In matrix notation , equauons (J) L& == 0

A cos@ -sin® O :'
[A,]=[sin9 cos 0 (l) A: (5)

A 0 0
621 EXPRESSIONS FOR ARC LENGTH , 'l[‘\ERSEA , AND VOLUMg by,
. CYLINDERICAL POLAR COORDINA ENM
In cylinderical polar coordinates , we have
u, =r, iy = B, By = E hy=1, ha=T h; =1
ARC LENGTH ELEMENT ‘
the element of arc length is determineg B

In orthogonal curvilinear coordinates ,
2 2 2
(dsy = hi(du, ) +h3(du,) +h3(dus)

In cylinderical polar coordinates , this becomes
(ds) = (D (dry+(r)? (40 + (M} (dz) = (dr)+17(d8) +(dzy

ALTERNATIVE METHOD
In cylinderical polar coordinates, X = rcos®, y=rsinb, z =2

d X dx :
dx = ardr+aed9 = cos@dr-rsin0do

d gy oy i 0do
y = ard”aed" = sin@dr+rcos
dz = 4%
Then ds? = (dx)+(dy)2+(dz)?
= (cos@dr-rsin0d0)%+(sin@dr+rcos0d6)*+(dz)?

(cos’@+sin’0)(dr)?+(r’sin?0+r2cos?0)(d0)?

—-2rsinBcos@drdO+2rsinOcosOdrdf+(dz?)
(dr)2+r2(de)2+(dz)?

AREA ELEMENT
We know that the elements of area in orthogonal curvilinear coordinates are :

| dA; = hyh;du,du,, dA2=h1h3du|du3 and dA; = h hydu,du;
In cylinderical polar coordinates , these becomes |
dA,=(r)(l)d9dz=rd9dz
dA2=(l)(l)drdz=drdz
and dAs = (I)(r)drd@ rdrde.

VOLUME ELEMENT
The volume element in ortho

gonal curvilinear coordi i
el r .
d\,_hlhzhldulduzdus dinates is :
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6.24 EXPRESSIONS FOR GRADIENT , DIVERGENCE , CURy, aii
IN CYLINDERICAL POLAR COORDINATES »ANp r: LY 1
We know that for cylinderical polar coordinates (r,08,z), _‘z._a
A A A A A \
u,=r, u,=6, u;=2z; e, =€, €;=ep, nuu\n,N
hp=hp sl haw uste e Sllaila of) = Al Sg 0
2 Ag
EXPRESSION FOR GRADIENT I
In orthogonal curvilinear coordinates , we have
LoV A - BWA s 1 aYa
Vy = r.wc_n_+=~w:~o~+=uw=uou
In cylinderical polar coordinates , this becomes
vy o 12¥n 13va 13¥a .
Y= 1arc*y 30 c0%13;, %2
m.l€> 1 w€> oY A
L Tt Th Tk (1)
EXPRESSION FOR DIVERGENCE _
In orthogonal curvilinear coordinates , we have
y g uciay B2 il b 3
VAR T_::;_:>_T?:::_:>:+?:::_:>L

In cylinderical polar coordinates , this becomes

1 _w w w
V. A = maaTua::.:vJﬂ::cifﬂ:_:ii

1| 0 JdA )
F .w|n?.>qv+|¢o+ﬂ:>l

@

EXPRESSION FOR CURL
In orthogonal curvilinear coordinates , we have
hio) bt b
5 1 d d 9
VxA = = = 2
hihhy | 9u,  du, du,
hiA, h;A; h;A,

In cylinderical polar coordinates , this becomes

A A A

0—. Hﬂ@ ON

% 1 d 0 d
VxA==-]— — =—
Sy e Ty

A, rAg A, %g ]
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& 19V sinegxﬁav '_c_!‘ ,;\“Qt__'_.
= o'a_l'cr+/r aetr*maﬁe ;’!t" “,éei
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CURV“% C%

dA i .
Now Tx’“z (cong'a;— S":Bai) (A;cos8-AgsinB)
. BA, sin@eds dA; smleA
k. s 89 r ’
, dAg sin BaAe smBgo(G
_Sl}a/ TN I B )
d A, d cos® 9
N Tm— 1 — e
ow y (smear+ : ae)(A,sm0+Aecos )
dA smegos'ﬁaAr cos’ @
o Rl r
‘S"”’ar*/ TR ,
in 0 Ag cos?® G}LQ_sinegn{GA
+ sin ] W Py /r ) ®)
241 _ 24,
dz 0z 9)

