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f’ _ ACTION OF TENSORS

, ing two indices in a tensor e g i
f - ess of setting eI .qual and summing over that repeated index is called
1 :
chxamPl e . the ep contractions of a third order tensor A ; jk are Ajix, Ajjj

" TR ACTION THEOREM
¢ The contraction of a tensor of order n (n>2 ) leads to a tensor of order n - 2

Im(‘],ll):
fglﬂr We prove this theorem for n = 3 .. for the tensor A ; o

| A’F“,lpﬂqﬂrkAijk (1)

ot wrt j and k. Place the corresponding indices q and r equal to each other and sum over

Aijk is a tensor of order 3. Therefore ,

= fpi8jkAijk = fpiAijj
gowsthat By = A;; is a tensor of rank 1 i.e. a vector .
(I We have seen that contraction can be applied to a tensor of rank 2 or higher .

We know that contraction of a ter:sor of order n (n22) leads to a tensor of order n — 2 . This
o onder (n - 2 ) can then be contracted again ( provided thatn 2 4 ), giving a tensor of order n-4,
oo until we obtain a tensor of order less than 2 . In fact , repeated contraction of a tensor of
t eventually gives a scalar if n is even and a vector if n is odd .

(INNER ) MULTIPLICATION OF TENSORS

The process of multiplying tensors ( outer multiplication ) and then contracting the product w.r..
&  different factors is called inner multiplication and the result is called an inner product

Pen emsors For example the expression A | Bk is the inner product of the tensors A and

‘Hl 1 03
A B Is the Inner product of two vectors A | and B (ie.A and B ).

ki I Ajjx and By are two tensors of rank 3 and 2 respectively, show that

| % their Inner product A”kn,nu.umrofrlnk 3+2-2=3.
Migs ations of transformation from the
l,". '"‘“Mn and Bm,.mumou.theirequ
‘ ire
2ol (1)
"l A

L v
\%‘; ”"‘""m (2)

“W'u’ll“)m (2), we gat
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ntraction ( letting p = s in equation (3) and summing ) , we get
Aceb R fpifqjfrklpmfinAijkBmn
= fqjfrkftn(£pifpm)AijkBmn
= quﬁrkhnSimAijkan
= fqjfrkfinAijkBin

1 shows that Cjxn = AjjkBjn called the inner product of Ajjx and By isatensorofr

ntracting w.r.t. j and n or k and m in the product A ; jk B mn, we can similarly show tha &
product is a tensor of rank 3 .

OLLARY: The inner product A B of two vectors A; and B (ie. A and B) 83

zero i.e. a scalar . For this reason A B is called the scalar or dot product of A and B

GENERALIZATION
If Aj iy e

inner products is a tensor of rank m+n-2 .

por¥”

' ectively
. and Bj [, jp aretwo tensors of rank m and n resp
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MULTIPLICATION OF A TENSOR BY A SC:LA.Z \
The multiplication of a tensor of any rank by a scalar yields another tensor of e

EXAMPLE (16):  Prove that if ¢ is a scalar and A is a second order tengoy me:‘“&
Cij = ¢ Ajj is also a second order tensor .

SOLUTION: Since Aj; is a second order tensor , its equation of transfonmmQn fom

KK is o
Ama= tnitnjAi (1

Multiplying equation (1) by the scalar ¢ , we get
®Amn = fmilaj (9A;))

& Cuap=UgilsiCi

where C’mn = ¢Almn

Equation (2) shows that C ij = ¢ Ajj is alsoasecond order tensor .

In general , multiplication of a tensor of order n by a scalar gives another tensor of order .

(OUTER ) MULTIPLICATION OF TENSORS

The product of two or more tensors
components of the given tensors .
given tensors .

EXAMPLE (17): If A; ik and B, are two Cartesian tensors of rank 3 and 2 respectin

prove that Cjjypy, = AijkBmy is also a tensor of rank 5 .
Since Ajjk and B mn are tensors

is the tensor whose components are the product of &
The order of a tensor product is clearly the sum of the orders o &

SOLUTION:

. : [
, their equations of transformation fos
systems K to K are

Alpqr='ipi"qj'¢rkAiJ'k ()
B’S( = tsmelann
Multiplying equations (1) and (2) , we get

2

qu,Bn = lpi’iqurklsmflnAijkan

or Cpqrn=’-pi-'-qjlrk!lsmttncijkmn ke

where C’qull = A'quB’.(

. is
which shows that Cjy , = AijkBny called the outer product of A;jx and Bo’
rank 342 = §.
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NOTE: (I) The tensor multiplication is nop — commutative ., For example ,

CijkmuzAijkan"anAljk=Cmnijk M'Mf
(i) The outer product of two vectors i.e. tensors of the first order , is sometimes .
or just dyad .



