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CHAPTER7 Techniques of Integration

7.3 Trigonometric Substitution

In finding the area of a circle or an ellipse, an integral of the form J' Ja* — x? dx arises,
where a > 0. If it were | xy/a®> — x? dx, the substitution u = a® — x* would be effective
but, as it stands, J va? — x? dx is more difficult. If we change the variable from x to 6
by the substitution x = a sin 6, then the identity 1 — sin’0 = cos”6 allows us to get rid
of the root sign because

Va?r — x2 = \Ja?* — a?sin?0 = \/a*(1 — sin20) = Ja?cos?) = a|cos 0 |

Notice the difference between the substitution « = a? — x?* (in which the new variable is
a function of the old one) and the substitution x = a sin 6 (the old variable is a function
of the new one).

In general, we can make a substitution of the form x = ¢(#) by using the Substitution
Rule in reverse. To make our calculations simpler, we assume that g has an inverse func-
tion; that is, g is one-to-one. In this case, if we replace u by x and x by 7 in the Substitution
Rule (Equation 5.5.4), we obtain

| £ dx = [ 79090 ar

This kind of substitution is called inverse substitution.

We can make the inverse substitution x = a sin 0 provided that it defines a one-to-one
function. This can be accomplished by restricting 0 to lie in the interval [—/2, 7/2].

In the following table we list trigonometric substitutions that are effective for the
given radical expressions because of the specified trigonometric identities. In each case
the restriction on 6 is imposed to ensure that the function that defines the substitution
is one-to-one. (These are the same intervals used in Section 1.5 in defining the inverse
functions.)

Table of Trigonometric Substitutions

Expression Substitution Identity
Ja? — x? x = asin#, —% <0< % 1 — sin®0 = cos’0
var + x* x = atan0, —% <0< % 1 + tan’0 = sec?0
— 3
Jx? = a? x = asec0, 0S0<%0r7‘rs0<% sec’f — | = tan’0
N 9 - x2
EXAMPLE 1 Evaluate | ~————dx.
X

SOLUTION Let x = 3 sin 0, where —7/2 < 0 < 7/2. Then dx = 3 cos 6 df and

V9 — x? = /9 — 95sin20 = /9 cos20 = 3]|cos | =3 cos b
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SECTION 7.3 Trigonometric Substitution 487

(Note that cos 8 = 0 because —77/2 < 0 < 7r/2.) Thus the Inverse Substitution Rule
gives

—F—3 0do
x? 9sin2g ~ %

j\/9—x2d [3COS9

cos’f )
= 0~ [ cot’0 a0

= f(csc20 —1)d6
= —coth — 0+ C

Since this is an indefinite integral, we must return to the original variable x. This can be
done cither by using trigonometric identitics to express cot 6 in terms of sin 6 = x/3
or by drawing a diagram, as in Figure 1, where 0 is interpreted as an angle of a right
triangle. Since sin 6 = x/3, we label the opposite side and the hypotenuse as having
lengths x and 3. Then the Pythagorean Theorem gives the length of the adjacent side as

V9 — x2, so we can simply read the value of cot 6 from the figure:

V9 — x?

X

cotf =

(Although 6 > 0 in the diagram, this expression for cot 0 is valid even when 6 < 0.)
Since sin § = x/3, we have 6 = sin"!(x/3) and so

» — 32 — 32 "
"9 SN Sk —sin“(%)—i—C n

x?2 X

J

EXAMPLE 2 Find the area enclosed by the ellipse

xZ y2
PR
SOLUTION Solving the equation of the ellipse for y, we get

y2 X2 a? — x2

b
—=l-— = or y=*—ya>—x?

b? a? a? a

Because the ellipse is symmetric with respect to both axes, the total area A is four
times the area in the first quadrant (see Figure 2). The part of the ellipse in the first
quadrant is given by the function

b

y:_ /a2 _x2
a
and so

b= (ST ax
a

To evaluate this integral we substitute x = a sin 6. Then dx = a cos 6 d6. To change
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488 CHAPTER7 Techniques of Integration

Jxi+4
0
2
FIGURE 3
X
tan 0 = )

the limits of integration we note that when x = 0, sin § = 0, so § = 0; when x = a,

sin® = 1,500 = 7/2. Also

Va?r — x? = Ja* — a®sin?0 = \Ja? cos20 = a|cos 0| = acos O

since 0 < 0 < 7/2. Therefore
b a b /2
A=4—f\/a2—x2a’x=4—J acos - acosbdb
a Jo a Jo
= 4ab fom cos’0 df = 4ab J:m 2(1 + cos 20) do

/2
0

— 2ab[0 + Lsin26]] = 2ab<% +0 - o) — mab

We have shown that the area of an ellipse with semiaxes a and b is wab. In particular,
taking a = b = r, we have proved the famous formula that the area of a circle with
radius ris 7r? [ |

NOTE Since the integral in Example 2 was a definite integral, we changed the limits
of integration and did not have to convert back to the original variable x.

SOLUTION Letx = 2tanf, —m/2 < 6 < /2. Then dx = 2 sec?6 df and

VX2 + 4 = /4(an?0 + 1) = /4 sec20 = 2|sec O] = 2 sec 6

So we have

2sec?0d0 lj sec 0
4

N dx
= —db
J x’/x2 + 4 J 4tan?6 - 2 sec tan26
To evaluate this trigonometric integral we put everything in terms of sin 6 and cos 6:

secf 1 cos’d  cosh

tan’0  cos 6  sin’6 sin’6

Therefore, making the substitution # = sin 6, we have

IJ' cosOd %f du

dx
j 2/ + 4 4 sin% u?

