (Vojgem — A~ £~ B fim) (—1) = 0
T2 z
j=1
P
_ZZ(YZj(k,m) H—12 3] —Vk ﬁm) =0
=1
p p P P
ZYZJ(km) pi —pty — 31_ ?k_Zﬁm:O
j=1 j=1 k=1 m=1

For unique solution put Z?zlﬁj =030 1 7x=0 X" _Hm=0
P

Z Yajtem)y —PA—DpT, =0
=1
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pt, = Z Yoiem) — pi

j=1
o = L= Vewm PR
? p p
. Ry =
Ty =——
‘T p
p
aS
0t ZZ(YpJ(km) :81 nm)( 1) =0
Ip
j=1
p
_ZZ(YM(R,WL) ,8] 77m) =0
j=1
P p
Z pikm) —PA—PTp = ZBJ Z? Zﬁm:
k=1 m=1
For unique solutlon put 2?:151' =0,%P w=1Vk =0, Zm=1 im =0

Z jkm) — pi — pfp =0

Z pj(km) —

p
. ijl Yojgem)  pil
p

p
A ~ 5 ~ A \2 ~ ~ 5
S = Z(Yil(k,m) — A=t =P =Pk —fim) + Z(Yiz(k,m) —A—1— B
i=1 i=1

+ z(ym(k m) Bp ﬁm)z

Differentiate w.r. t ,81, ,82, s ,Bp

0/31 = ZZ(YHM — = B1 = P — i) (=1) = 0
-2 Z(Yu(km) By == m) =

p

Zyll(km) pi — Zn ph; — Zyk Zn
k=1 m=
0

For unique solutlon putZl 1= O,Zkzlyk =0, Zm=177m
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z Yisemy —PA— PP =0
i=1

P
phy = z Yiiem) — A
i=1

_ Z?:l Yil(k,m) _ p_ﬁ

p p
¢ -
=27
Tp

—Zmem == B = P = fim) (1) = 0

>

—2 Z(Y‘Z(" m) ~ — B2 =Pk —1m) =0

p
Z Yiotemy — P — Z —ph2 - z Ve — z
m=
For unique solutlon putZl 1= O,Zk=1yk =0, Zm=177m 0
p
Z Yizgem) — PA— PPz = 0
i=1
p
P.éz = Z Yiatem) — pi
i=1

2?:1 Yiz(k,m) _ P_ﬁ

Bz = D D
~ C =
B, = ?2—
3 ZZ(Ylp(k m) — .Bp ﬁm)(_l) =0

—2 Z(Ylp(k m) — M4~ T — ﬁp ﬁm) =0
p
Z Ylp(k m) p.u Z pﬁp Z Y — Z
k=1 m=
For unique solutlon putZl (= O,Zkzlyk =0, Xpoyim =0
p

Z Yip(k,m) —pi— pﬁp =0

i=1

p
pﬁp = Z Yip(em) — pi
i=1
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B _ 2?=1 Ylp(k,m) _ p_ﬁ

P p p
. C =
ﬁp = ?p —-Y
S= Z(Yl](l m) — yl nm) + Z(Yl](z m) — ﬁ] 7;}m)z + -
+ Z(yu(p m) — ﬁj Um)

Differentiate w.r.t ¥4, 7,, . ,yp

% A
= ZE(YU(W) f— = By~ 1~ fin)(=1) = 0
—2 Z(Yij(l,m) —A—t—P;—P1—fm) =0
i=1

14 14 14
ZYLJ(lm) Zf _Zﬁj_pi’\l_Zﬁmzo
i=1 j=1 m=1

For unique solution put ¥%_, #; = O, X B =0, 30 i =0

Z Yiiam) —pA—pV1 =0

i=1

py1 = Z Yiicam) — PA
im1

A — Z?=1 lej(l,m) _ p_ﬁ

p p
G, -
Vr=—-Y
T
2 - ZZ(Ywm) — By = P2 = i) (—1) = 0
Y2

_ZZ(Yl](Zm) -1 - .B] — V2 ﬁm) =0
14

i=1 = m
For unique solutlon putZ 15 =0, Z] 1,8, =0, X0 _1fim =0

Z Yiiem) —PA—pV, =0

i=1
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pY. = Z Yiiem) — pi

i=1

2l'p=1 Yz}(Z,m) _ p_ﬁ

V2= D D
G, -
Ya=—-Y
2T p
_zz 1) =0
(')yp i= ( ij(pm) — ﬁ] Wm)( )