AnBpCp=Ffmifajfpk1™I—" (§)
or l)‘mnp‘:tl’“l'“,‘"“pkl)i‘jk (6)
where D'mnp = AmBnCp

Equation (6) shows that Djjx = AijB;Cy are the components of a third order tensor
If we set n = p inequation (6) , we have
Dmnn = €mifnjnkDijk
or Dman = fmidjkDijk = £miDijj
which shows that D;; = AiB;Cj are the components of a first order tensor .

THEOREM (7.10): Prove that the alternating symbol € jk is a Cartesian tensor of rank3

’ .
PROOF: Let €;jk and € pqr be the components of the alternating symbo] in the sygeq,
and K respectively . Then
A A A A A A A A A
e,Xey=¢€,, e€3Xe; =¢€,, e;Xey = €3
AT _A? N T SR A Al N7 A (l)
e, Xey3 =¢,, €3 Xe, =€2, €, Xey, = €3

Using the definition of the alternating symbol we can write equations (1) as
A A A
eiXej.€k = €ijk

A’ A7 A7’ ’
€p X€q «€r = Epgqr

where (i,j.k,p,q, r=1,2,3).

’

A A’
Now Ie\p =€p|C|’

A A
€q = £qj€j, and e[ = £rx €y therefore,

’ A P R
epqr = ep xeq «Cr

A A
= (fpiei)x(quej)-(frkek) = fpilqurkeixej'ek
or €pqr = fpifqjlrk€Eijk %

From equation (3) it is clear that € ;jx is a Cartesian tensor of rank 3 .

HIGHER ORDER TENSORS g (¢
: n g
A quantity representable by a set of n suffixes A j (Fy LT i*

I y I
components ) relatively to a coordinate system K is said to be a tensor of ordef ( i
components transform under changes of the coordinate system according to the 1a¥

Aj,j,----j. e ‘jlit‘jziz”"tjninAlliz""in

where Aj j, ...j, are the components of the quantity in the coordinate system K
the usual meanings .




PROBLEM (19) A ijk is a third — order (€NsOr , Sutii wiar A || = Ay = 1 AII
1l s

other components being zero . Evaluate the components of the Vecto;z 4

The same transformation is made from Ox; X, X3 to Ox, x X i

2 X ) aSip D
(18). Evaluate the component A’ 123 of the tensor in the system or, 9 i
SOLUTION: Since Ajjk is a third order tensor, therefore contracting w.r.t. i apq ki A
is a first order tensor i.e. vector . We are giventhat Ay = Az = 1, Ayp = -2 whie i

components are zero .
Let B;=Aii (j=1,2,3)
then B =Aj1i=A1+Ap+tA33=1-2+0=-1
B, =Ai2i=Am+Am+A;n =0+1+0 =1
By =Aj3i=Ai+Anm+A;u =040+40=0
Thus the components of B; = Ajj;j are (-1,1,0). Now we know that

A = frifa2jfakAjjk
= Enlnfy Amnm+fpnflpnlyApm+lpfy,lynAsy,
D(-D)(8)+(-)E)(-2)+(-8)(-2)(-3)
()E)(F)E)E)(3)(3) (e
i 36 36 48 120
) 343 343 343 = 343

PROBLEM (20):  For the second - order tensor A i j » sShow that the quantities

@) Agi () AjjAji (i) AjjAjKAxg

are invariant under an orthogonal transformation .




SOR ANALYSIS
'ﬂi&"mm 465

W
?- , (i) Since Ajj is a second order ten
| l*ﬂ"“ sor , therefore Amn = PmilagAij
W then
’:m A, . ’mlimJAij ” aiinj = Ajj

Am 4

-\'|+A’w+ An=An+AntAy

|
variant . This result sa
ot Al is in ys that the trace of the matrix [ A j 1 i.e. the sum of its

lements remains invariant under orthogonal transformation . In the mathematical theory of

. e sress tensor O i j arises and the above result means that the sum of the direct stresses
ga OB is invariant under an orthogonal transformation of axes .

" Since Amn = fmifnj Aij and A = €nrémsArg, wehave
AmnAﬂ“‘ = (fmifnjAij)(fnrfmsArs)
(fmitms)(fnjfnr)AijArs
= BisBjrAijArs = Aij8is(8jrArg) = Aij8isAjs = AijAji
sngthat AijAji is invariant .

i

3 AmoAnpApm = (fmifnjAi)) (£nrfpsArs)(fpxfmyAky)
= (fmifmv) (€njénr)(Fpsfpk)AijArsAky
= QivdjrdskAijArsAky
= Aij(3skdjrArs)(8ivAky)
= Aij(8skAjs)(Aki) = AjjAjxAki

g ovngthat AjjAjk Ak is invariant under orthogonal transformation .