We use Figure 3 to determine that csc 0 = /x> + 4 /x and so

A

- +C |

dx
J x3/x2 + 4 B 4x
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SECTION 7.3 Trigonometric Substitution 489

X
——dx
Vxr+ 4
SOLUTION It would be possible to use the trigonometric substitution x = 2 tan 6 here

(as in Example 3). But the direct substitution u = x* + 4 is simpler, because then
du = 2x dx and

r X 1 ¢ du
J—mdx=3jﬁ=\/u_+c=\/m+c [ |

NOTE Example 4 illustrates the fact that even when trigonometric substitutions are
possible, they may not give the easiest solution. You should look for a simpler method
first.

EXAMPLE 4 Find J

EXAMPLE 5 Evaluate - where a > 0.

. dx

J /2 — a2
SOLUTION 1 We let x = a sec 0, where 0 < 0 < m/2 or m < 6 < 37/2. Then
dx = asec 6 tan 0 df and

Var —a? = a?(sec?0 — 1) = Ja? tan20 = a|tan 0| = atan 0

Therefore

do = fse00d9=ln|se00+tan0| +C

r dx . J asec 0 tan 0
J x2 — a2 atan 0

The triangle in Figure 4 gives tan 6 = /x? — a?/a, so we have

X 1_ 2
X"—a
/v2 — 2
a VXS —a a a
FIGURE 4 =Injx++V/x>—a’|—Ina+C

X
sec 0 = o Writing C;, = C — In a, we have

a j‘x—%:mHmHa

SOLUTION 2 For x > 0 the hyperbolic substitution x = a cosh ¢ can also be used.
Using the identity cosh’y — sinh?y = 1, we have

Vx2 — a* = \Ja*(cosh’t — 1) = /a? sinh®t = asinh ¢

Since dx = a sinh ¢ dt, we obtain

~

dx a sinh t dt N
‘ Var — a? :f asinh ¢ =Jdt=t+C

Since cosh t = x/a, we have t = cosh™'(x/a) and

2] f% = Cosh—l<%> e

Although Formulas 1 and 2 look quite different, they are actually equivalent by
Formula 3.11.4. ]
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490

As Example 6 shows, trigonometric
substitution is sometimes a good idea
when (x> + a?)"? occurs in an integral,
where n is any integer. The same is
true when (a®> — x*)"? or (x> — a*)""?
occur.

CHAPTER7 Techniques of Integration

NOTE As Example 5 illustrates, hyperbolic substitutions can be used in place of trig-
onometric substitutions and sometimes they lead to simpler answers. But we usually use
trigonometric substitutions because trigonometric identities are more familiar than hyper-
bolic identities.

33/2 x3

EXAMPLE i -_—
6 Find . G 10"

dx.

SOLUTION First we note that (4x2 + 9)*2 = (v4x2 + 9 )} so trigonometric substitu-
tion is appropriate. Although 4/4x2 + 9 is not quite one of the expressions in the table
of trigonometric substitutions, it becomes one of them if we make the preliminary
substitution # = 2x. When we combine this with the tangent substitution, we have

x = %tan 0, which gives dx = %secZG df and

VAx2 +9 = ,/9tan?0 + 9 =3 sec

When x = 0, tan 6 = 0,50 6 = 0; when x = 34/3/2, tan 6 = /3,50 6 = /3.

W) x3 = Htan’d
—————dx = |7 =3 sec?0 db
Jo (4x? + 9)? * fO 27 sec'f 2
3 /3 tan30 3 /3 Sin39
=17 do = 57 do
16 ‘fo sec 0 16 ‘fo cos’0
N [‘Tr/3 1 — cos’d . 0 40
== ——sin
16 Jo cos’0
Now we substitute u = cos 0 so that du = —sin 0 df. When 0 = 0, u = 1; when
0 = /3, u = 3. Therefore
"33/ x3 el u’
Jo (4x* + 9)3/2 dx =~ Jl u? du

) 1 172
12 B
:%Jl 1—u 2)st—13’()[u+;]

— &+ -a+n]-

X
V3 = 2x — x?
SOLUTION We can transform the integrand into a function for which trigonometric
substitution is appropriate by first completing the square under the root sign:

EXAMPLE 7 Evaluate j dx.

3-2x—x*=3—-—(x*+2x=3+1—(x*+2x+1)
=4 — (x + 1)
This suggests that we make the substitutionu = x + 1. Thendu = dxandx = u — 1,s0

u—1

| = =
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Figure 5 shows the graphs of the inte-
grand in Example 7 and its indefinite
integral (with C = 0). Which is which?

; fﬁ—iﬁd}c:f 2cos 0

FIGURE 5

7.3 EXERCISES

1-3 Evaluate the integral using the indicated trigonometric
substitution. Sketch and label the associated right triangle.

dx

1. J m x = 2sin6
. X3

2. J ﬁdx x = 2tan6
Sy —

3. ‘ XT“(ZX x = 2sect

4-30 Evaluate the integral.

4, J‘x—dx
9 —x?
Fx =1 ; 3 X J
5. J —x4 dx 6. L —m X
fa d)C dt
e R L by e

9. |‘3d—x 10. "2/ P VA= 0% dx
J2 (x2 JO

_ 1)3/2

12 ) dt
11. JO x+/1 — 4x? dx 12. .’0 ﬁ

F /X2 —9 1 dx
N 3 M 2 2
13 ——dx 4 ‘[0 T

15, (“¥*Ja’— <2 d 16, (1 4
Jox aTea Jﬁ/z xXJox? — 1

17.

19.

21.

23.

25,

27.

