' 415 CURL OF A VECTOR POINT FUNCTION

ion i ' i the
Let A (x y,z) be a differentiable vector point function in a certain region of space . Then

curl or rotation of A ,writtenas VX A or curl A, is defined by

i VXA = (5%“58_’\ 53_ )"(AnhA“*A’k)
s
il
dx dy 0
A, A, A,
S Y ) (_A_ 2k
= oy 9z )"\ %z ox Ayg
d 0
Note that in the expansion of the determinant the operators a— 3— 3, must precede A, Ay, Aj.

|y IS a constant vector , then V x K = -6 If Vx K =
rotationg]

0 in some region R, then A is called an
vector point function in that region .
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SOLUTION: We have
A A ﬁ
i j . .
e BN 9 4 =(2z‘+2x2y)i+3xzzj_4x“i
VXA = 3x ay az
xz’ —2x2yz 2yz‘
R A A
(VXA)(] 1.1 = 3]+4k
416 PROPERTIES OF THE CURL
THEOREM 49): If Aand B are differentiable vector point functions , wd 4
differentiable scalar point function , then prove that ;
@) Vx(K+E)==VxX+VxB
(ii) Vx(6A)=06(VxA)+(Ve)xA
(iiii) VX(V¢)=6 (curlgrad¢=0)
(iv) v.(Vxa)=0 (divcurlA=0)
T — A A A
PROOF: Let A=A, +A,j+Ask and B = B,i+B;]+Bsk,then

iy —_— A
@ A+B = (A, +B,) +(A+B2)j+(As+By)k

Hence , Vx(A+E)=

- = A A
) OA=0A,1+0A,)+dAsk,then

vx(¢A) =

A A A
i j k
9 9 90
dx ay dz
A|+B| A2+B2 A3+B3
&

s R BT ey B
9% L9y 3z 3% By 9z =VxA+VxB
Ay 2A; Ay B, B, B,

A A A
1 ] k
R . ]
ax dy 0z
A A A,

il 9 a3 ) . 2 oAl
‘[ay‘“”‘az‘“ﬂ]l+[,—,—;(¢A1>-—a—;(¢A,)]j+[§;(uz)—5;“"

e
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o
30 dA; d¢ ]?
2

A A -0 -5 A
[.ay 2y V" dn_dx

y
A A
1 k
(VxA)+ 90 3¢ 90| _4(VxA)+(Ve)xA
=9 dx dy dz
1 A2 A;
A l\ A
i J k
e ady 2L 2 4
) Vx(Veo) = VX axl+ay"+azk = | 0x dy 0z
30 20 3¢
9x a dz
(a’q» a%),}(aw a2 A( a¢)
= \dydz dzay 1*+\3z3x ax J*\3xay ayox K

=0
provided we assume that ¢ has continuous second partial derivatives so that the order of differentiation is
%0 3’¢ ¢ 2% ¢ 079
dydz dzdy ° 90zdx 9xdz ' 9xdy Odyodx’

) (aA. aAa)? (aA, aA,) ]

JdA

~ 9z

As FRECLY am) i( Az
(T ) (az ax J Yoz
A,
ay

1 ie.

g /xg
dy
rl

(v  Since VX A = [(

s A
. Hece V. (VxA)

)

aAz 32A, 9%A; 93%A, d%A,
T 9xdz dyoz ay8x+azaxﬁazay_0

_ “Nming that A has continuous second partial derivatives .
(m‘"“EM (4.10): Prove that

9x
a?
d x

) Vxr =0 i) Vx[rrr]-=
| W vx(r"T)=7 (iv) Vx(;'z)=ii

where T is the position vector .
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A A
+yj+zk, therefore

PROOF:

A A
) k
: g, A & 0t+0j+0k =0
= —— — = )+
1) Vxr TRTET
(1) Using theorem (4.9) part (ii) , we have

Vx(¢;) = ¢ (Vx.&)+V¢xK.thcr¢forc
Vx[f(r)r] = f(r)(Vx r )+[Vf(r)]x r

s

= ()04 rr TxT =0 (since Txrt =70),

()  Setting f(r) = r" inpart (ii) , we get

Vx(r""f)n 6 i

(iv) Let n = -2 in part (iii) , we get

- .
Vx(;-:) = 0.

4.17 GEOMETRICAL INTERPRETATION OF THE CURL

To find a possible interpretation of the curl , let us
consider a body rotating with uniform angular speed ® about

an axis ¢ . Let us define the angular velocity vector © tobe

a vector of length @ extending along 7 in the direction in
which a right-handed screw would move if given the same

rotation as the body . Finally , let T be the vector drawn
from any point O on the axis /¢ to an arbitrary point
P (x,y,z) on the body as shown in figure 4.9).

