¢ A is a scalar quantity . Also note that V, A#A, V.
t .

i
I Hﬁlh. - . _
i s a constant veetor » then V.A =0.If V.A =0 everywhere in some region R, then A is
L:d i solenoidal vector point function in that region .
a

e A A —
EE: U A =x21-2y°22f+xy*zk, find V. X atthe point (1,-1,1).

0 d
JOLUTION: V.A = ;—x(xzz)+a—y(—2y3zz)+§—z(xyzz)
= 2xz-6yz2+xy?
Therefore , (V.K)(l,-1,1)="3
1 PROPERTIES OF THE DIVERGENCE

TEOREM (45: If A and B are differentiable vector point functions , and ¢ is a
| differentiable scalar point function , then prove that

® V.(A+B)=V.A+V.B

B v.(¢Aa)=¢(V.A)+A (V)
0 LetA = A, S +A, ] +A Kk and B =B, 1+B,j+Byk, then
“ K*E=(A.+B.)?+(A2+Bz)§+(A3+Bg)ﬁ
g"h V'(K‘*_B‘)‘:%(A,+B,)+é%(A2+Bz)+éa_z(A3+B3)
dA, dA, A, an_+§_l_3_z+2§_z)
—(ax+ay+az)+(ax dy = 9z
W, =V.A+V.B

#74 A
’A ~ ¢A|?+¢A13\+¢A3k
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d +3,
a ,(¢A2) al
— B At
Hence V-(QA)= ax(¢ e JA, 09 dA; d¢
LEsd R O L A T
s ¢%+%§A'*¢ TRl bl o
2 d¢
o)
p) 0d A A
a¢" __.4—);'\+"'1()-(A11+A2]+A3k)
SR )AL gy Ty 0}
. ¢(v.X)+(v¢)-A

¢(V.K)+X°V¢

-

Note that if ¢ is constant , then v.(pA)=0V.A

THEOREM (4.6): Prove that
@) V.r =3 (i)
(iii) V-(r“?):(n+3)r“ (iv)

- A A A
Let r =xi+yJ+zk

v.[£(r) e ] =310r)4r,
T
V.(;z)=0

PROOF: iy
; Bl
@ Yar = (X)+_(y)+ S (z)=1+1+1=3.
()  Using theorem (4.5) part (ii) , we have
V.[f(r)T] = f(r) (V.?)+T.[Vf(r)]
i —- f'grg? ¢ :
3f(r)+r. z [ using theorem (4.2) ]
= 36+ 0T 7
; . = 3f(r)+|-f'(r) (since -l_-—r‘ = r2)
(i)  Setting f(r) = r" in part (ii) , we have
V. o = - &=
(" r)=3c"4rn"t o 3r'¢nr? o (n+3)"
(iv) Letn = -3 in part (iii) , then V. (—‘) (s
= 3+3)l‘—3 :O

EXAMPLE (6):

SOLUTION: If f(r) T is soleno:dal

Find the
most generg] dxft‘erentlable function f (

_ g

r)so thatf(r) r

hen V. [f(r)T] =0
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v'mol

[me],;u(r)V.F =0 (1)
.: o ’ et
k i1} L-Urj-—r- therefore equation (1) becomes
s v il
ot "

f’}LL'—-‘r'..J f(r)=0 or rf (r)+3f(r)=0
r

3f(r)

f(r}®= r
of
: ﬂ—us-é
of f(r ;

(r)=-3Inr+InC = In

-‘JO

 egrating we 8! i

f(r) = 93 where C is an arbitrary constant ,
o r

13 pHYSICAL INTERPRETATION OF THE DIVERGENCE

Consider the motion of an incompressible fluid (i.e. fluid with constant density say oil or water).

| W (4.8
1 — A A A
prallel to the coordinate axes and having centre at the point P(x,y,z). let V=V,i+V,j+Vik

[}

) shows an imaginary small rectangular parallelopiped of dimensions Ax , Ay , Az with edges

e the velocity of the fluid at P

: et i
v v
—l : —i
)
)
{ o
! Vv
| Py faz | —
Vil Mast RN A Aol i g
V4
L/,Ax

Ay
/ Figure (4.8)

1
;:: sart by considering the flux (i.e. the amount of fluid crossing in unit time) through opposite faces of
"¢ parallelepiped . As the density is constant , either volume or mass can be used as a measure of the

ount . For simplicity , volume will be considered here .

:A, Mder first the flux across the faces which are perpendicular to the x—axis . These faces are of area Ay
& -
d the flux will only depend on V ; , this being the component of V in the x—direction .