29.
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We now substitute « = 2 sin 6, giving du = 2 cos 0 df and /4 — u? = 2cos 6, so

2sinf — 1
Rl 2 cos 0 db

=f(2sin9 —1)d6

= -—2cos0—06+C

=—v4—u* - sin‘l(%> +C

+1
— A2 - sin‘l(x )+ C n

dx

N X _dx
J [(ax)z _ b2]3/2

N

[

X

dx 18. J

dx 20. J — dx

V1 + x?
2

(0.6 X !
J“ ﬁdx 22. Jn JVx2+ ldx
J‘ dx

VP +2x+ 5

24, Jol Vx — x*dx

2

‘ >3+ 2x — x* dx 26. ‘ (x— X

d
3+ dx — 407

[ VA2 T 2xdx 28. "XZ—de

Jo(x? = 2x + 2)?

~w/2 Cos t
JV x4/1 — x* dx 30. Jo ﬁd[

31.

(a) Use trigonometric substitution to show that

N dx
j /xz + az

(b) Use the hyperbolic substitution x = a sinh 7 to show that

=In(x+Vx2+a2)+C

[d—x= sinh—l<i) +C

These formulas are connected by Formula 3.11.3.
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492 CHAPTER7 Techniques of Integration

32, Evaluate (b) Use the figure to give trigonometric interpretations
) of both terms on the right side of the equation in part (a).
. X2
J 2 + az)s/z dx y

a y= [a2— 12
(a) by trigonometric substitution.
(b) by the hyperbolic substitution x = « sinh ¢.

33. Find the average value of f(x) = \/x2 — 1/x, 1 S x <7. J

34. Find the area of the region bounded by the hyperbola

2 _ 2 H —
9x” — 4y” = 36 and the line x = 3. 40. The parabolay = 5x divides the disk x> + y? < 8 into two

parts. Find the areas of both parts.

35. Prove the formula A = 5726 for the area of a sector of a
circle with radius r and central angle 0. [Hint: Assume 41. A torus is generated by rotating the circle x* + (y — R)* = r*
0 < 6 < /2 and place the center of the circle at the about the x-axis. Find the volume enclosed by the torus.

origin so it has the equation x> + y? = r2 Then A is the

sum of the area of the triangle POQ and the area of the 42. A charged rod of length L produces an electric field at point

P(a, b) given by

region PQOR in the figure.]
*L—a )\ b
E(P) = ————5;dx

y » P) J—a dmeg(x? + b?)Y?
where A is the charge density per unit length on the rod and
g is the free space permittivity (see the figure). Evaluate the
integral to determine an expression for the electric field E(P).

0
0| 0O R «x y

36. Evaluate the integral
¢ dx

oy

Graph the integrand and its indefinite integral on the
same screen and check that your answer is reasonable.

43. Find the area of the crescent-shaped region (called a lune)
bounded by arcs of circles with radii r and R. (See the figure.)

37. Find the volume of the solid obtained by rotating A_
about the x-axis the region enclosed by the curves ﬁ
y=9/(x>+9),y=0,x=0,and x = 3.

38. Find the volume of the solid obtained by rotating
about the line x = 1 the region under the curve
y=x41—x2,0=sx=<1.

44. A water storage tank has the shape of a cylinder with diam-

eter 10 ft. It is mounted so that the circular cross-sections are
. vertical. If the depth of the water is 7 ft, what percentage of
JO Va* = 1% dt = ya*sin"(x/a) + 3xJa? — x? the total capacity is being used?

39. (a) Use trigonometric substitution to verify that
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SECTION 7.4 Integration of Rational Functions by Partial Fractions 493

7.4 Integration of Rational Functions by Partial Fractions

In this section we show how to integrate any rational function (a ratio of polynomials) by
expressing it as a sum of simpler fractions, called partial fractions, that we already know
how to integrate. To illustrate the method, observe that by taking the fractions 2/(x — 1)
and 1/(x + 2) to a common denominator we obtain

2 1 C2x+2)—(x—1)  x+5
x—1 x+2 (x—NDx+2) X+x=2

If we now reverse the procedure, we see how to integrate the function on the right side

of this equation:
JLW - j 2 )
x> +x-2 x—1 x+2

=2Injx—1|—In|x +2[+C

To see how the method of partial fractions works in general, let’s consider a rational
function

where P and Q are polynomials. It’s possible to express f as a sum of simpler frac-
tions provided that the degree of P is less than the degree of Q. Such a rational function
is called proper. Recall that if

P(x) = a,x" + a,-x" '+ -+ aix + ao

where a, # 0, then the degree of P is n and we write deg(P) = n.

If f is improper, that is, deg(P) = deg(Q), then we must take the preliminary step
of dividing Q into P (by long division) until a remainder R(x) is obtained such that
deg(R) < deg(Q). The division statement is

_ P R(x)
“om SO o

(1] f(x)

where S and R are also polynomials.
As the following example illustrates, sometimes this preliminary step is all that is

required.
i X+ x
EXAMPLE 1 Find | ——dx.
-
X+x +2 SOLUTION Since the degree of the numerator is greater than the degree of the denomi-
x—1 )r\"f St nator, we first perform the long division. This enables us to write
v’ —x”
X2+ x 3
, P X0+ 2
xX*—x J—x xdx=j(x2+x+2+ >dx
2y x—1 x—1
2x—2

3 2
=%+%+2x+21n|x—1|+C m
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494 CHAPTER7 Techniques of Integration

In the case of an Equation 1 whose denominator is more complicated, the next step
is to factor the denominator Q(x) as far as possible. It can be shown that any polyno-
mial Q can be factored as a product of linear factors (of the form ax + b) and irreduc-
ible quadratic factors (of the form ax? + bx + ¢, where b* — 4ac < 0). For instance, if
0O(x) = x* — 16, we could factor it as

0)=(x*—Dx*+4) =x—-2x+2)(x*+ 4

The third step is to express the proper rational function R(x)/Q(x) (from Equation 1)
as a sum of partial fractions of the form

A or Ax + B
(ax + b)' (ax® + bx + ¢)’

A theorem in algebra guarantees that it is always possible to do this. We explain the
details for the four cases that occur.

