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14 FUNDAMENTAL DEFINITIONS USING GEOMETRIC REPRESENTATI(N

EQUAL VECTORS

Two vectors A and B are said to be equal , written A = B,
if thev have the same magnitude and the same direction regardless of the
posili;m of their initial points as shown in figure (1.2) . Thus a vector
may be shifted from one location to another , provided neither the Figure (1.2)

magnitude nor direction is changed .

p
o/

NEGATIVE OF A VECTOR s .
A vector having the same magnitude as that of K , but with A -A
direction opposite to that of A . is defined as the negative of A and is
denoted by — A as shown in figure (1.3) . Figure (1.3)

UNIT VECTOR
A vector with unit magnitude is called the unit vector ( or direction vector ) . The unit vector ip

p—

the direction of a non—zero vector A denoted by a is defined as % . Thus

A — A
=a or A =Aa

>|>|

which shows that any vector A can be represented as the product of the magnitude of A and the uni
" _-
vector a in the direction of A . Note that to emphasize the fact that a particular vector is a unit vector,

A A
we put a hat or a caret over it like a, n, etc.

ZERO OR NULL VECTOR

A vector which has zero magnitude and no specific direction is called the zero or null vector and

is denoted by O . Geometrically , a null vector is represented by a point . It is the only vector we cannot
represent as an arrow . A vector which is not null is called a proper vector .

ADDITION AND SUBTRACTION OF VECTORS

The operations of addition and subtraction familiar in the algebra of real numbers ( scalars ) ar¢
capable of extension to an algebra of vectors with suitable definitions .

ADDITION

@\

The sum or resultant of two vectors A and B

denoted by A +B isavector C formed by placing the

>

initial point of B on the terminal point of A and then Figure (1.4
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VECTOR AND TENSOR ANALYSIS

nt of A to the terminal point of B

This description of vector
It is also

ng the initial poi
own in figure (1.4) .
e triangle law of addition .
llelogram law of addition

joim’
as sh
addition 1S called th
imes called the para

some
because C = A+ B is given by the diagonal of the i
e o P — A
parallelogram PQRS determined by A and B as A 4 5
shown in figure (1.3) . gure (1.5)
SUBTRACTION "

The difference of two vectors A and B denoted by

—_—

e B , is a vector C and is defined as the sum of A and - B,

—

ie. C=K— X*(“E)

B =
from A , we reverse the direction of B and

Figure (1.6)

Thus to subtract B

add it to A as shown in figure (1.6) .
POLYGON LAW OF VECTOR ADDITION

Let K,,Kz,.....,K,, be n vectors . To find

their sum , put all the vectors tip to nail i.e. initial point of

A;,, on the terminal point of Xi and complete a polygon

of vectors . The sum is then the vector from initial point of

—

A, to the terminal point of A, and is written as

A+ A+ ...... +Kn. [Seeﬁgure(l.?)].

If this polygon is closed i.e. the terminal point of Xn

coincides with the initial point of K | » then the sum is zero . " Figure (1.7)
ure (1.

SCALAR MULTIPLICATION
Let A be any vector and m any scalar . Then the vector m A called the scalar multiple of A !

is defined as follows :

Thcmagnitudeofmx is ImlA.
If m>0and A # 0, then the direction of m A isthatof A .

fm<O0and A 2 0, then the direction of m A is opposite to that of A.

=

fm=00r A =0 (orboth),then mA = O .



Graphically , the result of multiplying a given vector by a scalar is a vector parallel to the given vector

Figure (1.8) shows the multiplication of a vector A by scalars

(1) the vector A

—

(11) mA form=2

b 1 2A
(1ii) mA for m =73

B A
(1v) mA for m=-1

i 3
(v) mA for m = -3 ) (i)

1.5 PARALLEL VECTORS

N =

(i) (iv) (v

Figure (1.8)

Two non—zero vectors A and B are said to be parallel if and only if B = m A , where m isa
scalar being positive or negative according as they have the same or opposite senses . In other words , two

vectors are parallel if and only if they are scalar multiples of one another .

Since _6 =0 K , where K is

an arbitrary vector , therefore 0 is parallel to any vector P A and B are not parallel , they

determine a plane .

1.6 RECTANGULAR COORDINATE SYSTEM IN SPACE

Three mutually perpendicular intersecting lines
Ox, Oy, and Oz with the same scale of measurement are
said to constitute rectangular coordinate system in three—
dimensions [ See figure (1.9)] .

