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4 p WFERENTIATION OF TENSORS

S & (T o isatensorofod
(1.19); £ 4 n rder n, thep ;
s partia) deriva

tive w.r.t. x
& ALl lea P
i i axp 112 n lSOItensor ofol-der n+1
» The law of transformation for the given tensor ig
4 B N, ’j|l|’j2i2"" Al
Ajyia~1n i (1)
bols have the usual meanings . Differenjatin
g " i e of equation (1) w.r.t. X'y we get
y § ot oot =f-ji€ji ...... 2 4 ox
i a’;AJ]Jz In 1517438 Inlp a A 1 z-i-in ax'k where p is dummy .
n fawemowthal xk = FkpXp O Xxp = £y 4}
{w Q'x_F:ka
T ax
ool e g Pl _3_
o 3 Aidgeda = i M on P P axp Miria iy )
b d .
ghshﬁwsmat'é—' Aj i, .--ip isatensorof order n+1 .
]
e W (i) If the partial derivative of Ainiz «s+i W.ILL Xp is denoted by Airis ST P then
lmn(Z)can be written in the form
A Jnk ’Jlll ..... t‘jningkpAi!-“in'p (3)
. MaMg both sides of equation (3) w.r.t. X ;m We can show
y ' .
j‘ji""jn,km = €j,i, .....fjninfkpfquil “in pq
2 :
hAiI....in =_3 Ail""in) which shows that A i, ...i, . 1sa tensor of
| P9 anaxP
e 1%y
] 4 :
Iy 1 a scalar , then aa—¢ or ¢ ; isatensor of order | i.e. a vector .
Xi
'“EGRATION OF TENSORS

lon s combined with a contraction . For example ,

; '!ﬂx j (jAlexk) and thus (IAudxk)
: ”mnln;A.,)lpkdxk fmifnjlpk

| oy f IA jdxi) andis
&M of0rder3 However(j A|jdx_|) |sacontractxono ( i

sor w.r.t. a scalar , for example volume or
; ﬁ\" of a ten

RNy |

"1 e, one less than A . Integration
Shown to yield a tensor of the same order .
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7.27 APPLICAT]ON 1O VECT OR ANALYSIS N\

DOT PRODUCT
B be two vectors with components Ai,Az,A; and g

!

Let K and Ey ;
B = AjDi- O

then A.B =A,B.+A2B2+A333—A|Bn ““‘%.‘
and Bj are the components

O'twonm

Prove that if Aj
°’d¢,

THEOREM (7.20):
A and B respeqtively ,then AjBj is a zeroth order tensor
PROOF: Since Aj and Bj are the components of first order tengop N
transformation law from the system K to K’, we have Oft g,
Am=LmiAi i
B, = #0jBj (2)

Multiplying equations (1) and (2) , we get
A'mB’n_—_imiininBj 3)
Setting m = n in equation (3), we have

A'mB’m=£mi€minBj=5iinBj=A,'Bj @)

which shows that A B is a scalar or zeroth order tensor .

NOTE: (i) Equation (4) can be written as
All Bll +A'2B’2+A’3B’3 = Aj B|+Asz+A3B3

roduct of two vectors is invariant under the orthogonal rotation of axes.
rder tensor , whereas nt

rence between AiBj#

showing that the scalar p
(ii) We have already proved that A; B; are the components of a second o

above theorem we have seen that A j B is a zeroth order tensor . So the diffe
A ; B; must be carefully observed .
CROSS PRODUCT
Let A and B : B, ™
t A and B be two vectors with components A, A;, A3 and B;, B2 "’
then C = AXB = (AzBJ-Asz,A3B|—A|BJ,Ale-—AzB|)-
We now show that the components of C =AxB are given by
()

Ci=€ijkAjBk for i=1,2,3
£, (Kxﬁ)l

6123A2BJ+E|32A332 = AzBJ"’AJBZ
KXB)’

]
]

C, = €, "
3 izjkAJBk=€231A3B1+52[3A|Bg=A3B|—'AIB3=(
_ (AxB)

Cyi=€1i A
)= €E3jkAjBx = €),AB,+€5,,A,B, = A;B,-A2B1




ANALYSIS
,. ‘Mm‘s"“ 429
1
}
equation (1) , we have Cici= €ijkA ByE,

&
" = mtAIB"G‘
A
e E - €ijkAj Bie; where now the Summation is gyer all the indices
): Prove that
p REM (121 i
1] W compenans of AXB s C) w 3 1)k Ay By transform as the
components of a vector under g rotation of the coordinate axes .
m A X B Is invariant under the rotation of coordinate axes .
oOF () Let €ijkx,Aj,By be the components of a third order , and two first order

’ng system OX | X2X3 and € mnp, A B be their corresponding components in the system
\ 1,13 Then the laws of transformation are

Emop = fmifnjlpx €ijk

4]
Aa=tajAj = larA, (2)
By=£fpxBy = £,B; 3)
mequtions (1), (2) , and (3) , we get
Saphyly = Imifnjfpk€ijk farA fp B,
= fmi(fnj’nr)(fpklps)eijkArBs
= fmiBjrSksEijkArBs
= Imi€ijk(8jrA;)(8ksBy)
= Imi€ijKAjBy
Cu = sl @)
‘!C'.=£'mnp A’nB'p
\nm) shows that the components of A x B transform as the components of a vector .
:. Axd = €ijkAjB &,
) f.,.'A'B'P= fmi€ijxAjBy )
K" " taidi= 0 8, ©)

(5""'1(5) we get
[ IpA.Bpe.

]

fmi€ijx AjByfmeer

A
= fmifm,-fijkAjBkcr

= 8ir€ijkA;B ¢,
ﬁ“"‘ = = EijkAjBy (Ell'e\') = EjjkAj Bk€i
| e £1 N 18 invariant under the rotation of coordinate axes .
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SCALAR TRIPLE PRODUCT
Considering A . B x C as the scalar productof A and B x C |y, -

A.BxC = A;(BxC)j

= A;cijkBJCkzmjkAiBjCk i

THEOREM (7.22): Prove that

) A.BxC=B.CxA=C.AXB
PROOF: (1) Since€;jx = €jki = €kij, therefore ,

€ijkAiBjCk = €jkiBjCxA; = €xijCkAiBj

Using equation (1) above , we get

A.BXC=B.CxA=C.AXB
@) A.BXC = €;jxA;B;Cy
= (€ijxAiBj)Cx=(AXxB),Cx= AxB.C
VECTOR TRIPLE PRODUCT

THEOREM (7.23): Provethat Ax(BxC)=(A.C)B-(A.B)C
PROOF: We have

[Ax(BxC)],

EgjkAj(EXE)k

€ijkAj€x, mB,Cp, = €ijk€/mkAjB,Cnm

AjBiCj-AjB;C;=(A;Cj)B;i-(A;jB)Ci
which gives the three components of the required formula for i = 1 A
Hence Ax(BxC) = (XE)ﬁ-—(KE)E

THE DEL - OPERATOR

In Cartesian tensors , the del — operator denoted by V is defined as

A _0 A _0 A d A 0
Vedgnehgnehah etk