CASE | The denominator Q(x) is a product of distinct linear factors.
This means that we can write

O(x) = (a1x + bi)(axx + by) -+ - (arx + by)

where no factor is repeated (and no factor is a constant multiple of another). In this case
the partial fraction theorem states that there exist constants A;, Ao, . . ., A, such that

R(X) o A1 A2 T Ak

= +—
O(x) ax + b ar)x + b,y ax + by

These constants can be determined as in the following example.

coxt 20— 1
EXAMPLE 2 Evaluate | ﬁdx.
X X~ — 22X

SOLUTION Since the degree of the numerator is less than the degree of the denomina-
tor, we don’t need to divide. We factor the denominator as

207+ 307 = 20 = x(20° + 3x = 2) = x(2x = D(x +2)

Since the denominator has three distinct linear factors, the partial fraction decomposi-
tion of the integrand (2) has the form

x24+2x—1 A B C
(3] =—+ +
x2x = DH(x +2) X 2x — 1 x+2

Another method for finding A, B, and C  To determine the values of A, B, and C, we multiply both sides of this equation by the
is given in the note after this example.  product of the denominators, x(2x — 1)(x + 2), obtaining

(4] ¥+ 2x—1=AQx — )(x +2) + Bx(x + 2) + Cx(2x — 1)

Expanding the right side of Equation 4 and writing it in the standard form for poly-
nomials, we get

WA+ 2x—1=QA+B+20)x*+ BA +2B— C)x — 24
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We could check our work by taking the
terms to a common denominator and
adding them.

Figure 1 shows the graphs of the inte-
grand in Example 2 and its indefinite
integral (with K = 0). Which is which?

2

~

-2

FIGURE 1
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The polynomials in Equation 5 are identical, so their coefficients must be equal. The
coefficient of x* on the right side, 2A + B + 2C, must equal the coefficient of x? on the
left side—namely, 1. Likewise, the coefficients of x are equal and the constant terms
are equal. This gives the following system of equations for A, B, and C:

2A+ B+2C=1
3A+2B—- C=2

—24 = -1

Solving, we get A = % B = % and C = —ﬁ, and so

x2+2x—1d_J‘ll+i I I R
20 + 32 — 25 Y 2x 52x—-1 10x+2)%
=3In|x|+gIn|2x — 1| = {GIn|x + 2| + K

In integrating the middle term we have made the mental substitution u = 2x — 1,
which gives du = 2 dx and dx = 5 du. |

NOTE We can use an alternative method to find the coefficients A, B, and C in Exam-
ple 2. Equation 4 is an identity; it is true for every value of x. Let’s choose values of x
that simplify the equation. If we put x = 0 in Equation 4, then the second and third terms
on the right side vanish and the equation then becomes —2A = —1,0r A = % Likewise,
x = % gives 5B/4 = jand x = —2 gives 10C = —1,50 B = tand C = —%. (You may
object that Equation 3 is not valid for x = 0, %, or —2, so why should Equation 4 be valid
for those values? In fact, Equation 4 is true for all values of x, even x = 0, %, and —2. See
Exercise 73 for the reason.)

o d
EXAMPLE 3 Find [ ——=—, where a # 0.
X" —a
SOLUTION The method of partial fractions gives

1 1 _ A B
*=—a> (k—ax+a) x—a x+a

and therefore
Ax +a)+B(x—a)=1

Using the method of the preceding note, we put x = « in this equation and get
ARa) = 1,30 A = 1/(2a). If we put x = —a, we get B(=2a) = 1,s0 B = —1/(2a).

Thus
dx 1 1 1
_ = — d
fxz—a2 2a <x—a x+a)x

1
Zz(ln|x—a|—ln|x+a|)+c
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496 CHAPTER7 Techniques of Integration

Another method for finding the
coefficients:

Putx = 1in(8): B = 2.
Putx=—-1: C= —1.
Puux=0. A=B+ C=1.

Since In x — Iny = In(x/y), we can write the integral as

d 1 -
@ j % =—In t—d + C
X" —a 2a x+a
See Exercises 57-58 for ways of using Formula 6. [ ]

CASE Il Q(x)is a product of linear factors, some of which are repeated.

Suppose the first linear factor (a,x + by) is repeated r times; that is, (@, x + b;)" occurs
in the factorization of Q(x). Then instead of the single term A;/(a;x + b;) in Equation
2, we would use

A A, n A,

a X + b1 ((11X + b1)2 ((11)6 + bl)r

By way of illustration, we could write

x3—x+1_£+£+ Cc N D N E
x(x=1)>; x x2 x=-1 (=1 (x-=1)°

but we prefer to work out in detail a simpler example.