It is clear that the radius at which P rotates isl r |sin9.
Hence , the linear speed of P is
|V] = @l T lsin®

=lollT!sin6=loxr |
L
i v @
" ‘ i ) r
Moreover , the velocity vector V s directed perpendicular to the plane of @ and
o —- = e 1100
@ .1 .and V form a right handed system . Hence , the cross product @X T gives

—

magnitude of Vbut the direction as well , ie. V = oxXT
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jf we pow take the point O as the origin of coordinates , we can write

gl e ~ LAY
r =Xl+y_]+1k and ®W =0 i+w]+0k

uance-lh*"q““"“" V = o X r canbe written as
V= (0:2-03y)i-(0,z-03x)]+(@y-0,x)k

If we take the curl of Y , we have

A A A
i j k

v el d 3

V = v e~ =T
rx dx dy oz

W2-®W3y —-(M;Z-W3X) ©®y—-W®;X

Expanding this , remembering that @ is a constant vector , we find

e A A A -
VxV = 2w, l+2(|)2j+20)3k=2(0

VxV

N | =

or W =

which says that the angular velocity at any point of a uniformly rotating body is equal to one-half the curl
of the linear velocity at that point of the body . This justifies the name rotation used for curl . It is also
motivation of the term irrotational for a vector field whose curl is the zero vector. In fluid dynamics ,

Vx V is called vorticity vector and measures the degree to which a fluid swirls , or rotates about a given
direction — much as the angular velocity vector measures the rate of rotation of a rigid body .

418 OPERATIONS WITH V
‘ Here we consider the various combinations of the operator V with vector and scalar functions .

THEOREM (4.11): If A and B are two vector point functions and ¢ a scalar point function ,

then show that
@) (A.V)o=A.V¢
(i) (AxV)é=AxVe

e B B , aB
(i) (A.V)B = A;i'lx!'+Az‘a'_3'+Aa—;'
(iv) (KV)-;=X
) Give possible meaning to (A xV)B.

MRoop.

i 3
i. r‘r
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Q"‘L {

e ) L) 9
1) (A.V)d = (AIS';+AZa_y+A’az)¢

ag . 99 . 0%
= A]'a_;+Azay+Ajaz

ddn 00a 9
= (A|?+Az?+A3£).(_%l+_$J+_§ﬁ)
S A VS
A A A
i J k
@ (Axv)e = |Ar A2 Asly
i e
dx dy dz
Sl (T L s SO R R SR T B SRR ie e
= [I(Azaz—A3ay)+j(A3ax—A|az)+k(A|ay—A2§;)]¢
= (AZ—Z—A,a—y) 1+(A3—;~A,—z) J+(A|a—y—Az—x)ﬁ
A A A
iRk
s A| Az A3 _va¢
99" 59899
dx dy o0z
e e T
@ (A.V)B = (A.ax+Azay+A3az B
B , 9B . 3B
= Ala +A, ay+A3a
- = 0 d d A7
iv (A.V)r = (A.£+Aza—y+A3§—z)(xn+yJ+zﬂ)
A A A —
= Aji+A;j+A3k= A
) No definition or meaning can be assigned to ( A X V) B , because it is a kind of differentid
operator with vector quantities.
EXAMPLE (11: I A = 2yzi-x'yj+x2’k, B = x*}4yz]-xyh and ¢=25"17"
find
) (A.V)e @ (AxV)e
(i) (A.v)B
SOLUTION: Since ¢ = 2x%yz’, we have

A
Ve=4axyz'i+2x?2' ] +6xyzk
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tpol £ X.V¢
/,V). 5! A 2 ’_‘ 2/\ ],.\ ; 3A .
(A i UL R i € R k).(4xyz’i+2x2; j+6x1yz2k)
| . 8,(),21‘—2)t“’)u~.3+6)(3yz4
. AxVo
0 AR
/ i J k
| o2yz  -x%y xz?
axyz® 2x?z° 6x’yz’
A
__(6x'yrzt42x’2%) i+ (4x7y2 - 12x7y2 7))
A
+(4x2yz4+4x3y2z3)k
- et i gl RN
g SinccA-V-'-zYZ ST Yay"'XZ az,therefore

- d 0 d A A P
(R.V)B = (Zyza—;—xzy a_;+xz,2a—z-‘-)(x2 l+yZJ—xyk)

A A A A A
= 2yz(2xi—yk)—xzy(ZJ—xk)+xzz(yJ)
A A
= 4xyzli\+(xyz.2—x2yz) j+(x3y—2y2z)k
TOREM (4.12): If K and _]; are two vector functions , prove that