The lines Ox , Oy , and Oz are called the
rectangular coordinate axes and are referred to as x — axis ,
y — axis , and Their point of
intersection , O , is called the origin . The coordinate axes
determine three mutually perpendicular planes called the
These planes are called the

z — axis respectively .

xy , yz , and zXx — planes .
coordinate planes .

{7 UNIT VECTORS 1, ],k

Consider the rectangular coordinate system in three—
dimensions . Take the points A(1,0,0), B(0,1,0) and
C(0,0,1) onthe x,¥, and z — axis respectively . We denote the

i — e A A
vectors OA, OB, OC by the symbols ’1\ j,k and call them the
unit vectors ( or base vectors ) in the directions of X,y ,Z — axis
respectively as shown in figure (1.10) .

[ ————

yz-plane
Zx-plane
O —
y
xy-plane
X
Figure (1.9)
*Z
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A
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A
4 Figure (1.10)
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('OMPONEN'I‘S OF A VECTOR
1.8

A be a (hrcc—din‘lcnsmnal vector with

el ; . ‘

Le ;) as the initial point and Q (X2, y2,22)88 i
px .]'vpln'”,l as shown 1 figure (1.11) - Then the numbers

il

mm"l‘““m' e TR S e Ay = 23-2) AI€
t\-ltldd l‘hf n-cl.'mgulur components or simply components of
calle
A intheX.Y> and z directions respectively .

A.'i\.Az’j\.A_;f( are called the rectangular

The yectors

: -tors or Si -omponent vectors of A inthe
component vectors or simply comp

d z directions respectively . . Figure (1.1 1)

x‘)’, an

19 ANALYTIC REPRESENTATION OF A VECTOR

—

Let the initial point of an arbitrary vector A in
the origin of a rectangular

threc—dimensions be at
A,,A;)bethe coordinates

coordinate system . Let (A,

of the terminal point of vector A as shown in figure (1. 12).

AN A
A, 1,Azj, A3k are the component

Then the vectors

vectors of A inthe X,Y.,Z directions respectively .

A A A o=
The sum or resultant of A 1,A2], Ak is the vector A

using the polygon law of vector addition , so that we can

X
Figure (1.12)

write
n A A A
A=A|1+A2_]+A3k (1)

Equation (1) is called the analytic representation of A interms of components .

MAGNITUDE OF A =A, 1 +A,] +Ask
From the above figure , we have by Pythagorean theorem

(OP)? = (0Q)+(QP)’ @
| Where OP denotes the magnitude of the vector 5} , etc. Similarly
{ (0Q)" = (OR)?+ (RQ)> )
OM equations (2) and (3) (OP)? = (OR)?+(RQ)*+(QP)?

or A’ AT+A§+A§




A A

MAGNITUDES OF UNIT VECTORS i, J, k

131 = 115 +0f+0kl =(DH7+(0)7+(0)" =1

11 =lot+1]+0kl = J(0)T+(1)°+(0)* = 1

181 =100 +05+1kl =A(0)Z+(0)7 +(1)* =1

1.10 POSITION VECTOR It

If we choose the initial point of a vector to be the origin
and terminal point any point P (x,y,2 ) in space , then its 0
components are equal to the coordinates of the terminal point Pxy2)
and the vector is then called the position vector or T

radius vector and is denoted by T as shown in figure (1.13) . 0

5 " =2 . ~
Thus in terms of components , the position vector 1 1S written as Xi g

-

—_ A
I =xli\+yj+zﬁ X Yl

5 Figure (1.13)
The magnitude of the position vector is givenby 1 = I | \/x +yl+ z”,

Note that this is the distance of the point P from the origin O .

1.11 FUNDAMENTAL DEFINITIONS USING ANALYTIC REPRESENTATION

EQUAL VECTORS

Two vectors A and B are said to be equal , if and only if their corresponding components are
equal . Thus if A=A, f +A-)_| +A,; k and B = B, i +B73 +B3; k then A = B implies that
A, =B,, A, = B, A3 = Bs.