—2x>+4x+ 1
Soxrt=x+1

4
EXAMPLE 4 Find j al X
X

SOLUTION The first step is to divide. The result of long division is

xt=2x2+4x + 1 s 4x
=x
=xr—x+1 P=xr—x+1

The second step is to factor the denominator Q(x) = x* — x> — x + 1. Since
Q(1) = 0, we know that x — 1 is a factor and we obtain

X=xt=—x+1=x-D*=-D=x—-Dx—-Dx+1)
=@@—=1x+1
Since the linear factor x — 1 occurs twice, the partial fraction decomposition is

Ax 4 B
x=—1Dx+1) x—1 (x—-1* x+1

Multiplying by the least common denominator, (x — 1)*(x + 1), we get

4x=Ax—Dx+ 1) +Bx+ 1)+ Clx — 1)
=A+C)x>+B—-20)x+(—-A+ B+ C)

Now we equate coefficients:
A + C=0
B—-2C=4
—-A+B+ C=0
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SECTION 7.4 Integration of Rational Functions by Partial Fractions 497

Solving, we obtain A = 1, B =2,and C = —1, so

cxt = 2x +4x + 1 1 2 1
Jx o o dx=j|:x+1+ - :|dx

+
¥ =-x'—x+1 x—1 (x—-1?%* x+1

x? 2
=—+x+h|jx—1|-——-Injx+1|+K
2 x—1

x—1

CASE lll Q(x) contains irreducible quadratic factors, none of which is repeated.
If O(x) has the factor ax® + bx + ¢, where b? — 4ac < 0, then, in addition to the partial
fractions in Equations 2 and 7, the expression for R(x)/Q(x) will have a term of the form

Ax + B
@ ax* + bx + ¢

where A and B are constants to be determined. For instance, the function given by
f(x) = x/[(x — 2)(x* + 1)(x* + 4)] has a partial fraction decomposition of the form

X A +Bx-i-C_'_Dx—i—E
x=2)x+Dx*+4) x—-2 x*+1 x>+ 4

The term given in (9) can be integrated by completing the square (if necessary) and using
the formula

J1L=itan_](%> + C

. 2 _
EXAMPLE 5 Evaluatc | % dx.
X" X

SOLUTION Since x* + 4x = x(x> + 4) can’t be factored further, we write

2x2—x+4_é+Bx+C
x(x*+ 4) x x*+4

Multiplying by x(x* + 4), we have
22— x+4=Ax*+4) + (Bx + O)x

= (A + B)x>+ Cx + 4A

Equating coefficients, we obtain
A+B=2 Cc=-1 4A =14

Therefore A = 1,B = 1,and C = —1 and so
23 —x+4 1 -1
[ T | L P
x> + 4x X x-+ 4
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498 CHAPTER7 Techniques of Integration

In order to integrate the second term we split it into two parts:

x—1 X ¢ 1
———dx=| 5——dx— | =——d
fx2+4x fx2+4x J 2 +a ™

We make the substitution u = x* + 4 in the first of these integrals so that du = 2x dx.
We evaluate the second integral by means of Formula 10 with a = 2:

2x*—x+ 4 r X 1
L = —an+ [——dr— [ —d
( x(x*+4) o Jx * fx2+4 o fx2+4 .
=1In|x| + 3In(x*> + 4) — Jtan'(x/2) + K ]
P 4xt —3x+2
EXAMPLE 6 Evaluate | 22T
4x" —4x +3

SOLUTION Since the degree of the numerator is not less than the degree of the denomi-
nator, we first divide and obtain

4x*—3x +2 x—1
2 =1+ 2
4x —4x + 3 4x" —4x + 3

Notice that the quadratic 4x* — 4x + 3 is irreducible because its discriminant is
b? — 4ac = —32 < 0. This means it can’t be factored, so we don’t need to use the
partial fraction technique.

To integrate the given function we complete the square in the denominator:

4x? —4x +3=02x— 1>+ 2

This suggests that we make the substitution ¥ = 2x — 1. Then du = 2 dx and
x = %(u +1),s0

~4x2—3x+2d J‘ - x—1 J
—_—dx = e — X
J4)62—4x-|-3 4x* —4x +3

1
B l'g(u+l)—1 g u—1
—xt i iz Mo 4.[u2+2du
:x_i_l“Ld —ljm;du
Ylur+2 Ylur+2

1 1 u
=x+ i +2) - — —=tn'|—=| + C
e e <ﬁ>

L 1 (22—
=x + gln(4x —4x+3)—mtan —|+C =

V2

NOTE Example 6 illustrates the general procedure for integrating a partial fraction
of the form
Ax + B )
— where b° — 4ac <0
ax* + bx +c
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SECTION 7.4 Integration of Rational Functions by Partial Fractions 499

We complete the square in the denominator and then make a substitution that brings the
integral into the form

J~Cu+D Y — j u

1
du-l-D[—du
uw? + a* 2 Jout+at

u’+a u

Then the first integral is a logarithm and the second is expressed in terms of tan™",

CASE IV Q(x) contains a repeated irreducible quadratic factor.
If Q(x) has the factor (ax®> + bx + c)’, where b*> — 4ac < 0, then instead of the single
partial fraction (9), the sum

@ Alx + Bl AQ)C + Bz n A,x + B,.
ax> + bx + ¢ (ax® + bx + ¢)? (ax® + bx + ¢)"

occurs in the partial fraction decomposition of R(x)/Q(x). Each of the terms in (11) can
be integrated by using a substitution or by first completing the square if necessary.

It would be extremely tedious to work ~ EXAMPLE 7 Write out the form of the partial fraction decomposition of the function
out by hand the numerical values of

the coefficients in Example 7. Most X+

computer algebra systems, however, can x(x =D+ x+ D2+ 1)
find the numerical values very quickly.

For instance, the Maple command SOLUTION

convert(f, parfrac, x)
x4l
x(x= D>+ x+ DEE*+1)°

or the Mathematica command

Apart[f]
gives the following values: A B Cx+ D Ex+ F Gx + H Ix + J
A=-1, B=g C=D=-1, =;—i_x—l+xz-l-x+l—'_x2+l+(x2+l)2+(xz-i-l)3 -
E=%, F=—§ G=H=3

I=-3 J=% 1 —x+2x>—x3

EXAMPLE 8 Evaluate J dux.

x(x?+1)?