—2 Z(Yij(p,m) —t =BV —1im) =0

p p P
Zylj(pm) pi — z Eréj_P?p_Zﬁm=0
i=1 j=1 m=1

For unique solution put ¥¥_, 2, = 0,3_, B; = 0, X7 _; i, = 0

Z Yij(p,m) - p.‘2 - p?p =0

i=1
Z ijpm) —

o Zi=1 Vijom) PA

p p

G

Pp=—"
p

p p
SR 2
S = Z(Yij(k,l) —f=t =B~ Pk — 1) + Z(Yij(k,z) — & =By =P — 1)+
i=1 i=1

~l

+ Z(Yu(k p) —H—T;— ﬁ} ﬁp)z

Differentiate w.r.t 744, 7j,, .. ,np

= ZZ(Yw« b= A=t= B =) (1) =0

p p p
ZYU(M) pi — Z —Z}—Zn—pﬁﬁo

]:
For unique solution put ¥¥_, ; = 0, Zf 1,8] 0,

112



DESIGN AND ANALYSIS OF EXPERIMENT I

Z Yiieny —pA—ph1 =0

=1

p
= Z Yije1) — PA
im1

-1 Yijeny PR

fiy = =L UED
! p p
L, -
b
M1 »
p
oS o
=2 (Ve — A= f— = P = A2)(=1) = 0
N2 =
p

T
o
-
(e
3.
o)
[
D
wn
=3
c
=,
o
>
e
c
~—+
gﬁ
p—l
:I
O
M
\.
p—l
:‘%
~
o Il
M
||
=
= =
=
Il
o

Z Yijk,2) — pii—ph, =0
i=1
p

N2 = Z Yiik2) — PA

i=1
Zie Yijoey DA

fl, =———
2 p p
L, -
Me=—=Y
2T p
Y ZZ(YU(RP) ﬁ} 14" _ﬁp)(_l) =0

—2 Z(Yij(k,p) — =t =B~ P —1p) =0
i=1

p p p
Zylj(kp) Zf —Zﬁj—Zyk—pﬁp=0
For unique solution put X._; 2, = 0,3%_; ; =0, X} _; 7% = 0

Z Yiikp) — PR — DT, =0

=1
p

php = Z Yijkp) — DL
=1
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ho= Zic1 Yijkp) _ PAE

P p p
A Lp
Np = ?

=~

Expected Mean Square Error

Fixed Effect Model
Assumptions:

1. el-j(k,m)~iidN(0, 0'2)

2. E(eijiemegnaz) =0

3. ?=1 T; = 0

5. z=1 Yk = 0

6. fn:l Nm =0

E(SSE) = E(TSS) — E(SSR) — E(SSC) — E(SSG) — E(SSL)
P D
TSS = Z Z Yiemy — C-F
i=1j=1
2 2
_ (2?=1 25']=1 Yij(k,m)) _ (2?=1 2?:1(# +7;,+ ﬁj t Ve +Mm + eij(k,m)))
C.F = > = >
p p
2
_ (pzﬂ + p Z?=1 T; + p Z7=1 ﬁj + p 22:1 Yk + p an=1 Nm + Zf:l 25?:1 eij(k,m))
p2
2
B (P2u+327, 25’:1 €ij(km))
p2
B p*ut + 3, 2?:1 eizj(k,m) + Yizg Xj#h €ij(km)€gh(Lz) T 2p%u ¥l 25-):1 €ij(k,m)
p2
Apply expectation on both sides
E(C.F)

4,2 P yP 2 2, 3P YP
P Yo Xje E(€ijaem)) + Xizg Zjen E(€ijoemCgnaz) + 20 1 Ximy 2ij—1 E(€ijgem)
= ,~.

_ p*u? +p2a% + 040 _ p*u? + p2a?
p? p?
= p2u? + o2
p P P P
V& = . . . z
ij(km) — (H + T; + .B] + 1473 + Nm + el](k,m))
i=1j=1 i=1 j=1
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p D
z Z(ﬂz +Tf + B Vi 0+ eligemy + 26T+ 2uB) + 20yy + 2Unm + 20084 (m)

i=1j=1
+ 2785 + 213y + 2T + 2Ti€4500my + 2BV + 2B0m + 2Bj€ijm)
+ 2V + 2Yk€ijiem) + 2Mmeijiem))

p 14 p 14 p p p
= p*u? +pZT? +p2/3,-2 +pzyi+pz nrzn-l'zzelj(k,m) +2puzrl-
m=1 i=1

i=1j=1

+ ZPMZB, + ZPMZVk + 2pu Z Nm + ZWZZBU(M)

i=1j=

= i £
p P P P

+ 2 Z Z Yi€ijkm) T 2 Z Z Nm€ijk,m)

i=1j=1 i=1j=1

Apply expectation on both sides

14

+
\S}

+
N

NE NN

-
1l
=
&
1l
=
-
1l
=
1l
[y
~
1l
[y
-
1l
[y

+
\S}
Mﬁ

p P D P D
Yk Z Nm + ZZZVkE(eLJ(km)) + 2 ZZ E(el](km))

