5.6 NORMAL SURFACE INTEGRAL

— A
Let S| be a surface (open or closed) and A (Xx,Y, z) = Aj1 +A2?+A3£ a Vel
function which is defined and continuous over S . Let one side of S be taken arbitrarily as teps
side (if S is a closed surface this is taken as the outer side ) .

Subdivide the surface S into n elements of surface area ASy, k =1,2, ..., n.Let Py (xph

be any point on each surface element AS . Define A (Xt YEiTn) = 'A'k_ Let ﬁkbcmeposff

outward drawn unit normal to A S at P as shown in the figure (5.14) .



i — A
- of Q,the above integral can be written as Ij A.ndS = J‘j

e
.
nk A
+ve side ny,
P > P %
K 3 \ .
ASy AS, %
S S
Figure (5.14)
, ultiply the normal component of A at Py with the surface area of the corresponding element and
¢
n — A
k= 1
| ow take the limit of this sum as n — o in such a way that each A Sy — 0. This limit , if it exists is

- alled the normal surface integral of X over S and is denoted by _[I K .ﬁds

S
— A
By defining 2 vector d S = ndS,where dS isthe magnitude of this vector and whose direction is that

—

A.dS @)
S S

. This surface integral of the vector field A is called the flux of A through S . The other forms of surface

integrals are jj@dg, HdeE

S S

. where ¢ is a scalar point function. If S isa closed surface , the surface integrals are written as

#K-d_s', ﬁw‘s’ or #de"s'
S S

S

I : = :
- egals that involve the differential surface element d S are called surface integral .

NOTE: ¢ &
- OTE: if A represents the fluid velocity , then integral (2) represents the net amount of fluid crossing

e in unit time . The same formula represents the current flow, magnetic flux , flow of heat, etc.

':‘OPERTIES OF SURFACE INTEGRALS
ike the double integrals , surface integrals have the following properties:

IS] KA.dS =K .H‘ A.dS (Kanyrealconstant)
S




(ii)

I K.d§+jjx'd

s
(iif) _IA.dS =
s

S;
S, . S, and S i
rfaces S | 2 he
.« subdivided into two smooth su “Ving iltmo“
where the surface S 1SS ‘ atu"‘
‘ |
common . s into a finite number of
B P by smooth curves Non—gy
(iv)  If the surface S I partitioned by “aping

tches S,.S §, (ie if S is piecewise smooth ) , then the normal sy, W
patc oD 2y eneeren : %

over S is the sum of the normal surface integrals of A over all the smooth patches | j ¢

IIK.d§=IJ‘K.d§+J.IX.d§+ ......... +JJ‘A.dsl
Sh

S S| SI

57  EVALUATION OF THE SURFACE INTEGRALS

To evaluate surface integrals , it is convenient to express them as double integrals takep

: oV
projected area of the surface S on one of the coordinate planes . o

THEOREM (5.5): Let R be the projection of the surface S on the xy—plane » then prove (hyt

LfK.ﬁdS:_LIK.ﬁ

dxdy
In.kl

PROOF:

Let the surface S and its projection R on the Xy-plane be as shown in figure (5.15)
gure (5.
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| # _z, ) oneach surface element A S and draw the unit normal n ¢ (o this element
yk-Zk
l""nl 83 be the acute angle between this unit normal and the positive z — axis .
-8 LYk
{ Le
_point Lis sufficiently small , it can be regarded as a plane as shown in figure (5.15) (b).
clemen
 surhic ce ¢ metry , that if two planes intersect at an acute angle , an area in one plane may be
0
" oW 1 gc(hcl by multiplying the cosine of the included angle as shown in figure (5.16) .
. ihe 0
A% petween (WO planes is the angle between their normals ,
ngle
s ANk
o BSpe0s Tk ™ A
r AxxAyk
= sec A A k = A
i ition of the normal surface integral
gy he U (1) in the definitio g
£ & AXLA
— A Kk y k
Z Ag.nyg ASy = Z Ak T T
= k=1 I ng. |
[0
'.1 e imit of this sum can be written as

Figure (5.16)

et — A dxdy
”A.ndS= A.n

A A
g R n.k
MTE: Similarly , we can prove that if R is the projection of the surface S on the yz—plane , then

Ands-HA

A
S n

A
i

dzdx

f;‘lfRistheprojectionof S on the zx—plane , then J.J' _A. .r’;dS = II K ;\1 T
S R |n.j|

— A —_ A A A
Evaluate IJ- A.ndS where A =18zi-12j+3yk and S is that part of

S
the plane 2x + 3y + 6z = 12 which is located in the first octant .