SOLUTION The form of the partial fraction decomposition is

1 —x+2x2—x° A Bx + C Dx + FE

= +
x(x* +1)? x  x*+1 (x2+ 1)

Multiplying by x(x* + 1)?, we have
X+ 22— x4+ 1=AK*+ 1>+ Bx+ C)x(x>*+ 1) + (Dx + E)x
=Ax*+2x2+ 1) + B(x* + x%) + C(x* + x) + Dx> + Ex
=A+Bx*+Cx* +QA+B+Dx*+ (C+Ex+A

If we equate coefficients, we get the system

A+B=0 C=-1 2A+B+D=2 C+E=-1 A=1
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500 CHAPTER7 Techniques of Integration

which has the solution A = 1,B= —1,C = —1,D = 1, and E = 0. Thus
c 1l —x+ 2% — X3 1 x+1 X
dx = —— + d
J )C(X2 + 1)2 . j(x )Cz +1 (X2 + 1)2> *

B J dx J j ' xdx
x x>+ 1 2+1 (x +1)°
In the second and fourth terms we made 1
the mental substitution u = x> + 1. =In|x| —5In(x>+ 1) —tan"'x — ——— + K
2(x* + 1)

NOTE Example 8 worked out rather nicely because the coefficient E turned out to
be 0. In general, we might get a term of the form 1/(x* + 1)% One way to integrate such
a term is to make the substitution x = tan 6. Another method is to use the formula in
Exercise 72.

Sometimes partial fractions can be avoided when integrating a rational function. For
instance, although the integral

x> +1
J)c()c2 + 3) dx

could be evaluated by using the method of Case III, it’s much easier to observe that if
u=x(x?+ 3) =x* + 3x, then du = (3x> + 3) dx and so

coxt+1 \ .

- — 1 3 3
Jx(x2+3)dx sln |x* +3x| + C
@ Rationalizing Substitutions

Some nonrational functions can be changed into rational functions by means of appro-
priate substitutions. In particular, when an integrand contains an expression of the form
{/9(x), then the substitution u = {/g(x) may be effective. Other instances appear in the
exercises.

EXAMPLE 9 Evaluate j Netd
X

SOLUTION Letu = «/x + 4. Thenu®> = x + 4,50 x = u> — 4 and dx = 2u du.
Therefore

Vx + - u?
[ al 4dx:j 2u 2udu—2J du—ZJ‘<l+2L>du
J u 4 u-—4

X u—

We can evaluate this integral either by factoring u> — 4 as (u — 2)(u + 2) and using
partial fractions or by using Formula 6 with a = 2:

X+ 4 d
’—dx=2[du+8f,—”
J X J Jout—4
1 —2
—2u+8- In | & +C
2.2 Mu+a2

Vx+4 =2
=2Jyx+4 +2hn |—/—m—m—m—
g n‘\/x+4+2

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copicd, scanned, or duplicated, in whole or in part. Duc to clectronic rights, some third party content may be suppressed from the cBook and/or cChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



7.4 EXERCISES

SECTION 7.4 Integration of Rational Functions by Partial Fractions 501

1-6 Write out the form of the partial fraction decomposition of
the function (as in Example 7). Do not determine the numerical

values of the coefficients.

1. () 4 + x ) 1 —x
. —m _
1+ 2x)3 —x) X3+ xt
x—6 x?
2@ T ® =TT
- x*+ x* x3 = 3x% + 2x
=2+ 2+ 20— 1 xr—=1
4. @ = 2x+1 ® X+t +x
x° x*
5. b
@ 5 Y Y
- @ o+ 1 (x?=—x)x*+2x2+ 1)

7-38 Evaluate the integral.

x4

-1

7. ‘ dx
Jox
Sx + 1

> T e

'l 2
11. T e—
Jo 2x2+3x+1dx

i ax
13. J mdx
J‘o X —dx+ 1

15. e e—
X2 —=3x+2

dx

17 2 4y — Ty — 12
) Jl ¥y +2)(y = 3)
J‘l xX2+x+1

19. o (x+ 1D>(x +2) *

. dt
21. J e

by,
(x—=Dx*+9)

25. j e

——————dx
Xt a1

s x4 4x + 3

27. \ /————
Jx4+5x2+4 *

x+ 4

x2+2x+5dx

29. J

c3r—2
t+1

. |

Y

10. J (y+4@2y -1

dy

o ox—4
12. |\ —d
JU o5 t6 "

N 1
" aran T -

x4t x— 1
J1 x° +x

2 3xr+ 6x + 2
ChoxXP+3x+2

r x(3 = 5x)

s G- D1 ™

Xt O Hx+ 2
22.’2—dx
J x> +9

rxl—x+6
24.dex

2+ x+1
26. ‘[de

s x?+ 6x — 2
28, [ 11O -2,
Joooxt 4+ 6x

30 ~x3—2x2+2x—5d
J xt+4x? + 3 *

1 1 x
31.fx3_1dx 32'j0—x2+4x+13dx
X+ 2x X Hx—1
33.’[0—)6%4)(“r3 34[ g
Sxt+ T4+ x4+ 2 ot 37+ 1
35. d 36. | —————d
j x(x* + 1) * ’ P
37 x2=3x+7 d 38 [x3+2x2+3x—2d
| —————=dx . X
(x* — 4x + 6)* (P + 20 + 2)?