=1 i=1 j=1 i=1j

&
1l
=

—p2u2+pZT +p2ﬁ] +p2yk+p2nm+p 24+04+0+0+04+0+0+0

+0+0+0+0+0+0+0+0
p p p p

= p*u® +pZTi2 +pZBj2 +p21f§+p2 N + p2o?
i=1 j=1 k=1 m=1

P P
E(TSS)=E ZZYL?(’””) —E(C.F)

i=1j=1
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b 4 b 4
=p2u2+pzrf+pZBf+pzyﬁ+p2 M +p*0® —p*p* — o’
i=1 j=1 k=1 m=1

14 14 14 14
E(TSS) = pZTf +pzﬁf +pzyi +p Z Nm + (p? — Da?
i=1 j=1 k=1 m=1

P p2
. . R:
SSR===LL _(CF
p
2
P LR? _ ?:1(25';1(:“ + T+ B+ Vi + Nt + €ijgem)))
p p
2
. ter(pu + pri + 25;1 Bi+ X1 Vie + Xoei Tl + Z?=1 eij(k,m))
p
2
B o (pu+pri + Z?:l €ijem))
p
_ o (p?u? + pPef + Y1 eliem) t Djen Cijkam)Cinz) T 2P7UT + 2P BT, eijemy + 20T X5y €ijtom))
14

piut +p? Yt TP+ 3, Z?:l eizj(k_m) + Ying Xjeh Cijem) €on(iz) + 2PPU Xhq Ti
+2pu X1y X5y €ijoem) + 2P Xizg Xioy Tiijaem)
2
p3u? + p? Zf:l Tt + Z?:l 25;1 eizj(k,m) + Yizg Xj=n €ijtkm)gniz) T 0
3 +2pu iy X Cijkm) + 2P Xiog X Tiijgem)

p
pPut+p? Yl P+ 3, Z?:l eizj(k,m) + Yizg Xj=h €ij(km)€gn(lz) T 2DH P Z?:l €1j(k,m)
_ +2p X X TiCijcm)
B p
Apply expectation on both sides
pPut+pr Yl P+ 3, 25-):1 E(egom)) + Dizg 2j=n E (€ijaem)qns) + 20U Xi -, Z?zl E(eijkm))
3 +2pXh, Z?:l TE(€ijm))
B p
PP+ p? Yl +p?e® +0+0+0
p
P
_ pu* + PZZLTL'Z +p?o? = p2u? + pzl_iz + pa?
’ P p2 =
E(SSR) =E [—Z"? Ri ] — E(C.F)

4
= p*u? +pZTi2 +po? —p’u’ —o?

=1
p
=p )+ (-1
i=1
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SSC = M —C.F
p
R O (T T T e eij(k,m)))z
p p
5-)=1(PM + Z?=1Ti +pBj + Z£=1 Ykt an=1 Nm + Z?=1 ei}'(k,m))z
- p
P (pu+ DBy + T2 eijem))
- p
_ Z?ﬂ(pzﬂz +P?BF + X, eliem) + Dizg Cijiem)Cgiz) T 2D2UB; + 2PU X €ijemy + 2PBj Xi-y €ijtom))

p

p3u? + p? Z?zl [)’]-2 + Z?:l Z?zl eizj(k_m) + Yizg Xjxh €ijkm)€gn(lz) T 2p*u 2?21 B;

+2pu Xy X5- 1 eijoemy + 20 2ily Xi-y Bieijoem)

P
p3u? + p? Z?:l .3,'2 + Zfﬂ Z?:l eizj(k,m) + Yizg j=n €ijtm)gn(iz) T 0

+2pu X1 X5y eijoem) + 20 Xy ooy Bieijoem)

p
P u +p? X, B+ X X0 efiem) t Zing Zjen Cijtem)ona) T 2PR I, X_; €ijem)
+2p X7 X5_1 Bjeijoem)

P

Apply expectation on both sides
P2’ +p? X8 B+ X X E(efigom) * Bizg Xj=n E(€ijem)€onan) + 201 Xizg X5_1 E(€ijem))
+2p YL, Z?:l BiE (€ijkm))
p
p*u*+p* X B} +p*c? +0+0+0
- p
PPt +p? Y B} +pPo?
p

4
=pu®+ pz B} +po?
=

p 2
j=1 CJ’

E(SSC) =E — E(C.F)