(KXV).E:X.(VXE)
ROOF: We have

Mg (2 oB B 9B 0B 9B
e (3R s, 280), (5,382 0 220, (a2
B

3ax M3z 13y ~f73x
A,(L‘-"a 3Bz) 2B, 9B, (a 2_3_13_.)
T SE T A% +As| Bx y
PO 9B, 3B dB, 9B3)a (9_};_, a_g)ﬂ]
(A|I+Az.l+Aaﬁ).[("5’y—3_—§f)?+(——z—_ 5 )+ et T k

A'(V)(_B“)
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4.19 VECTOR IDENTITIES :
THEOREM (4.13): If A and B are two differentiable vector point functiom,pro,,e thay
() V.(AxB)=B.(VxA)-A.(VxB)
(i) Vx(Zx§)=(§.V)K—§(V.K)-(K.V)E...K(V.E)

) V(x-i)=(ﬁ-V)K+(K-V)§+ﬁx(VxK)+Kx(vx§)
(Iv) Vx(VxA)=V(V.A)-V?A

PROOF: LetA = A,i+A;j+Askand B = B,i+B;j +Bk, then

) AxB =(A,B,-A,Bz)h(A;B.-A,B,)?+(A.Bz—AzB.)ﬂ

and V.(Kxﬁ): %(A B;-A3B,)+37 2 (A B,-A, B:)+aa (A;B;-A,B))

aBJ aAz aB2 aAg
Atgx +BaTgr =4y ax B2y

aB] 3A3 3B3 3A1
+A3 ay Blay -Alay -Bg ay

BBZ aA] aBl aAz
B dz G 0z -B, 0z

3A3_8A2)+B (m A, dA, 9A,
209z "ax J? (ax ay)

dB; aBz) (BB 0B oB
Sk (—-__ Iy et Wl 2 0B,
| ay Z AZ az aX)—A (ax ay)

[}
N
Q
<
(=3
N

dA; 0A\a (DA, OA
={B |+B +B, ﬁ [(_3__2) ( 1 ila BA2 8A1 A
S et e 3z ~ax )1t Gx Ty b
dB; 9B dB, 3
-(A 1+A +A; l? [(—3_-——2)'-‘ (_' B;Ya (0B, 0B, "J
1 2J ) y 7 Ji+ B _——ax j+ E Y _——y k

() Weknow that VXV = (
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e ; 5
[+ _ 2B QA =
= ZL?X(AXE)_*-E ?x ‘_‘:XB)
it r [ = 24
= EL“‘ A X3 _—z ix| Bx3- (1)
s 28 s 3B |+ ¢4 7428
Now ?X("x_—;)-’:(" x)A—(l A) X

- (v.B)A-(A.V)B )
imilarly , 00 interchanging A and in equation (2) , we get
Z[?x(ﬁx%)]:(v.x)ﬁ-(ﬁ.v)i 3)

Substitution of equations (2) and (3) in equation (1) gives

VX(KXE) = (EV)K-(KV)§+K(V§)_§(VK)

i) v(X.E):Z[?aa (A. )]
s[i(538385)]
el
¢ know that

= (A.V)B+Ax(VxB) (5)




A

Similarly , interchanging A and B in equation (5) , we get

Z(E,%‘:-)?=(§.V)X+BX(V"A) (6)

Substitution of equations (5) and (6) in equation (4) gives
v(K.E):(E.V)K+(K.v)§+§x(VxA)+Ax(vx§)
() Weknowthat Bx(CxD)=(B.D)C-(B.C)D

Setting B = C = Vand D = A, we get

Vx(VxA) = V(V.A)-(V.V)A

V(V.A)-V?A

Note that rather than writing (V.X)V.we must write V (V. A ) to make sure that V openyy
on V.A.

EXAMPLE (12): If X is a constant vector , prove that
0] V(A.T)=A i V.(AxT)=0
(iif) Vvx(AxT)=2A

SOLUTION: By theorem [ 4.13 (iii) ]. we have

@ V(A.T)=(T.V)A+(A.V)T+Tx(VxA)+Ax(VxT)

Since A is constant vector , we have

(tT.V)A=0, VxK:ﬁ.Funhermore,Vx?-f)'_

Thus V(K.?)

(K .V) T =A [using theorem (4.11) (iv)]
ALTERNATIVE METHOD

B
>
[

A A A — A A A
t Aji+A;j+Azk and r =Xi+yj+zk, then

T = Ajx+A,y+A;,z2

(A.7)

g >l

Ad A9
and lax(A|K+A2Y+A3Z)+ja—y(A1x+A2y+A3;)

Ao A
+k§—z(A|X+A2y+A3z)

4. . 38 ~
A:1+A11+A3£ = A




Vx(KX?)