39-52 Make a substitution to express the integrand as a rational
function and then evaluate the integral.

dx

40.J2 x+3 +x

d
39. j—x\/xx__l

a. | S 42 [1—1 d
RN .~01+3/)7x
x? dx
43, | ——d 4, | ————
.[ 2 + 1 . j(] +\/;)2

[Hint: Substitute u = &x .]

as. | \/—+{/x—dx

1+ yx
46. j—\/_dx
X
PeX sin x
47. | 57— d 48. d
.{e2*+3e"+2 * jcosx—3cosx !

o e
50. ’ m dx

sec’t
49, j dt
tan’t + 3tant + 2

51 f dx 52{ cosh ¢ ;
Tt * ) sinh?r + sinh*s

53-54 Use integration by parts, together with the techniques of
this section, to evaluate the integral.

53. j In(x* — x + 2) dx 54, ’ xtan 'x dx

] 55. Use a graph of f(x) = 1/(x* — 2x — 3) to decide whether

l; f(x) dx is positive or negative. Use the graph to give a
rough estimate of the value of the integral and then use partial
fractions to find the exact value.

56. Evaluate

C1
Jx2+kdx

by considering several cases for the constant k.
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502 CHAPTER7 Techniques of Integration

57-58 Evaluate the integral by completing the square and using
Formula 6.

dx [ 2x + 1

58, [—2 4
Va1 —7 Y

57. j .

59. The German mathematician Karl Weierstrass (1815-1897)
noticed that the substitution ¢ = tan(x/2) will convert any
rational function of sin x and cos x into an ordinary rational
function of .

(a) If t = tan(x/2), —7 < x < a7, sketch a right triangle or
use trigonometric identities to show that

X 1 X t
cos| = | = —— and sinl — | = ——
<2> J1+ 2 (2) NS

(b) Show that

o 1=r d |
CObx_—l+tz an sinx = s
(c) Show that
2
dx = T dt

60-63 Use the substitution in Exercise 59 to transform the inte-

grand into a rational function of 7 and then evaluate the integral.
. dx

60. | ————
j 1 — cosx

dx

J‘ K ! dx

61 | - —— S
3sinx — 4 cosx /3 1 + sin x — cos x

w2 sin 2x
j —
0 2+ cosx

64-65 Find the area of the region under the given curve from
1to2.

x2+1
3x — x?

64. y = 65. y =

x3+x

66. Find the volume of the resulting solid if the region under the
curve y = 1/(x? + 3x + 2) from x = 0 to x = 1 is rotated
about (a) the x-axis and (b) the y-axis.

67. One method of slowing the growth of an insect population
without using pesticides is to introduce into the population a
number of sterile males that mate with fertile females but pro-
duce no offspring. (The photo shows a screw-worm fly, the
first pest effectively eliminated from a region by this method.)

USDA

Let P represent the number of female insects in a popula-
tion and S the number of sterile males introduced each
generation. Let r be the per capita rate of production of
females by females, provided their chosen mate is not
sterile. Then the female population is related to time ¢ by

T P+S AP
=) =P =3
Suppose an insect population with 10,000 females grows
at arate of » = 1.1 and 900 sterile males are added
initially. Evaluate the integral to give an equation relating
the female population to time. (Note that the resulting
equation can’t be solved explicitly for P.)

68. Factor x* + 1 as a difference of squares by first adding
and subtracting the same quantity. Use this factorization
to evaluate | 1/(x* + 1) dx.

69. (a) Use a computer algebra system to find the partial
fraction decomposition of the function

4x% — 27x% + 5x — 32
x> — 13x* + 50x3 — 286x% — 299x — 70

10 =55

(b) Use part (a) to find [ f(x) dx (by hand) and com-
pare with the result of using the CAS to integrate f
directly. Comment on any discrepancy.

70. (a) Find the partial fraction decomposition of the
function

12x° — 7x* — 13x2 + 8
100x® — 80x> + 116x* — 80x> + 41x? — 20x + 4

flx) =

(b) Use part (a) to find [ f(x) dx and graph f and its
indefinite integral on the same screen.

(c) Use the graph of f to discover the main features of
the graph of [ £(x) dx.

71. The rational number % has been used as an approxima-

tion to the number 7r since the time of Archimedes. Show
that

dx=——1

jl x*(1 = x)* 22
0 1+ )Cz 7

72. (a) Use integration by parts to show that, for any positive

integer n,
( dx d X
=
J (X2 + )" 2a*(n — 1)(x> + a®)"!

2n — 3 [ dx
2a°(n — 1) ) (x* + a?)"!

(b) Use part (a) to evaluate

and j dx

[L _dx
J 2+ 1) 2+ 1)
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SECTION 7.5 Strategy for Integration 503

73. Suppose that F, G, and Q are polynomials and ’ f(x) dx
JoxMx+ 1)
F(x) _ G(x) is a rational function, find the value of f'(0).

0(x) QW

75. If a # 0 and n is a positive integer, find the partial fraction

for all x except when Q(x) = 0. Prove that F(x) = G(x) decomposition of

for all x. [Hint: Use continuity.] flx) = !

x"(x — a)
74. 1f [ is a quadratic function such that f(0) = 1 and [Hint: First find the coefficient of 1/(x — ). Then sub-
tract the resulting term and simplify what is left.]

7.5 Strategy for Integration

As we have seen, integration is more challenging than differentiation. In finding the
derivative of a function it is obvious which differentiation formula we should apply. But
it may not be obvious which technique we should use to integrate a given function.

Until now individual techniques have been applied in each section. For instance, we
usually used substitution in Exercises 5.5, integration by parts in Exercises 7.1, and par-
tial fractions in Exercises 7.4. But in this section we present a collection of miscella-
neous integrals in random order and the main challenge is to recognize which technique
or formula to use. No hard and fast rules can be given as to which method applies in a
given situation, but we give some advice on strategy that you may find useful.

