7 ) be a vector point function which s

ous in a closed region R . Subdivide the 4

ptint
Mnld.‘" cubregions A Ry of volume AV, “
" og 00 o

» nu[pk(xk,yk,zk)bcanypointon
g e

AR ARy s shown in figure (5.19) .
4

-

ﬂ;(x.y

= A . We multiply the value

;a0 clected point (i.e. Ay ) with the volume y

wmsponding subregion and form the sum

% X Figure (5.19)
Z Ay AVy (1)

k=1

wike the limit of sum (1) as n — oo in such a way that each A V| — 0. This limit , if it exists , is

it be volume integral of A (x,y,z) over R and is denoted by _”‘J‘ A dV
R

" J”K(x,y,z)dV=Lt zn: AJAVE )

n— oo
R k=1

"i ey 4 A A
+A)j+ A5k , then the volume integral (2) can be written as

I;{IKdV=?J‘£IAIdV+?”IAde+£J£IA3dv 3)
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If we have a scalar point function o "\,
(3)
integral becomes jj_’. pdV
R gxdydz % the volume integral (3) can be i
¥ n

i - dV =
In rectangular coordinate system ,

JII:pu e z)dxdydz
ver the region R.If ¢(x,y,z2) =

sel R L7 28 2P l,thVllNﬂk

which is the ordmary triple integ

ion R is given by V = IIJ dV.

V of the reg
R

EXAMPLE (13):  Evaluate I ” ~ 4V where R is the region bounded by the surfaces y .,
-x2,z=4.

The region R bounded by the given surfaces is shown in figure (5.20) . Then

SOLUTION:

J{J‘?dv

2 6 4 :
.[ I J‘ (X?+y?+z£)dz dydx

x=0y=0z=x" B
26 4
4
g ']‘.[J‘ I xdzdydx
00 x>
26 4 e
A
S [][ yazayex
00 x> :
26 4
A
+k Ijzdzdydx 5 :
00 x?
= i
00x z zdydx+ jjy|z|x4zdydx+ﬁjj
00
26 /s
AJ‘J‘ 26
= i) (4x-x")dy4 “II
. ydx+ (4-x?)ydydx+

00




ol

2 2
A ] ¢ A § =Y
. o‘.‘j(n-x-‘)dxﬂ j (4-x") l'i'yz ﬂdx+6k'f(8~5x‘)dx
0 0 0
4 odig]? /) T 2 55 b
= 61| 2x7-72X 0+18_] 4x-3x 0+6k 8x—10x 4

. e?(4)+183‘(139)+6ﬁ(6—54-)
= 24?+96?+§%5'ﬁ

SIMPLY AND MULTIPLY CONNECTED REGIONS

A simple closed curve is a closed curve which does not
ot itself anywhere . For example , the curve in figure [5.21 (a)]

‘W closed curve while the curve in figure [5.21 (b)] is not . 2

‘" g R is said t0 be simply connected if any simple closed curve
| ‘» R can be continuously shrunk to a point . For example , the

: of
§ !™cungle as shown in figure [5.21 (c)] is an example of a
' mnected region

‘ L:’hich IS not simply connected is called multiply
AL Xample , the region R exterior to C, and interior to

:‘!ﬂy connected because a circle drawn within R and
-5&% be shrunk to a point without crossing C,as

. s.
"t 2,‘ ()] . In other words , the regions which have
“‘ Multiply connected

-~ Figure (5.21)




PROBLEM (17):

SOLUTION:

and so

PROBLEM (18):  Evaluate I” ¢dV , where

SOLUTION:

JEADY

L}

I I I 45x%ydzdydx 8
x=0y=0 z=0
2 42
45I I xly(8-4x-2y)dydx
x=0y=0
2
2 Z_‘ ) 4-2Xx
45_[)( (8—4:\()2 -39 L d x
0
2
2
45,’- 5 [(4“27()3—'5'(4—21()3 ]dx
0
2
45_“l 2
3X (4—2X)3dx
0
2

2
lSIx (64-96x+48x2-8x>)dx

A A
21+j+2k

—
—

¢ Toylixd, eval"ﬂ“”jv"“'vw"mkisthe
R TeBioy
thevolumeV \
A A 6
1 J k
A 9 0 9 | = -2k

z (]
¢ = 45x7Y and R is the region enclow, |

R
the planes 4x+2y+z=8,X% =0,y =0,z = 0.

iven planes is shown in figure (5.45). Then

The region R bounded by the g
92

4-2x 8-4x-2y

0



-
2

-(64x2—96x3+48x‘-8x5)dx

’ 48y 4 ue

X b kid
64'3'—241 g B 7K

15 i

L\

153 25
(%’2"38“_5— ’ _3') = 15[2560‘5760];4603- 1230]

15

n

= 128

. Find the volume of the region common to the §
W(m- and gE R oAl ntersecting cylinders ;1+yz_.z

TION: The volume bounded by the given cylinders in the first octant is
| Then the required volume required is given by

(34
4z
JIfav

R a x2+z2=az

a ,\laz_xz '\/a2—x7

8 I J' I dzdydx x2+y? = g2
X'—‘O y=0 Z=0

\/az—xz o) - v
I \)az—xzdydx -

shown in

Yolume V

(a’-x?)dx = 8

2x-’-‘—3
b 3

0

= g(aa_ﬂ_B) i 16a’°

3 3
Verify Green’s theorem in the plane for M = y - sioX and N = cosx

where C is the triangle consisting of the line segment C, from (0,0) to
(g'o)dhen the line segment C, from (%,o) to (g, 1),andthenthcline
MM Segment from (’2—',1)10(0,0).