4
=piu*+ pZﬁf +po? —p*u? —o?
=1

14
=p ) B2+ - 1o
j=1

14 G,%
SSG =2k X _ ¢ F
p
2
he1 G _ e (O (u+ T+ Bj +vi+nm+ eij(k,m)))
p p
p p p p p 2
k=1(pu + Zi=1 T; + Zj=1 .Bj + PYk + Zm=1 Nm + Zi=1 eij(k,m))
p
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2
14 14
hei(pu+ oy + X, eij(k,m))
p
e (PP PR+, elitem) T Tizg Cijtem)Cgicz) + 2D Ui + 2DU X1 €ijckm) + 2DV Diey €ij(m))
14
P’ +p* X, Vi + X1, 25'):1 eizj(k,m) + Ying Xjsh €ijtem)Cgh(z) T 2D7 1 Diomy Ve
+2pu i, Z?:l €ijteom) + 2D Xiy Z?:l Yi€ij(k,m)
p
piut+prYh o vi+ Zf:l Z?:l eizj(k,m) + Yizg 2j=n €ijtkm)€qniz) T 0
+2pu i, Z?:l €ijteom) + 2D Xieq Z?:l Yi€ij(k,m)
p
PPt +p* Yo v + X Z?=1 eizj(k,m) + Yizg Xj=h €ijkm)€gh(lz) T 2DU PN Z?:l €ij(k,m)
+2p 3, Z?:l Yi€ij(k,m)
14

Apply expectation on both sides
piut+prYh_vE+ Xl 25;1 E(eizj(k,m)) + Yieg Xjzn E€ijem€onan) + 2P X0, Z?:l E(eijkm))
+2p 30, 2?21 YiE (€ijiem))
p
PP+ PP Y Vi + %0 +0+0+0
p
p°u’ +p® i, Vi +p’0”

4
= =p2u2+p2h§+p02
p k=1

p 2
E(SSG) = E [Z";%Gk] —E(C.F)

p
=p2u2+pzyi+p02—p2u2—az

k=1
p

= pzyi +(p — Do?
k=1

p _ LZ
SSL==""=1 T _ (¢ F
p
2
=1Ll _ fn=1(zzij=1(/v‘ +1+ B+ vkt nm+ eij(k,m)))
p p
2
B %:1(19# + Z?zl T; + Z?zl B + Zizl Yk +PNm + Z?zl eij(k,m))
p
2
P—(pu+ o + 20, eij(k,m))
p
_ (P21 + 70k + X0 €l om) + kg Cijtom)Concm) + 2D7Hlhm + 2DU Y- €jckm) T 2PMm Dibey €1j(m))
p

pPut +p2 Y nh + Zf:l Z?zl eizj(k_m) + Yizg Xj=h €ijtem)€gnz) + 207 X i m
+2pu Zf:l Z?:l €ijtkm) 2D Z?:l Z?:l Nm@ij(k,m)
p
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piut +piyh _inA + 25;1 Z7=1 eizj(k,m) + Yizg 2j=n €ijtkm)€gn(z) T 0
B +2pp X7y X i) + 2P Xizg Xy Mmeijcem)
- p
PPt +p Yt ik + 3, Z?:l eligem) + Dizg X jzh €ij(km)€an(z) + 2PH Doy Z?:l €ij(k,m)
_ +2p X1 Xoy Mmeijckamy
14

Apply expectation on both sides
PPt +p? Yt A+, Z?:l E(eizj(k,m)) + Yivg Xjen E(€ijgemeonan) + 200 Xh, Z?zl E(eijkm))
B +2p X0y Xy Mt (eijaem))
- P
PP+ p? Yk + P2+ 0+ 040

3 2+ + 20.2
p ‘Ll p Zn;lnm p =p2'u2+pzn72n+po_2

m=1

E(SSL) =E [Zm L ’"] E(C.F)

=p2u2+pz M +po? —p*p* — o
m—1

=pzrzm+(p—1)0

E(SSE) = E(TSS) E(SSR) E(SSC) — E(SSG) — E(SSL)

D
=pZT? +pZﬁ,-2+pZV§+pz né + (p? — 1)o? —pZT? —(p— 1)a?
i=1 j=1 k=1 m=1 i=1

p p p
—pZﬁ,-z—(p—l)az—pZVi—(p—l)az—pz N — (p— Do?
j=1 k=1 m=1

=@*-1-p+1-p+1-p+1-p+1)0?
= (p> —4p+3)o? = (p*-3p—p+3)o?
=(@P-3)-1(p-3))c*=(p—-1)(p - 3)d?
_ E(SSE) _(p-D@-3)0* _
EMSE) = )-8 G-DG-3)

p
E(SSR Pt + (p—1o?
E(MSR) = p( ):pzl—l i+ ) — 24 b z 2

-1 p—1 - p—14s"
=1
D
E(SSC) pXi- B} + (p—1d? p
E(MSC) = = — 42 _Z 2
(MSC) p—1 p—1 a+p—1. g
j=1
p
E(SSG P G2+ (p—1)a?
p—1 p—1 p—1le
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P
E(SSL) pXh_inh+ (—1)o? p
E(MSL) = = 2 —E 2
(MSL) p—1 p—1 o +p_1 Nm

Random Effect Model
Assumptions:
€ij(km)~iidN(0,0%)
E(eijim)egnn) =0
E(Tieijim) = 0
E(Bjeijoem) =0
E(¥xeijoem) =0
E(Mmeijam) =0
7;~iidN (0, 02)
B;~iidN (0, af)
Y~iidN (0, 52
Mm~iidN (0, 7)
. E(rirj) =0
L E(BiB;) =0
E(rky) =0
EMmnn) =0
. E(Tiﬁj) =0
E(tiy) =0
E(tiny) =0
E(Biyk) =0
E(Bjnim) =0
E(knm) =0

E(SSE) = E(TSS) — E(SSR) — E(SSC) — E(SSG) — E(SSL)

p P
TSS = Z Z Yim — C.F

i=1 j=1
2 2
_ (Z?=1 25;1 Yij(k,m)) _ (Z?=1 25';1(“ +T+ Bty tm+ eij(k,m)))
B p? B p?