A prerequisite for applying a strategy is a knowledge of the basic integration formu-
las. In the following table we have collected the integrals from our previous list together
with several additional formulas that we have learned in this chapter.

Table of Integration Formulas Constants of integration have been omitted.
., B xn+l ] B

1.fxdx—n+1 (n# —1) Z.dex—ln|x|

3.jedx=e 4.dex=lnb

S. fsinxdx= —CoS X 6. J cos x dx = sin x

7. f sec’x dx = tan x 8. J csc’x dx = —cot x

9. f sec x tan x dx = sec x 10. J csc x cot xdx = —csc x

11. j sec xdx = In|sec x + tan x| 12. jcsc xdx = In]|csc x — cot x

13. ftanxdx=ln|secx| 14. J‘cotxdx=ln|sinx|

15. J sinh x dx = cosh x 16. J cosh x dx = sinh x

de 1 _[x dx [ x
17.fx2+a2—atan (a) 18.fm—sm <a> a>0
*19.[d—x=Llnx_a *20.[d—x=ln|x+«/x2ia2|
Jx?=a*> 2a |x+a J Vx££ a?
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504 CHAPTER7 Techniques of Integration

Most of these formulas should be memorized. It is useful to know them all, but the
ones marked with an asterisk need not be memorized since they are easily derived. For-
mula 19 can be avoided by using partial fractions, and trigonometric substitutions can be
used in place of Formula 20.

Once you are armed with these basic integration formulas, if you don’t immediately
see how to attack a given integral, you might try the following four-step strategy.

1. Simplify the Integrand if Possible Sometimes the use of algebraic manipulation or
trigonometric identities will simplify the integrand and make the method of integration
obvious. Here are some examples:

[VF (1 + ) as

J tan9

\/_+x

00526 do

sec

f (sin x + cos x)*dx (sin*x + 2 sin x cos x + cos*x) dx

=)

=]

= [ sin6 cos 0do =1 | sin 20 db
=)

J (1 + 2 sin x cos x) dx

2. Look for an Obvious Substitution Try to find some function u = g(x) in the integrand
whose differential du = g'(x) dx also occurs, apart from a constant factor. For instance,
in the integral

we notice that if u = x> — 1, then du = 2x dx. Therefore we use the substitution
u = x> — 1 instead of the method of partial fractions.

3. Classify the Integrand According to Its Form If Steps 1 and 2 have not led to the solu-

tion, then we take a look at the form of the integrand f(x).

(a) Trigonometric functions. If f(x) is a product of powers of sin x and cos x, of
tan x and sec x, or of cot x and csc x, then we use the substitutions recommended
in Section 7.2.

(b) Rational functions. 1f f is a rational function, we use the procedure of Section 7.4
involving partial fractions.

(¢c) Integration by parts. If f(x) is a product of a power of x (or a polynomial) and a
transcendental function (such as a trigonometric, exponential, or logarithmic func-
tion), then we try integration by parts, choosing u and dv according to the advice
given in Section 7.1. If you look at the functions in Exercises 7.1, you will see that
most of them are the type just described.

(d) Radicals. Particular kinds of substitutions are recommended when certain radicals
appear.

(i) If /£x% = a? occurs, we use a trigonometric substitution according to the
table in Section 7.3.

(ii) If v/ax + b occurs, we use the rationalizing substitution u = {/ax + b. More
generally, this sometimes works for ¥/ g(x) .
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SECTION 7.5 Strategy for Integration 505

4. Try Again If the first three steps have not produced the answer, remember that there

are basically only two methods of integration: substitution and parts.

(a) Try substitution. Even if no substitution is obvious (Step 2), some inspiration or
ingenuity (or even desperation) may suggest an appropriate substitution.

(b) Try parts. Although integration by parts is used most of the time on products of the
form described in Step 3(c), it is sometimes effective on single functions. Look-
ing at Section 7.1, we see that it works on tan~'x, sin"'x, and In x, and these are all
inverse functions.

(c) Manipulate the integrand. Algebraic manipulations (perhaps rationalizing the
denominator or using trigonometric identities) may be useful in transforming the
integral into an easier form. These manipulations may be more substantial than in
Step 1 and may involve some ingenuity. Here is an example:

d. 1 1 + cos 1 + cos
f al . xdx=f—xdx

1 —cosx 1 —cosx 1+ cosx 1 — cos’x

1 + cosx COS X
=dex=f<csc2x+ ,z)dx
sin“x sin“x

(d) Relate the problem to previous problems. When you have built up some experience
in integration, you may be able to use a method on a given integral that is similar to
a method you have already used on a previous integral. Or you may even be able to
express the given integral in terms of a previous one. For instance, f tan’x sec x dx
is a challenging integral, but if we make use of the identity tan’x = sec’x — 1, we
can write

J tan’x sec x dx = f sec’x dx — J sec x dx

and if f sec’x dx has previously been evaluated (see Example 7.2.8), then that cal-
culation can be used in the present problem.

(e) Use several methods. Sometimes two or three methods are required to evaluate an
integral. The evaluation could involve several successive substitutions of different
types, or it might combine integration by parts with one or more substitutions.

In the following examples we indicate a method of attack but do not fully work out
the integral.

* tan’x
0s’x

EXAMPLE 1 dx

In Step 1 we rewrite the integral:

- tan'x
J —dx = f tan’x sec’x dx
cos’x /

The integral is now of the form | tan"x sec”x dx with m odd, so we can use the advice
in Section 7.2.
Alternatively, if in Step 1 we had written

f tan>x 4 [ sin’x 1 4 J sin’x
X = X =

cos’x cos’x cos’x cos®x
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