Thos flyy ; 1
/ Mo the parallelopiped through the back face = VI(X_EAX 'Y Z)AYAZ

4 the flgy o, I
b * Out of the parallelopiped through the front face = V{ x+7Ax,y,z JAy Az.




gh these (WO faces

ut of the parallelopiped throt

Hc,.cemenetﬂuxo
)-VI(X-‘;’A"'”)]A’A’

1
= [V,(x+5Ax,y.z
Using Taylor’s series , we have
1
V,(x+§Ax.y,z) =

1 X,¥,2) =
and V1(x"'2 Mly'z)-v’( y

1
Therefore , V.(x+';'Ax,y,z)-V|(x-2AX.y.
oV,

0
aV iti for ==
Thusnetﬂuxinthex-direction=-a';"AxM’AZ+ ------- [bywn N8 3x Oraxvl(x.y,”]

l 2 yYLZ)H
V.(x.y.z)-f'z'Axale(X y.z)

-l- "'a" X, s B ) s
zAxaxvl( Yy

z) = Ax'éa;V|(X,y,Z)+ -------

aV,
Similarly , the net flux in the y — direction = —é_y-

dV;
and the net flux in the z — direction = T AxAyAz +.......

Adding these three contributions , total flux out of the parallelopiped

{BV. dV, 9V
= ax+ay+az

2 } Ax Ay Az + terms involving higher powers of Ax, Ay, Az

suchas (Ax)* Ay Az, Ax(Ay)®Azer.
Now as the volume of the parallelopiped is Ax Ay Az , we have

; aV. av: avS ”
Flux per unit volume = T + 3y + 37 +terms in Ax, Ay, or Az and their powers. (l)

Finally , we let Ax , Ay, Az all tend to zero so that the parallelopiped shrinks to the point P. Theng

1 : av] av2 aV3
hand side of equation (1) becomes T = +73, » Which is precisely the divergence of e

vector V. Thus Fluid Mechanics affords one possible interpretation of the divergence as the amount

outward flux of the velocity field Y per unit volume

: Note that the di V measures ¥
expansion of the fluid at the point . e ctivergonsp of X

414 LAPLACIAN

fo(x,y,z)isa -
Sl scalar i : gV
ViV =V iscan point function , then the divergence of the gradient of ¢ wil?
called the Laplacian of ¢ , and the equation V2

If a scalar functio :
N ¢ satisfies the La ,
place’s e : 2 ; :
be a harmonic function in thay region Quation V¢ = 0 jna certain region R, then ¢ is

’ jon-
¢ = 0 is called Laplace’s 0°" |




AND TENSOR ANALYSIS

'v‘mg

7): If ¢ is a differentiable scalar point function , then show that
V'V“Vz“ax”ay”az*
al 2 al
where V? = FPLAFTRAFYY is a Laplacian operator .
We have
ROOF:
P _Q_A i/\ i/\ (.a__/\ a_¢,\ Qﬁﬁ)
v.Ve = (ax '+3yj+azk)° ax '*ayl*az
. 1(3_) j_(?ﬁ) _a_(a_¢)
T dx \0x +ay y oz \ 9z
¢ 3%¢ 3’¢
= ax2+ay2+822
82 32 2
(ax”ay“az’)“’-vz‘l’
EXAMPLE (7):  Find V¢ if ¢ = 2x’y?z4.
SOLUTION: We know that
9%¢ 9%¢ o?
V2¢=ax¢;+ay2+azg % (1)
0 d
Now %=6xzyzz4, 3‘3:4x3yz‘ £-8x3y2z3
az aZ az
and '6742)'=12xy224, é—yiz’=4xsz4, az4‘:=24x3yzz2

Thus from equation (1) V2¢ = 12xy2z*+4x’z*+24x3y?2?
THEOREM (4.8): Prove that

(1 Vif(r) =%f’(r)+f"(r)

(ii) V2r" = n(n+1)r""%, where nis a real constant .

’ 1

a  vi(3)=o :
PROOF: M Vif(r) = V.Vf(r) = V.l:-f-—(—L—

£ (r)e o .v[f—iﬂ [ Theorem (4.5) (ii) ]

I
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|
i [rf’ r)-f (r ]r’ Q\\
y r

- mle =l
—
—_—
-y
N
1

n
(1) Setting f(r) =T

= 2nr"'2—nr"“z+n2r

= n(n+l)r e

(i) Let n = - 1 in part (i) , then
Vz('lr')-—l(—l+l)r”-0 .

Any function ¢ which satisfies the Laplace's equation V 2¢ = 0 is called a solution of this equgy

It follows that ¢ = ':’ is u solution of Laplace’s equation and is therefore harmonic .

EXAMPLE (8): Show that

2
) v’(lnr)--r% (ii) V’(e'):e'(ﬂ;)
(i) V‘(e')-V'(V’er)-e'(l+%)
SOLUTION: We know that V*£(r) = 2" (r)+ 1" (1) 1)

()] Let f(l’) = Inr, then f’(l') = 'Ir', f”([‘) = —;l!' andfromequation(l),wcgﬂ

2 .2.(.1.) S R G |
V(Inr)-r I'—F-F"'TIIF

r ’ ”
(1)) Let f(r) me ,then f (r)me’, f (r) mef andfrm'nequution(l)-chet

2
v2‘°r"?='+e'-e'(l+%) @

‘m) v‘(.r). v2(v2 r - 2[ r( 2 .
lip s, I+?)] [ using equation @]
Here f(r)-e'(|+%)




i
I " |
- /N
ot
e
- N
- | I
e "'I.JN

+
=e(l+

goptE@):  Find the function f (r) suchthat V?f(r) =0.