Substituting equations (7) , (8) , and (9) in equation (6) , we get

g 1
V.A = (cos?0+sin? 9) +1(sm 0 + cos? 0)A +— (sm 0 + cos? e)aa}\e dA
o' d;
EXPRESSION FOR CURL
We know that
A A A
i ] k
¢ d d d
VxA = —_— = =
> dx dy dz
A, A, A,
_(aA!_aAz)?+(aA|_8A1)4+(8A2_8_1i1)ﬁ m
= dy dz 0z dx 0x dy 1
dA d cos® 3) aAz cos® A,
L = -
Now 3y —(smear+ T A; =5sin0 S g 30
aA a " 2 aAr aAe
gA; 9 %
32 _az(Arsm9+Aecose) sin 0 e +cos O 37

dA B Cunae)
(aTA'l—a—AZ)? = (sineaaArz+coseaAz sinﬂ_r-cosea—Aﬂ)(cosee _sinfee

y 9z T..df - dz
: eaAzA cos’09 A, A ea_é_,c Je eﬂe“
= M_ar Byt 30 er—sin s0757,
aA - sin0ca§0 dA ;A dA A ngn/eﬂ
i 0 A oA ¢ +Sl
i BT BT TR L, BT ‘o S
dA . dAp
%":%(A,cose—Agsine) = coseﬁ—sme 3
A, ( 9 sinB 9 dA; sinb dA;

coseg;— ; aa)Az_coseﬂ'— Y

r
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EXPRESSION FOR LAPLACIAN

We know that
a\ll/\ la\llA a\}l/\
i A P T TP (16)
— dA; 1 10Ag 0A;
Ve = Br Trrtele T ooz
RN Tk L T (17)

d P e
where V2=%§;(r$)+;x'—ef+7 (18)

is the Laplacian operator .
6.26 SPHERICAL POLAR COORDINATES

Let P(x,y, z) be any point whose
projection on the xy — plane is Q (x,y) . Then the
spherical polar coordinates of P are (1, 0, ¢ ) in which
r=0P, 0 =~2/ZOP and ¢ = £XO0Q.
From the figure (6.13) , we have
0OQ =rcos(90-0) =rsin0 (since ZQOP =90-0)

Therefore x = OQcos¢ = rsinBcos ¢
y = OQsin¢ = rsin0Osin ¢
OPsin(90-0) = rcos 6

yA

Hence , the transformation equations expressing the
rectangular Cartesian coordinates in terms of
spherical polar coordinates are :




'd ecos¢1+smﬂsm¢_|+c059k

i _mecow”cosemw—mek

8 s1n¢|+cos¢l
0n-

i

=0

\a

-
-

i
by 9cos¢|+cos(-)smcpj—s1n0k Ae

"

- A

%:-sinesin¢li\+sin9cos¢j = sinG(—sin¢’i\+cos¢?) = sin03¢
y
I ad

A

. G S A : g S g A
- ~sinBcos¢i-sinBsingj-cosOk = —(smﬂcos¢1+sm951n¢1+cos@k)

1]

A
= —el,

3c
" --cosﬂsm¢l+cos9cos¢] = cose(-—sm¢n+cos¢j) = cos9e¢

-
-
]

= vy A
€0s ¢ i —sin ¢ j

A k A . A
"°°‘¢(sin29+cosze)?_sin¢(sin29+cosze)j—sm9cosek+sm9cosek

‘“"hinzeli\—cosocos’ef—sm¢sin29?—8in¢°°szej
-sinecos6£+sin6cos9f(

‘he('ilﬂcosg?+smOsnn¢;+coseﬁ)

t ‘GOBB(cosecosm+cosGsm¢J'smek)
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THEOREM (6.6): Prove (hat in spherical polar coo! oy

* A

= 6204-5!“6.’.

o>
-

® A
_ _@e,+cos0@c

e Zle
®>
I

® A

-sinO;:r-cos‘""

\n.
o>
>

i

Q.
-

A . ] A M
We know that Q, — sinBcos@ 1 +sin0Osin¢j +cos @k
e

PROOF: - : ; Vi ;
j-sin@k €9 = —SINQi+cosg

A A :
cg = cosBcosQ|+cosesm¢

. & A b SR
Then d%:' = -—sinesin¢¢’i\+coseecos¢1+sm9cos¢¢‘1+cos66sm¢1,sineéi
Aol s : 2 A
= é(cosecose?+cosesin¢j'51n9k)+51"9¢’(‘51"¢1+cos.'3\)
. * A
= 9:9+sin906¢ (1)
*A = A Rl a5 .
‘-:'l':g = -cosBsin¢¢i—sin90cos¢l+C059°°5¢ ¢j-sind Bsin¢ j - cos gy
t

e A 4 A e : A A
—9(sin9cos¢i+sinﬂsin¢_|+cosOk)+cosB¢(-—sm¢|+cos”)
= —63,+c056$g’ 2)

4, = —coseei-sinee]

; SR
~@9cosdi—9singj

. . & A }
"000"0(t30329+sinz(J)Ii\-¢sinQ(cosz9+sinze)fi‘+4)sinBcosf)k-’s“’ec"‘h

L]

. . . . : A
-QchOWQ?—QSmZOMQ?—QwszGsinq;'j\—q;sinzﬂsmw

+ 5in 0 cos 8 k — ¢ sin B cos O k

= (-¢sin’0cosdi-@sin?Osin¢) - sin0cosOk)

)

. ‘ i :
+('¢¢“29m¢?—0m’9sin¢§+Qs1n90059
. ';m-o(“'°m¢?+sin03in03+cos0ft)
. f ooy
'Qme(wlﬁcm¢?+cosesin¢j—!lﬂek)