The surface S and its projection R on the xy—-plane are shown in figure (5.17).

“[f3gas. [f 5. axy

A A
) R In.kl

know gp,
1
A normal vector to the surface 2x+3y+6z = 12 is given by

v;z
"+3y+62) = 2/i\+33\+612.

'I.M i
m"’ln,] :
0 0 any point of § js G———J——2'+3 +6 %"i\
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246 LINE, SURFACE, AND T2 S S R . N .

A Q d so A
14 %fc)-k=7 o In.kl

\HN
\nu

A A
Thus n.k = (

; 362-36+18
= el (2?+3?+%ﬁ)=——7—“—y )
Also A.n:(lszi-12j+3yk)- 71%7. s
12-2x-3Y
. 12-22" =
Now from the equation of the surface S, Z 6
— A 6(12-—2)(—3)’)‘—__.’5_6__"'__1&1:29_—__12—)5— 12
therefore A .n = 7 7
A
k A
- A Pl e & dxd¥ 2
Then jjA.ndS =} A-nlA IQ|
S R n. 2“3“31:1
([36-12x7 , 4 - :
= 44 7 6d y *kﬁﬂ
6 (12 - 2x)/3 X Figurc(glnl §
= _[ I (6—2x)dydx
x=0 y:O (
6 6 [
) 4x2 |
= (6-2X)(123 x)dx= I (24"12"+T)dx
0 x=0

6
144 -216 +96 = 240-216 = 24

4
= 24741—6x2+'9'x3
0

A
NOTE: If we had chosen the positive unit normal n opposite to that in the figure above , we wouldh
obtained the result — 24 .

o A e
EXAMPLE (12): Evaluate II A.ndS for A =y ’; +2x 3 - le; where S isthe surfuced

S
the plane 2Xx+y = 6 in the first octant cut off by the plane z = 4.

SOLUTION: The surface S and its projection
R in the yz—plane are shown in figure (5.18). A vector

normal to S is given by

V(2x+y)=2i+]

ACA
therefore , ﬁ — it . Also S? =l-
X e

2)’ 2 X

and K =Vz_"‘ y+x)

<ﬂ
o
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= 4(18+9) = 108

¢¢ VOLUME INTEGRAL

Let A (x,y,z)be a vector point function which is

z
defined and continuous in a closed region R . Subdivide the ? “
pgon R into n subregions A Ry of volume AV,
k=1,2,..,n Let Py (xy,Ygk.2g) beanypoint on o

each subregion A R as shown in figure (5.19) .

Define K{xk.yk.zk) = Kk. We multiply the value

o A at the selected point ( i.e. A K ) with the volume

. of the corresponding subregion and form the sum

) n X Figure (5.19)
AL AV, ()

k=1

Now take the limit of sum (1) as n = o in such a way that each AV — 0. This limit , if it exists , is

n—)co

¥: n
| k=1

-

: HA = A ?+ A A
: '"+A3)+A,k, then the volume integral (2) can be written as

!{_[Idv=?I]{IAIdV+’j\I;[IAng+QJ{[IA3dV 3)
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278 LINE, SURFACE, AND VOLUME INTEGRALS AND RELATED
Oy,

The surface S and its projection R on the xz—plane gr, o \

SOLUTION:
Note that the projection of S on the xy—plane cannot be used here . Then n
l?‘.hl
R — A dxdz |
)] J‘IA.ndS=IIA'"IA /_\l (1
S R n.j )

A normal vectorto x*+y? = 16 is V(x*+y®) =
A

A ° A
A 2xi+2 M
Thus the unit normal n to §, is n = W_——_,_—LWL 5

since x2+y? =16 on S.
- N A A
A.n= (z’i\+xj—3yzzk).