© OoNoo O R wDdhRE

O N N el el T o el =
O © 0N Ul WDNEL O

C.F

2
B (P?u+pXt v+ PZﬁ’:l Bi+p X Ve + DXt + 20y Z?zl €ijckm))
p?
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+2p3u Y M + 200 Y0, Z?:l eijem) + 2p° T Z?:l B; + 2p* P

p*ut +p* i Tt +ZZL¢,TT,+p Y1 BF + XN BB + 0 Lo Vie + X it ViVt +0° Xy i

2 Yomen Mmln +Zl=121=1 ftem) T Zizg Lj=h €ij(km)€grn) T 2pPu ¥t T +2p3 MZ _.Bj+2p° LYh_ Yk
1 TiZiemr Ve + 202 B0 T X T
+2p2i 121 1Telj(km)+2p227 1ﬂ;Z§ 1Vk+2p22 1ﬁjzfn 177m+2p2 121 1,319”(km)

+2p? Xk oy Vi Xt e + 2D 2= Xy Vie@ijtkm) + 2P ey Xy Mm€ijem)

p2

Apply expectation on both sides

Pt + p? L E(f) + X Xin  E(ir) + 0* EV_ E(B) + L Zin E(BiB) + * icy EWR) + X Ziewt E(icv))
+p2 X0 L EMZ) + X Xonin E@imnn) + X0 p E(elzj(k )+ Lizg Lj=n E(€ijemgnan) + 203w 2t E(T7)
+2p°u XS E(B)) + 20°uXieey E(vi) + 2p° uZ LEMm) + 20°0 XY B8 Eeijgem) + 207 X, X5, E(Tib))
+2p2 B0y Yooy E(rivi) + 202 X0y By E(@ithn) + 20 X0y 25y E(Tieijaem)) + 202 X5_y Ty EBjYi)

+2p? 25;1 Y EmB) + 2020, Z?:l EBjeijaem) + 2% 2oy 2be

E(anm)
+2p Zle 25'):1 E(Vkeij(k,m)) +2p Z?:l 5'):1 E(nmeu(k,m))

pZ
Pt +pof+0+p3af +0+p3c; +0+p°cf +0+p*0°+0+0+0+0+0+0+0+0+0+0+0+0+0+0+0+0
= pz
4,2
p*u* +p3c? +piop +p3c) +pof +pio
= pz

i

E(C.F) = p*u® + po? + poj + po} + paj + o?

p P p P
2
Z Z Yiiem) = ZZ(.U + T+ B+ Vi + Mt + €ijgem))

i=1j=1 i=1j=1

P D
z Z(uz + 17+ B+ Vi + 0+ €figomy + 20T + 20 + 21y + 2unm + 216 m)

+ 27,85 + 2T,y + 2T + 2Ti€4500my) + 2BV + 2B0m + 2Bj€ijkm)
+ ZVkTIm + 2Vkeij(k m) + 277meij(k m))
p

i=1j

p p
—p2u2+pzf +p2ﬁ, +pzyk +pz nfn+zze{i<k,m)+2puzri
=1 i=1
P b

j

14

i=1j=1 i=1 k=1 i=1 m=1
p D
p

p
+2 Zfiﬁj+ZZZTiyk+ZzzTl'T]m+ZZZTieij(k,m)

+

p D p D p P
22 ﬁjyk‘l'zzZﬁjnm‘l'ZZZﬁjeij(k,m)‘l'zZzyknm

1k=1 j=1m=1 i=1 j=1

~.

p

p D
+2 Z Yk€ijkm) + 2 Z Z Nmeijk,m)
i —

=1 j=1

Apply expectation on both sides
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p

= p*u? +pzp:E(T?)+piE(ﬁf) +PZP:E(V13) +pzp:E(n3n) +izE(efj<k,m))
i=1 j=1 k=1 [

m=1 i=1j=1
p

14 14 14
+ Zpﬂz E(t) + 2pu Z E(B)) + 2pu Z E(yx) + 2pu Z E(Mm)
i=1 j=1 k=1 m=1

+2p0 ) ) Eleijoem) +2 ) i E(uf) +2 ) i Bt
L . VA
E(tinm) + ZEEE(Tieij(k,m)) + Zi EBjvr)
i=1 '
p

p p p
Em) +2 ) > E@;ejom) +2 ). > EQim)

1m=1 i=1j=1 k=1m=1

p D p
+ 2 Z Z E(yreijikm)) + 2 Z Z E(Mmeijkm))

i=1 j=1 i=1 j=1
= p*u® + p?c? + p?of + p*of +p?cf +p?c*+0+0+0+0+0+0+0+0+0+0
+0+0+0+0+0
= p*u?® + p?a? + p?oj + pof + pcf +po?