. *A “A
= —ﬁls‘c,wcuo‘e.




w' oy ONALITY OF SPHERICAL COORDINATE SYSTEM

OR lh at the unit vectors in sphcncal polar coordinates are

rosl

A =

A
ege b0 ~

A A
tree

n

TOREM (6.7):

OF:

A

ecos¢.+smesm¢j +cos(—)k
in

secos¢?+c0395m¢]—sm9k
A

m¢|+cos¢J

(Smecosd)l+Sm95m¢1+0059k) (0089cos¢1+cos(-)sm¢J—sm9k)
sin 6 cos 6 cos ¢+sm9cos9sm ¢ — sin 0 cos

sin 8 cos 0 (cos 2¢ +sin® ¢ ) —sin 0 cos B

sin 8 cos @ — sin 6 cos 6

0

3 A L R A A
e (cosBcos¢1+cosesm¢J—smek).(—sin¢i+cos¢j)

_ cos 8 cos ¢ sin ¢ + cos 0 sin ¢ cos ¢
0

A A
= (sinﬂcos¢i+sin9sin¢j +cos9ﬁ).(—sin¢’i\+cos¢3\)

— sin O cos ¢ sin ¢ + sin © sin ¢ cos ¢

0

A
léw Q, ,le\e ,and € ¢ are mutually perpendicular and the coordinate system is orthogonal .

§ RELATIONSHIPS AMONG UNIT VECTORS IN SPHERICAL SYSTEM

Show that for spherical coordinate system .

A A A A
er.ér = €g.Cg = €p.€9 = 1

A A A A A A —
erXer=egxeg=¢egpXxeyp=10
A A A A A A A A A

erXeg=¢€y, €9gX€p=¢€r, egXer =¢€9

We know that the unit vectors in spherical polar coordinates are

tr =g A . g A A
r=sinBcos¢i+sinOsing j+cosOk

A
¢y = A i o
#=cosBcosdi+cos@sing j—sinOk

~ A

N A
e'~£r

[}

A
A

t‘lﬂo

n

A
t

A
"t.

s i
e"""11¢1+cos¢3'\

A g : A A
(sinBcos¢?+sinesin¢fi\+cos9ﬁ).(sinecos¢i+smBsm¢J+cosek)

sin’ @ cos? ¢ + sin > O sin’ ¢+cos 29
sin?® (cos? g +sin2 ) +cos? O = cos 294sin’0 =1

(°039cos¢’i\+cos63in¢j—sin9k).(cos6cos¢|+cosesm¢]—sm9k)

c0s” § cos? ¢ +cos? 0 sin’ ¢+sm 0

€05’ 8 (cos? ¢ + sin? ¢ ) +sin’ @ = cOS 294+5in’0 =1

(_mw""coﬂ?j).(—sinc)l+cos¢j) = sin?¢+cos’ ¢ =



kLT3 : R Cn%“
W

A
A Y
A ] k ‘
;rxgr = sin 0 cos ¢ sin O sin ¢ cos 0 A
sinBcos¢ sinBsin@ cos 0 A .
= (sinBcos9;in¢—‘iﬂ9cosesm¢)l+(Sm9cosecos¢"‘m9cosﬂc
%y,
+ (sin’ O sin ¢ cos ¢ —sin” Bsm¢C°5¢)k‘0'+OJ+0k-— ;
A & ﬁ
i J
A A : in 0
€gXeg = cosB@cosd cos@sing —sin
cos@cos® cos@sing —sinb
= (—s1n9c05951n¢+sm(-)cosBamtb)1+(‘51“9C039008¢+5m6mse
CQS
+ (cos” 0 sin ¢ cos ¢ + cos 9s1n¢cos¢)k Ol+0J+0k
A A A
i J
A A
CoXCo = -sing cos¢ O
-sin¢g cos¢ O
A A A A A AT
= 0i+0j+(-sinpcos¢p+singcos¢p)k =0i+0j+0k =
A A A
i J k
A A
€rXecp = sinfcos¢ sinBsing cosO
cosOcos¢ cosOsing -—sinB
A A
= (-sin’Osin¢p-cos’Osin¢)i + (coszecos¢+si029cos¢)j
A
+ (sin © cos 0 sin ¢ cos ¢ — sin O cos O sin p cos ¢ ) k
. oo 2 A 2 o 5 A A
= —sin¢(sin“0+cos"0)i+cosPp(cos“O+sin“0)j+0Kk
A A A
= —sinpi+cosdj = e,
A A A
i ] k
A A
€gXe¢= | cosBcos¢ cosOsind -—sin®
—sin ¢ cos ¢ 0
A A
= sin@cos ¢ i+sinBsing ) +(cos O cos? ¢+ cos O sin2 )k
; o ¢ A A
= sinB@cosdi+sinBsingj+cosOk =
A A
i j R
A A
coXer = - sin ¢ cos ¢ 0

sinBcos¢ sinBsind cosH
A A A
cosecosti+cos6sin¢j+(—sinesin2¢—sinecos2¢)k

A A A
= cosBcosdi+cosOsing j—sinBk =

A