A

(adty ) o s
Y1) t(xzexy

>

>
AE

iy
j =3

4

Then from equation (1) , we have

— A
J‘J. A.ndS
S

A
] =

=>

and

4
J‘J‘%(xz-t»xy);dxdz
R

4
I (—L+x)dxdz
‘\f16—xi

i

z=0x=0
5 5
% |4 5
=I —z‘\fl6—xi+7 odz=j(4z+8)dz=|222+81|0=90
0 0
dxd
@ [[onas=[fon 3 @
ln.j|
S R

Thus equation (2) becomes

JI¢Sds
S

n
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% OR ANALYSIS
’ ﬂ,.mv"‘”’

' ’ alhe yz-planc are 8

A
.ndS =

279

>
‘“l%
NI"
*—>
NN,
wun

o

64 A
(§21+50)
A 254
i

A A
+-i'j)= 100 i + 100 j

O ey

-

il

Evaluate II A -:lds. if A = 2y?—23+x’ﬁ and S is the surface of the

PIOBLEM“”: ‘
parabolc cy linder y 2 = 8 x in the first octant bounded by the planes y = 4
and z = 6.
- 1TION: The surface S and its projection 2
! goul hown in figure (5.39). Then s

4l ”; Adz 0 8
" d = « 1
LAt e ~Y
S
: 2 A A s\ R
svector normal to S is V(8x-y°)=8i-2y]j 2 gx \ A ayma
s tis itend §
he{orc.as l = (o) -
{- Joa+ay’  A16+y 4 -\ 4 y
A A 4 - A 8y+zy 24.0
A= d . = (u -)
LT e R b WY e, |
X Figure (5.39)

ﬁucquulion (1) becomes

46
IIBY"'Z)’\/]6+y!
\/l6+y2
00
46 4
i]] -if|sreog] e
=3 (8y+zy)dzdy = YZ+Y2 y
00 0
4
1 33 .24 _ 33
2 4J.66ydy- T 1yl = 5 (16) = 132
0

A= 6:?+(2x+y)3-xc. evaluate II A.ndS over the entire
S

surfuce § of the region bounded by the cylinder x*+z? =9, x =0,y = 0,
=0and y=8.

The surface § of the region bounded by the given curves is shown in figure (5.40) .

I‘-;
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280 LINE, SURFACE, AND VOLUME INTEGRALS A INTEGR, 14

— A
Then II-A-.adS= IIK'SdSl+I. A a3
S,

For S, (OEA), y =0, n = —) and

3 49— X2 A)
” A.ndS,
S

[}
O ey

I (6zn+2x_1—xk) (—j)dzdx

9 X

3
=j. I —2xdzdx=J‘\/9—xi(—2x)dx=_1g
0 o 0

A

-k

For S, (OABC), z = 0, n = —k and
38 38
— A A A A
J.J A'“d52=II [(2x+y)j—xk].(—k)dydx=jdeydx=36
S, 00 00
A A
For S;(CDB), y =8, n =j and
3 y9-x*
”K.SdS,:I I [627+(2x+8)5-xk]. dzdx
S, 0 o
3 49-x 3
=J. I (2x+8)dzdx=[(2x+8) 9_x%dx = 18+18¢
0 0 0
A A
For S4,(OCDE), x =0, n = -1 and

- A AL A
Ij A‘“ds4=,[,|.(6z‘+)'])-(—li\) dzdy = I I ~6zdzdy = -216
S4 00 00
2

For S5( ABDE), avectornomalto Ssis V(x24z2 ) = 2,"\

A
i+2z2k

A 2x|+2zk XA ZA
e B = axTyagl T 314K Ao nuk -

z
- T
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282 LINE. SURFACE, AND VOLUME INTE .