E(TSS)=E Zp:iyg —E(C.F)

i=1j=1
:p2#2+p20-‘?+pzo-ﬁz+p20-)g+p20-‘)$+p262_p2M2_p6‘?_paﬁz_po-];_po-‘r?_o-z
=p(p — Do? +plp — Dog +pp — Do} +pl — Dog + (p? — 1)o?
P R2
SSR:%—C.F

P R? B f=1(27=1(# +T+ B+ vkt Nm + eij(k,m)))z
p p
_ P (pu+pr + B+ Y1 Vi + Ty T + 254 eij(k,m))z
B p
P2 +p*ti + X BF + X Xixj BiB + Zhcr Vi + L Xkwt Vit + Ty i
+ X Ymen Ml + Z?:l eizj(k,m) + X jn €ijiem)gh(iz) T 2P*UT; + 2pp Z?:l B;
() +2PU Ny Vi + 2D Xy i + 2P X €ijem) + 20T X5y B + 20T Doy Vi
+2pT; Yoy Tt + 2T X1 €ijtem) + 2 D5y ey BiVie + 22521 Doy Bitm
+2 301 Bieijaemy + 2 ey Xt Vitm + 2 X501 Toe YieCijem) + 2 Xy Dome1 Tmeijeim)
p
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PP+ P Xt AP Y B A DI i BiBi + D k1 Vi + P X T ViVt + P Xy
D X Vimen Imlin + Xhey Dy €om) + Lizg Ljzn Cijtem€anz) + 2P M Xy T + 2% X5, B
2P U Y Vi + 2P U Y M + 2P Y, Z?:l €ijkm) 2D P Z?:l T8+ 2p S X Tk
+2p Y X T + 2P X, 25;1 Ti€ijtkm) T+ 2 Z?=1 Y1 Bivi +2 Z;Ll X i Bilm
+2 %0 X5 Bieijim) + 2 Xiey Zon=1 Vil + 227y Xy ViCijkm) + 2 X5y T m€ijciem)
p

Apply expectation on both sides
PP+ p* Y EGD) +p X EB) + 0 X Nis EBiB) + 0 Xt EWR) + DX Zkwt Eicv)) + 0 2oy E(M3)
+D X Zmen Emtn) + 21y Xy E(€fjgem)) + Ding Ljen E (€ijoemyegnan) + 2021 iy E(t) + 20°1 X7_ E(B)
+2p*u i E(i) + 202 3 E(in) + 2pu X0- 1 X1 E(eijgemy) + 20 X0-y X5y E(TiBy) +
2p Y XY E(mive) +2p Xk L 3P L E(Ttimm) +2p X, Z?:l E(Ti€ijgem)) + 2 Z?zl YR EBive)
+2 Z?:l an:1 E(ﬁjr)m) +2 Z?:l Z?=1 E(ﬁjeij(k.m)) +2 ZZ:l an:1 Einm)
+2 30 Y E(ieijmy) + 2 2521 Xt E(Imeijcemy)
p

pPu? +p3c? + p*of + 0+ p*cf + 0+ p*0f + 0+ p®0*+0+0+0+0+0+0+0+0+0
+0+0+04+04+0+0+4+0
p
2
_ p*u® +pia? + p’op +p’oy +po; +po?
p
= p*u?® + p?c? + paj + po} + po; + po?

14 2
E(SSR) = E [Zl';%Ril —E(C.F)

= p?u? + p?c? + paﬁz + po} + pof + po? — p*u* —pof — paﬁz — poy —poy —a
=plp—-1Do? + (- 1o’

P 2

j=1"]

2

SSC = -C.F

2
=1 CF 3 5-):1(2?:1(# + T+ B+ Vi + N + €ijgem)))
p p
2
?zl(pl'l + 2?:1 T; + pﬁj + Z£=1 Yk + 221:1 Nm + Z?=1 eij(k,m))

p
/ PP+ T+ XN T+ PPBF + D1 Vi + X kst ViVt + L1 T \

+ 3 Yonsn Ml + =1 €liem) + Xjen €ijkm)€gn(z) + 2P Xiy Ti + 2P 1P
P | +2DU Ty Vi + 2P Dy M + 2P T €ijim) + 2P 2oy TiBj + 2 Xy XYy Tivk
\ +2 Y X Tl + 220 Ti€ijem) + 2P Xy BiVie + 20 Xhmy Biim )
+2p X0 Bieijtemy + 2 Xiey Loy Vit + 2 X521 Docy YieCijmy + 2 25—y ey M3 hem)