' The given triangle is shown in figure (5.47) -

\
A
" 1
o §Md*+Nd o QE_?.M)dxdy (1)
d ax dYy
” R
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288
Now § Mdx+Ndy = § (y—sinx)dx+cosxdy (1)
5 : i 1 (1) equals
Along C,, y=0, dy=0,0$x$n./2,.andthenmtcgra
w2 :
J. Mdx+Ndy = I —sinxdx=|cosx|gn=-—l
C, 0 :

Along C,, x = w2,dx =0,0<ys]1 and the integral (1) equals
1
I Mdx+Ndy = J. 0dy = 0

C, 0
2x 2 , L 0 0 and the i
Along C3, y = 7°, dy = = dx, where x varies from 7 to O and the integral (1) equy;
0
2
J. Mdx+Ndy = I (%—sinx)dx+;ms"dx
C; n2
g 1o 53 ol Wl SHPOE
= | reosx+_sinx Dl by
= g} ik B2 _ =2
en Mdx+Ndy 1+40+1 R R o (2)
C \
Since M = y-sinx, N = cos X, therefore 8_N= -sinx, _B__I\_d =1.
X dy.
N M '
and so J.I(ax-ay)dxdy = .”'(—sinx-l)dydx
R R
n2  2x/m
e I j (-sinx—l)dydx
X=0y=0
n/2
o 2x
= j (—?sinx-2—n¥-)dx
Xx=0
. 2
—I‘,t(—xcosx+sinx)--x—IW2
L
o= R
" _ n 4 3
fOm equations (2) and (3) , we see that
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g ANALYSIS
7 TENSOR
] o WND : I
¢ i Verify Green’s theorem in the plane for M = 2x-y
( ; e and N = _
M where C is the boundary of the region enclosed by the circl 1, 2 Bl
€S X" 4+ =
x3+y2 = 9- : : g
The boundary of R consists of the circle
N:
Mo ~ 3sin 0 traversed counter — clockwise
A 5505 9 v y :
i oy 1= €08 0, y = sin O traversed clockwise .
le L2
i
#

Mdx+Ndy =
”W,;how §
14

C

ﬁMdHNdy = § (2x-y’)dx-xydy
L

€

:ﬁ (2x-

aM
dy

JJ (38

)dxdy
R

C

Figure (5.48)

Ci C,
wiecile Cy 2 X = 3cos®, y = 3sin®, dx = -3sin0d0, dy = 3cos0d0O, where 0
wifom 0 to 2 7.
2n
n §(2x-y’)dx—xydy = _[ (6cos@-27sin’8)(-3sin6d0)
C] 0
—(9cosOsin®)(3cos6dO)
27n
= J (18 cos@sin 0 +81sin*@-27 cos’Osin6)d 6
0
243 81 81 . ) e L
= ‘zgcos29+(-§-9—Tsm29+32sm46 +9cos” 0 :
| 9 243 2.9
| = -2-+T(21t)+9 —| 2
4 9 o _ 243
"\ = %*’273:7”‘9"2"9: 3"
Yl here © varies
‘\glwl"‘=cose_ y =sin®, dx =-sin8d0, diy = sod DT 0
L)
§‘2x\ : g @sin®(cos0dB)
0. y)d"*xydy & I (2cose_sm39)(_sin9d9)—cos si
2r

‘_—m
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0
I (—2cosﬁsin9+sin‘()_.:og,zesine)d6

290

2n
3
cos220+(.g-g-:l{sin29+§sm49)+°&ig

3
1 3 1) )

0

i

1
2

(

1l

Thus from equation (1), we get

3
Zﬁﬂ—zﬂ = 60n

§ Mdx+Ndy = Eﬁ (2x-y*)dx-xydy =74
C o

(S B

N 2 ON_ o therefore
Next, -5-;=—3y. x y, the

” (%I)%-Q'A;')dxdy = ” (-y+3y?)dxdy

R R
Changing to polar coordinates ,
283
& J‘ I (-rsin®+3r’sin?0)rdrd@
0:0 r=1
2n 3
= I I(-r’sine+3r’sinze)drde
0 1
2n
o 3 gl
= ;'). |—3sm9+4r sin B||d°
2"
= ing .23 1
- [ [(-ssmo- 4 81"29)-(—-3-sine+%sinze)]de
0
2
f (- i
= —_'sin9+60sin29) “ J‘ 26 .
; 3 do = -Tsm6+30(1-—co529)]d9
_ |2 W deal
= | 37c0s8+300-155in29 | " _ 26

_26 26
o 3+601t——=601t
and thus the Green's theorem ig verified 3

_