JLUTION: We have V2f(r) =0
' f'(r)+-2' f(r)=0 [using theorem (4.8)]
r
SR
f(r) r
“ing, we got Inf (r) = —2Inr+InC

_lc
_n'l:'z

 the constant of inte gration .

t.“mﬂ"g.m-,ha\re f'(r) % %

:%am f(l').__ +D A+B
Asp

Rt 0 -

= = C are arbitrary constants .
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; e (2)
\ l-“_ u‘dons(l)md(Z),wcﬁndmata=§,b=1

Soh’lﬂg
PROB

rgOBLEM (17):

LEMS ON THE DIVERGENCE

is solenoidal .

sOLUTION’ A vector V is solenoidal if its divergence is zero . Now

=i 9 J
V.V =73, (X+3Y)+ay (y-2x)+3~ (x+az) = 1+1+a

r“ g

Then V.V =a+2 =0 implies a = -2

PROBLEM (18): If ¢ and y are scalar point functions , show that
V.(0Vy-yV9)=oVig-yV?p
SOLUTION: We know that
V.(0A)=¢(V.A)+A.V ()

l) ‘lu'A = Vy inequation (1) , we get

V.(¢Vy) = O(V.V
., . Vy)+Vy.Vo =¢V?
Inerchanging ¢ and V yields. B8 a4 i

_V.(vvqa) =yV9+Vo.Vy
¥ Subtract; g equation (3) from equation (2) , we get

Vi(oVy) -
PVY) - Vi(yVe) = ¢V2iy - yV2g

(3)

% LI
; no '(’VW-\',V¢)___¢V2\I’_WV2¢
4 (19: s
i ):  Fora constant vector A , show that V [("" ool B -
“WUTioy, X A"')"]=4(A.-r‘)

V.[(A.T)T] - (K.?)(v.?)+T.V(X.?)

3(A.r)+_r‘.R~ [ since V(X—l:)

4(A.T) et

Determine the constant a so that V = (X+3y)’i\+(y—2x)3+(x+az)
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PROBLEM (20): If A = A(x,y,z), show that (dr.V)A =dA.

SOLUTION: Since X = K (x.¥,2), therefore

dA = _—-dx+___dy+ dz

dx y

= (dxga-;+dy5%+dz§;)z

- [(dx1+dy1+dzk) (a—a-?+5a—y?+5a;ﬁ)] A

= (dT.V)A
PROBLEM (21): % oA eAs ) +Ask, showthat V.A=VALT4VA, Juvy g
SOLUTION: Since K = A, Ii\+A23‘+A31Q, therefore

V.A = 8A4 aaAy1+aa"5;J )

- VA..?=(%L?+%3+%Q)?=%L

A 3A
Similarly VA;.] = %—;‘ and VA;.k =52

Thus equation (1) becomes

ME A A A
V.A = VAl.i+VA2.j+VA3.k

—r

PROBLEM (22):  Prove that V.[ﬂlruil = % f(r)+f (r).

v.[”—’l?]

r

£0) o ..
= rr (Vo I )+ r .V[f%l] [Theorem(4.5)(ll)]

r)r

SOLUTION: V. [ f . ]

I

A6, 1 d -

e (3)+r ;—dr[ﬂ}l]r [Thcorem(4-2)]
3 - 1{rf (r)- =

- e 7. [ Hwpt@]) 5

3 1| rf (r)- e
5 rf(r)**}'[r (L, f(r)](r.r)

r

= 2f(ryet ["f(') f(f)] 2




%
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A

p TENSOR ANALYSIS

m TH(r)+f (
2 ,
= Tf(r)+f (
pROBLEM (23): Show that
@ v.[rv(;%)]=;3.,
, || 2r
(iii) V[V.(r)]__—;r
SOLUTION: We have
(M V.[rV(-lj)] = V-[r(—3r'5?)]
- —3 ¥ illeT vi)
e _3(-4+3)rt = S
e
o V'[;V(r)]= V’[r(‘?‘r
= —V.(r"?)
il 1
= -—(—4+3)l’ =;;
(n Using theorem (4.6) , we have V(-:—) =
o[ (5] - +)
r r
3 21
= —-2r1 r & -1

|
r)-;f(r)

r)

(if)

[ using theorem (4.2) ]

[ using theorem (4.6) ]

[ using theorem (4.2) ]

[ using theorem (4.6) ]

% , therefore

[ using theorem (4.2) ]

V.| v v