p
P2 +p Yl T P Y Tt PP X B A D D1 Ve ¥ DX Dkt ViVt + D Tt
+D X Ymen Mmlln + 2hey Z?:l eizj(k,m) + Ying Xjeh Cijem Con(iy + 2PPU X Ti + 2D% 1 Z?:l B;
+2p2 U Doy Vie + 2% U Doy M + 2P0 20—y B0y €ijaem) + 2D Doy Xy T + 2 Xocy Ty Tl
+2 X0 Xy Tiltm + 2 501 X0 Ti€ijtm) + 2P Xpmy Xy Bi¥Vic + 20 Dy X5y Bitim
20X X Bieijkm) + 2 Xiemq Zim1 Yilhm + 2 X_g Biemy Vicijoem) + 2 251 Xne1 hmeijm)
P
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Apply expectation on both sides
PP +p X E@) +p L Ein E(rt) + 02 X0 EB) + P Zhs EGi) + D Ziest EQi¥) + 0 Zey E(3)
+D X Zonan E (mtn) + Ziog By E(€ligem)) + Zizg Zjzn E(@ijm)€gnn) + 2071 X0_ E(x) + 2p*uX)_  E(B))
+2p2u X} E(vid) + 2020 Xy E(m) + 2pu X0y 251 E(eijem)) + 20 Xy X0_ E(ui)) + 2202, X0y E(tivi)
+23 X E(inm) + 230, 27:1 E(Ti€ij(em)) + 2P Lioes 25-7:1 EBjvi) +2pXh_, 25-;1 E(Bjnm)
+2pYr E?:l E(Bjeijtm)) +2 Xkt Xoet E(Wictm) + 2 Z?ﬂ o E(Vkeijgem) + 2 25;1 Xt E(meijem))

p
p*u? +p*c? + 0+ p3cf + p?of + 0+ p?of + 0+ p?02 +0+0+0+0+0+0+0+0+0+0+0+0+0+0+0+0

p
_ p*u? + p*c? + piof + p?of + p?of +pc?
p
= p*u® + pa? + p*af + poy + po; + po?
YP_ C?
E(SSC) = E [’T“l —E(C.F)

= p*u® + pa? + p?of + po} + po; + po? — p*u* — pol? — paj — po} — po; — o

=p(— Do + (p — Do?
p GZ
SSG = "%" —C.F

k=1 Gk _ PP (4T 4 B+ Vi N+ eijem))
p p
rea(pu+ X0 T+ 25'):1 Bj + PYi + Zn=1 M + Xz eij(k,m))z
p
PP+ X+ XN Tt + X B + X X BiBj + D7V
+ X 1M+ X Ymen Tmln + Zf:l eizj(k,m) + Yizg €ijkm) €gjan) T 2DU Z?:l Tj
) +2puE_ ) B + 20%Uyi + 2pU Yoy Thn + 2D X1 €ijm) + 2 Xioy Xy T
=t 2PV Xl T+ 280 Ty Tilhm + 2 X0y Ti€ijem) + 2PVie Xy Bj
23 St B+ 230 X8 €ijiem) By 2PYVie Ty Tl + 2PV Ty €1jm)
+2 ) M €ijem)
p
PP+ p Y T AP XN Tt P X B A DX s BB + 0P Xhor Vic
DX e P Y Ymen mlin + 2hey Z?zl eizj(k,m) + Yizg Xj=n €ij(km) gn(in)
+2DPU T T+ 202U T B+ 2P U T Vie + 202 Yoy T+ 2P0 XY X €ijm)
+2 2:?=1 Z?=1 7B+ 2p Zlig=1 12:1 YiTi + 2 Z?=1 an=1 Tilm + 2 Z?=1 2£=1 Ti€ij(km)
+2p Z?zl Y vkBi + 2 Z?zl Y i m B+ 220, 25):1 €ijtem) Bi + 20 X Xhq Villm
+2p X7y Xleer YiCijem) + 2204 Lot €iji(k,m)
p

Apply expectation on both sides
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PP+ p I E@)) +p XN E(mr) + p X EB]) + X Xin  E(BiB) +0° ey E(VR)
+p an=1 E(nzn) + p Z Zm::n E(nmnn) + Z?:l 25';1 E(eizj(k.m)) + Zi::g Zj::h E(eij(k,m) egh(l,n))
+2p%u Xl E(r) + 2p2u X  E(B) + 207X E(i) + 2P 1 Ty E () + 200 X0, 281 E (€3 m))
+2%F 2?21 E@pB) + 20X Xt E(iet) + 220 X0 E(tiltm) + 220 Xhet E(Ti€4jem))
+2p X8 Yh  EQieBy) + 238 X  E(in B) + 2 X0, 251 Eeijiomy B) + 20 Xy et EVictm)
+2p X Y EOeijieomy) + 2 201 X0 i E(m €ij(em))

p

p*u? +p*cf +0+p*af + 0+ pio} +p?o; +0+p®c*+0+0+0+0+0+0+0+0

+0+04+04+0+0+0
p
_ PPt +p*of +pPaf +pio) +p’op +pPa?
p
= p*u® + po? + pag + p®o} + po; + po?