NEGATIVE OF A VECTOR

The negative of a vector A denoted by - A is obtained by multiplying each component of A

— A
by minus sign . Thusif A = A, +A, +ALK, then
— AoLA A B MR
-A = -(A]I+A2]+A3k) = —All—Az_]—A:;k

UNIT VECTOR

A vector with unit magnitude is called the unit vector . The unit vector in the direction of 8
o A e
pon—zero vector A denoted by a is obtained by dividing each component of A by its magnitude .

isA=1al=ra2+alsa;

— A A
Thus .if A = A, 1+A,+A;k, then the magnitude of

A A A
Aji+Ai+Ak Ay n Apn
= A =" 1+-Kz_|+

>|>|

A
and 4=
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4 vector whose components are all zero . Thus

JON i
p or resultant of two vectors A and B denoted by A+B isa vector C obtained
;;m":.ngcompontnts of A and B . Thusif

x A Y A ;s
. and B =B|i+sz+B3k,ﬂ1€ﬂ

-f?:\gk
e A A A
+B = (A l+‘\ j+A3k)+(B|l+B3]+B3k)

A A
= \A‘+B,)i+(Az+Bz)j+(A3+B3)k

RACTION
&erence of two veclons A and B denoted by A B is a vector E obtain

=A-B (A|+A21+A3k) (Blfi\“'Bz'j\"'BBﬁ)

= (A,- )l+(Az Bz)]+(A3 Bs)k

'ALAR MULTIPLICATION

£ A be 2
any vector and m any scalar . Then the product m A called the scalar multipl

o chizned S - &
by multiplying each componentof A by m. Thusif A = Al'i\+A1’j\+.l

.;‘l. % H e
(A i+A;)+A k) = (mA.)h(mAz)'j‘HmAs)ﬁ
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iy A A A
For example ,if m = -2 and A=-3i+6j+2k, then

1Al = (C3)77(6)7+(2)  =[9+36+4 =49 =7

7o A
ot Joambslt-2y(<atesi+2k)] = I6T-121-4kl

FREJINTF RUSFENE WFa VEN. IUM

I

36+ 144+ 16 =

N(6)T+(-12) +(-4)"

196

—14=1-217=ImIlAl =1mIA

EXAMPLE (1): Determine the vector having initial point P (x;,Yy1,21) and terminal point

Q(x;,Y2,2,) and find its magnitude .

SOLUTION: Let 1, and 1, be the position ﬁz

vectors of the points P and Q, respectively as shown in
figure (1.14) . Then

- A A A - A A A
r,=x;i+y;j+z,k and r, =xi+y2j+22k

Now by the triangle law of vector addition , we have

s — et
l'|+PQ = I3

or PQ = r;—r1y %

A A A
= (Xx2-%X)i+(y2-y1)j+(2z2-21)k

Magnitude of PQ = IPQ| = V(xa—-x )7+ (y2-y1) +(22-2,)°

Note that this is the distance between the points P and Q.

P (X1, Y1, 21)

Q (x2' Y2 22)

Figure (1.14)

A
EXAMPLE (2): Find a unit vector a in the direction of the vector from

P(1,0,1) to Q(3,2,0).
SOLUTION: The vector joining the points P and Q is

— A A A A A A
PQ:(3—l)i+(2—0)j+(0—l)k=2l+2]—-k

1PQ] = J(2) T+ () T+ (1) = Va+d+1=~/9=3

Then the unit vector a in the direction of f"a is given by
PO 21+2j-k 24 24
ey etk Ab (b

=

A
k

W =

A
a=

IPQI

i 3 e,
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EXAMPLE 27 B
i) A+B i) A-B
UTION: From the definitions of the vector sum and the vector difference , we have
SOL A A A A A A
: A+B = (2i—3j+4k)+(1+2]+k)
’ A A A A A A
= (2+1)i+(—3+2)j+(4+1)k=31-]+5k
= A AN D
w A-B = (25-33+4k)-(i+2]+k)

FERE N W
(2-1) 1 +(-3-2)]+(4-Dk =1-5j+3k

EXAMPLE 4): Determine the condition under which two non-zero vectors

—

—— A A A E
% =A, +A,}+Ask and B = B,i+B;j+Bsk willbeparalll.

SOLUTION: If the vectors A and B are to be parallel , there must be a scalar m such that

“ B=mA
A A A A A A A A A
or B,i+B2]+B3k=m(A,1+A2]+A3k)=(mA,)1+(mA2)J+(mA3)k
Equating the corresponding components , we get
B, =mA,, B, =mA,, and B; = mA; forthe same scalar m.

B B B
- TSR e DRain 3 =
. Sothe required condition is 3 Ry vhel v m

or A|:A2:A3=B|:B2:B3

| Inother words , the corresponding components are proportional .