§ MOBLEM (21):  Prove that

Au AIZ AIS
Ay An An
Ay An Awn

Ari Arz Ars
€rstA= |Ag; Agz Asa =e”kAriAsjAtk:EijkAerjsAkt

Ay A Ao

ul'UIION: (i) Using the definition of €;jk,wecan write
ApAnteémAnAnAn®t €3AnAy Ay,

+€AnAnAn+tEnmAnAnA;
A — Az A )+ A (Ax Apn-AnAy)

_ B A:de((Aij)= :EijkAliAsz3k=eijI(AllAleIU

£
mA”Alelk = €|13A||A22 A33+€l32All

i All (A A;;—An A31)"'Al2( Az

A, An
At Az A”|+A
= Ay Az A:il_A‘Z Ay An BlAy An
All Al‘.! AIJ
= |Ay Anp Anp| =4
\!y Ay Ayp Axn

‘!mmlhlt A= GijkAi;AjzAU‘
4
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Fl“‘_\”AS:A”+F|3:ArlASJAI:+EHIA”

{(ii) €; gA“AsJAlk = "As_A
; .H:-m,\”As]An+€3|zAraAslAt:"'fmA”A} 3
= Arl(As!A'-‘-A“A”).’-A”(A“A“‘ASIAu)Al'
"
+Ar3(As|AlZ"AS3A”)
& i Asl‘_A‘|As' Ags i
= A”‘Au At P A Aol 2 A:l An\
1
Ap A Ary Al:
i ASl As] ASJ = A
Ay A A
Similarly , we can show that €5 A = €ijkAi|-AjsAkt-
Sml 8m2 8m3
PROBLEM (22): Provethat A= |8n1 On2 On3| = €mnp
dpi dp2 dps
and €ijk Emnp = Oni snj snk
Spi Bpj dpk
Hence prove that
(i) €Eijk€Emnk = simsjn"sinsjm
(i) €ijk€mjk = 20im (iii) €ijk€ijk = 6
dmi Om2 Oms
SOLU“ON: Emnp = Enl 8n2 8n3
R a T T
dn 8 dn 186 0
€13 = 82] 822 823 =10 1 0 =]
33 83 O .M 1
8n 0n On oy 812 O3
€y =[O 832 On| =8y On 8n| =1
8y 8 &1 83 83 O
81 81; 8 du 8, Oy
€= |0 8 S| =18y B8y Ox| =1
8n 8xn 8n 8y On 83
oy b1 &85 Oy 8 O
€m= [0y dn Oxn|=-[8, 8 &6x|=-1
821 822 52 83! 832 833
bu dn 8y &y 81, 85
€3 = gu Oy "Bl =<8y By Bpn| =<1
n 83 8y 8y 8% Ba |
5JI 832 833 8“ 8|2 5[3 !
€ = |8y bdn 8y =-1]3, Kot Bn b
5!! 5;1 5;3 5“ 832 833




ANALYSIS
i 2.3
I rmutation of (1.2,3),s0thatat least two of § |
¥ adP:o a=0. of ik are equal , the determinant has

M“‘IW o 80 prove this result following the procedure of problem (21) . We can writ
write

n"'"wy njk5m‘8"15pk

H

. emikOnidpk = Emnk8pk = Emnp
Omi Omj Bmk
€ijkA=| 8ni Bnj Bnk
Spi 8p;  Bpk

of A by €ijk is equivalent to interchanging the columns 1,i;2,j;3,k

mktmﬂP "

mumpﬁcation
raking P = k in the last result , we get
dmi Omj Omk B ., e
jkEmnk = ni Onj Onk \ \ dni 8,” dnk
dpi Opj dkk ki Okx; 3

Omi(38nj=8nk8kj)-8mj(38ni-8nk8ki)+8mk(Bnidkj—8njdki)
dmi(38nj-8nj)-8mj(38ni-8ni)+8mk(8nidkj—Bnjdki)
3Smiﬁnj—ﬁmi5,,j-—38n18mj+5ni8mj+8n18mj—8nj5mi
Omidnj—081idmj =8im8jn-8indjm

{i Taking n = j in the result of part (i) , we get

€ijk€mjk = 8imsjj‘sijsjm =38im-8im=20im
§i Taking m = i in the result of part (ii) , we get ~ €jjk€ijk = 28;; =6
MOBLEM 23): If A;B; is a scalar or invariant, where A ; is an arbitrary vector , then prove

that B; is a vector .
WUTION: Since A; B is ascalar, then by definition

AB) = A;B; &
:"::"d“.h‘d and dashed symbols have the usual meanings -
IAi 18 a vector , therefore
. Ajng jiAj
LY )
Wom (1) and (2) , we have
) A’Bj = tjiAB;

]

i (
: ‘h ;B}-!hBl)=0
| LY

m""‘“’m‘lry vector A i j# 0 and the above

,?' “ ,='J|B

B i 15 a vector .

relation will be true only when