2
Zizl Gk

E(SSG) =E —EC.F)

= p?u® + po? + paﬁ + p?oy + poy + po? — p*u* —pof — pa[? — poy — poy — a?

=p(p — Doy + (p — 1)o?
p LZ
SSL = % —C.F

Poile B (T (e + Tt B+ Vit M+ eijem)’

p p
 Sea(pu A B T BB+ S v+ P+ ZE ejm)
- p

PP+ N T+ X i Tt + X B + X X BiBj + Ty Vi

+ X Yk VeV + 02 0m + Z?:l eizj(k,m) + Xizg €ij(km) €gjtn) T 2PHU Z?=1 Ti
» +20u X Bj + 2P1 Kiemy Vic + 2% U + 2DH T €ijem) + 2 211 X Tilj
m=1 +2 Y TV 20N X T+ 22 Tieijgem) + 2 25-;1 Y1 Vi B
+2P1m Xy B + 2501 X5y €ijem) B + 20Mm Xmy Vi + 2 X0 Xkt VicCijtem)
+20Nm 214 €ijgem)

p
p3u® + PZ?:l i + PY iz TiTji + PZ?zl 3]'2 +pX Xz BiBj + PZi:l Vi
DX Yhert ViV + D% Tt M + Dy Lomm1 €Fi(km) + Divg 2j=h €ij(km) €gj(in) + 2P U Xty Ty
+2pPuR] By + 20U B oy Vi + 2P U T i + 2P XD Xieg €ijem) 220 X TiB;
+22?=1 Zi:lfiyk +2p Z?=1 anzﬂi Nm + 2 Z?=1 Z?n:l Ti€ij(k,m) T 225;1 Z£=1 Yk Bj
+2p 25-;1 Y imBi 23, 25;1 €ijtem) B + 2D oo e MV + 2 Xy Yoc VieCijtkom)
+2p Z?=1 Z?n=1 NMm€ij(km)
p

Apply expectation on both sides
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P’ +p Yl EG) +p X Xin E(rr) +p X5 EBD) + DX Xin EBiB) + 0 Xjoey EVRD)
Y Tkt EQiev) + 02 X0 EMa) + X0 28 E(€liom)) + Zieg 2j2n E(€ijem) €gjan)
+2p2u R, E(z) + 2p*uX0_  E(B) + 2021 Teoy (i) + 2p*u X1 E(im)
+2X0 X0 E@B) + 2pu Xy e E(eijtem) + 2201 Dhey EGivi) + 20 X7y Xmey E(Ti M)
+2 30 Some1 E(Tieijoem) + 22521 Dy Qi B)) + 20 X5_1 Xt E(nB))
+2 30 X E(eijkm) Bi) + 2D Xomy Tome1 E(im¥i) + 28121 Xy E(Vi€ij(km))
+2p X 2 E(Mmeijckm))

p

p3u? +p?cf + 0+ p2of + 0+ p*of + 0+ pior +p*c? +0+0+0+0+0+0+0+0+0
+0+0+04+04+04+0+0

p
_ p3u? + p*o? + p*op + pof + piof + pc?
p
= p*u® + po? + pag + poy + p*o; + po?
Zp LZ
E(SSL) =E [%l — E[C.F]

= p*u® + pa? + paj + po; + p*of + po? — p*u* — po? — paj — po} — poi — o

=p(—Daoj + (- 1o’

E(SSE) = E(TSS) — E(SSR) — E(SSC) — E(SSG) — E(SSL)
=pp - Do? +pp - Dag +pp — Do} +pp — Do + @* - Do? —p(p — Do? — (p — Do?
—p(p — Doj — (p — Do* —plp — Do} — (p — Do —p(p — Do — (p — 1)o?
=p*-1-p+1-p+1—-p+1—p+1)o?
= (p®>—4p +3)o? = (p* - 3p—p +3)0?

=(@p®-3)-1(p -3))s°
=@®-3)®-1od?
E(SSE)  (»—3)(p— Do? _ 2

E(MSE) = —
P-DE-3) @E-D@-3)
E(SSR —1Do? + (p — 1)0?
E(MSR) = p(_l)zp(p )pf_l(p ) = po? + 2
E(SSC) p(p—1oj + (p— 1)o?
E(MSC) = -1 = pﬁ—l =paﬁz+02
E(SSG) p(p— 1o+ (p—1)o?
E(MSG) = 1 = ;_1 = poy +0?
E(SSL — o2+ (p —1)0?
p—1 p—1 7
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