- LI2 PROPERTIES OF VECTOR ADDITION

] THEOREM (L.1): If A, B, and C are any three vectors , then prove that

(i) A+B=B+A ( Commutative law for vector addition )
(i) A+(B+C)=(A+B)+ C ( Associative law for vector addition )
@  A+0=A

( 0 is the identity for vector addition )

®  A+(-R)=0
PROOF.

(— K is the inverse for K )

() GEOMETRICAL PROOF

From the G
al‘l!(l.lS),we have OP +PQ = 66
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or ;-ﬁ-—é:e (1)

Also  OR+RQ = 0Q

.

or E+K=C (2)

From equations (1) and (2) we have

A+ B = B + A Figure(l,IS)
ANALYTICAL PROOF

oy A A A w—— A A A
LCtA=A|i+A1j+A3k and B =B|i+sz+ng then
- = A A A A A a
A+B = (A 1+A;j+Ak)+(B,i+B,j+B;k)

(A +B )1 +(A+B) +(As+By)k

A A A
(B1+A1)l+(B2+A1)j+(B3+A3)k

(B]I-l\+B2?+B3£)+(A1?+A2?+A3ﬁ) = §+X

(i) GEOMETRICAL PROOF

From the figure (1.16) , we have OP +PQ = 0oQ = (K + ﬁ)

and 1;6+6f{=ﬁ=(§+6)

i,

Now OP + PR = OR

ie. A+(B+C)=D )
Also (—)-(.)+(_2§=61.§

e R
iec. (A+B)+C=D ()

i Y S i i £ Figure (1.16)
From cquations (1) and (2) A +( B +C)=(A+B)+C

ANALYTICAL PROOF

A

vy A A = A A B = A A ® then
LC(A=A11+A2_]+A3|(, B =B|I+B2J+B3k, C=C|1+C7__]+C3k’
P, — — A A
A+(B+C)= (A.?+A2?+A3Q)+[(B,?+BJ+B;Q)+(C.?+C:J’+C3k)]
A
= (A,Ii\+Az?+A3ﬁ)+[(B|+C,)?+(Bz+Cz)j\+(B,;+Ca)k]

A
. [A,+(B,+c,)]?+[A2+(Bz+c,)]’j+[A,+(B,+c,)]k

_“,_‘__,_———M
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A A
i [(A|+B|)+C1]?+[(A2+Bz)+cz]j+[(A3+Bs)+C3]k
A A A A
[(A,+B|)€+(A2+B3)§+(A3+Bg)k]+[C.|+C”+C3k]
A A A A
[(A,’i\+A23'\+A3ﬁ)+(Bl,i\-l'Bz/j\‘*BJk)]+(C|i+C2]+Csk)

v (K+§)+E

proofs of (iii) and (iv) are obvious .

; PROPERTIES OF SC

HEOREM (1.2):

PROOF:

(i)

(iii)

0]
(i)
(i)

(iv)

() mA

ALAR MULTIPLICATION

if K and -l; are vectors and m and n are scalars , then

mA = Am ( Commutative law for scalar multiplication )
m ( nA ) = (mn) A ( Associative law for scalar multiplication )

(m+n)A =mA+n A ( Distributive law for scalar multiplication )

m( A+B ) =mA+mB ( Distributive law for scalar multiplication )

m(A, T +A,]+AsK)

A A A
= (mA,)1+(mA2)j+(mA3)k

A A A
(Aym)i+(A,m)j+(Asm)k

= (A|?+A2?+A3,l;)m = Km

alap) = mLo(Ait+az]+a:5)]

(m+n) A

A
= m(nA.i+nAzj\+nA3l’;)
> A A A
= mnA,i+mnA;j+mnA;k

A A &
= mn(A l+A,]+A;k) = (mn)A
» A
= (m+n) (A,1+A2?+A3}Q)

=, N
= (m+n) A,1+(m+n)A23\+(m+n)1"t3ﬁ

a A
(mA.+nA,)1+(mA2+nAz)j\+(mA3+nA3)ﬁ

I

A
mA, i i k
( |l+mAzj+mA3k)+(nA]Ii\+nA1.]"\+nA3ﬁ)

—

A A A A A A
n

n

)

" A A
[(A] I+A2_|+A3ﬁ)+(Bl?+B2?+BJQ)]