4 \“6—"
¢ I I (4x2+xy2«’x,+y -—3QX +y!)d)’dx

-4 _A[16 -x

<
Let xxrcose.y=fSine.‘h¢rCf°r°05rS4 d sy
2n 4

and J‘.[K-Gdsl _[ _[(4rzcos29+r‘c0893in29—3r)rdrde

S 00

4
de
0

I 2 3
r‘cosze+-6—cosesm 6-r

6
(256 c0529+&6lcosesin29—64)d6

|

48 :
[l28(l+cos26)+2(; cosGsnn29—64]d9

]
Q!—,;)O. :O‘ ;’

2R

2048 - 12

|640+64sin29+ 5 sin> 0

Thus ” A.ndS = 192n+1287 = 3207
S

PROBLEM (14):: If A = xi+yj-22Kk,evaluate ” A.ndS, where S
S
is the surface of the sphere x 4 y 2422 = a? above the Xy - plane.
SOLUTION: The surface S and its projection R on the xy—plane is shown in figure (542

A normal to the surface of the sphere x> +y2+2? = a? is 3z

x>

Vixl+yi+z?) = 2x’i\+2y3\+2zﬁ
Then the unit normal 3 to any point of S is

A A A
2xi+2yj+2zk xA ya

A
n= -

\f4xr+4y2+4z2 a 'Rl
7

: 2 2 RN AT
since x"+y“+z° =a". Also n.k=;

- S0
Then ”A.ﬁdS: ”A.ﬁ L
s R

A
k

& IN

In.kl




A A A (in\+y_lj\+z’lz)a
Ij(xl+y1—21k). m Zz dxdy

2 2_.2 2
JI(X +yz 2 )dxdy

R

a a —-X
35x2+!22—2a1
% e dydx
a‘-x'-y
x=-a y=—\/a!—x!

(since z* = a?~x?-y? from the equation of the sphere S )

& this double integral , let x = rcos®, y=rsin® and dydx = r drd@. Then the double
2r a
3rf-2a’
_[ I _;_\/2—2—“a—rdrd6
=T
0=0r=0

n J'f3(r—a Y+a? b

i evajud
P el becomes

”(VxK).ﬁdS

§

a — T
0
2w a
a’r
- [ [ (-3 Jaras
a‘-r
00
2r
k § I |(a2 l_z)m_az,’ai_r”gde
0
2n
= j (a*-2a%)de =0
0
" - A i x? y? g2
15):  Evaluate II r .ndS where S is the surface of the ellipsoid 77 + 17+ ' 7=1
(5‘3)' The surface S of the ellipsoid and its projection R on the xy-plane are shown in
NMwma
-ndsa‘[j'}‘.ad}’dx (l)
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Also , we know that a normal vector to the surface S is given by :

A . .
Then a unit normal n to any point of S is

A (2 x/a )|+(2z/b22|+§21/c2

N = faxTa)+@ybH+@dzic)

=>

x/ad) i+ (yb? * b () k
(x“7a®) +(y /b Y+ (z/c”)

il & (Yad)+ (y b+ @YD) _
o= Y + e N Ta)+ (b + (2

2/c 2

VG Tat) + (y 7o) + @)

Thus for the projection R on the xy—plane , equation (1) becomes

a byfl-x%a’
I+
S

—_

A A

and

1
'[ JxFa®) +(y2b*) + (2%c?)
—a _p\1-x%a’
V&2 + Y + %Y yd
X

z/c?

Il
N
—

I
oo
O M, 5
Sy —
B |
a
<
a
>

I
oo
O

C
J. c-\’]_(xz,aZ)_(yzlbz)d)'dx
0

a bal-x%
S SCJ‘ I Vl ( 2/12 T 2 dex
—(x7a’)-(y‘/b
0 B )-(y*b’)
Let y=b 1-x"/a Sine, then dy:b‘\’l_xijaicosede’and Osesﬂz
a m/2
Then ”?.ﬁds = scf b‘“"il" 59 19dx
S V /a% cos O
arc/2 a1f/2
c
= 8CJ. I bdedx=8ch. J. dde=8bc(§)a=4’”b
00 0 0




